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A neutron star more massive than 
a critical limit, about equal to the 
mass of the Sun, will inevitably 
undergo gravitational collapse. The 
reasoning \%’hich has forced physi' 
cists to this conclusion is given its 
first .systematic presentation in this 
voiunie by Professor W'Jiecler, an 
international expert on nuclear fis* 
si on and geometrodynamics, and 
three of his colleagues in nuclear 
physics. 

At the Sjanposium on Relativistic 
Astrophysics held in Dallas, Texa.s, 
in December, 1963. Wheeler pro¬ 
posed that a portion of the collaps¬ 
ing matter disappears from exist¬ 
ence. His proposal aroused such 
intense interest that half a day was 
set aside during the conference to 
discuss his findings. Too long for 
Inclusion in the collected proceedings 
published by The University of Chi¬ 
cago Press in 1964 under the title 
Quasi-stcUar Sources and Gravita¬ 
tional Collapse, the work of Wheeler 
and his collaborators here receives 
more detailed treatment as a sepa¬ 
rate monograph. 

The four authors develop the sub¬ 
ject from basic principles to iheo- 
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FOREWORD 


For the DuanTSbt;r, Diilliia IsiUm^Hinnal Symmstyiti on Gniviiaiiortsil CoLlapfie 
and Rt^lLitivi 3 tic Aslrophysics one of us {J. A. Wheeler) was asktfJ lo report on the prt^- 
ent status of the rebitiratic ihvQty of j^ravitaiionial collLipse* GravilfllLonal collapse oc¬ 
curs when the inWaftl pull of the gTa\itj' prixluced by a collection of niattcf cstcedi? ihe 
cluAlic forces developed bv ihe compression of that mailer. Collecitons of matter of 
planetary' Iiuts-S and less are well known to be fitablc a^;ainst such coikpse. HowcvtTi 
when an' amoiLril of cold matter is assemVded with tht- mitK exceeding a crilical figure 
not ver\' far from the mass of the Sun^ thun ihe ^■stem becomes uttstEtble against coJkjJse,, 
as has 6ccn known ever siuct the pioneering work of Landau in In the iniervctunK 
years specEal aspects of the transition with increasing tniiss from stable to unstable con- 
figurollons have been studied; and ii beginning has been made in LinalyEsng the first 
stages of the dynamics of collnp^se hy many work^rs^ including Chandrasekhar, Oppen- 
htimer, Serb^r^ V'olkoff, Schalrmitn, ourse!\'es+ Klein, Zcrdfivich^ Fowler, Hf>>'le, ( amer- 
i>n, Chiu, SalpctLTp Colgate, Whiie^ ^lisnctp Sharp, Bondi, f^rutton, Bardeen, and others. 
In the re|Xirt presented Ml the eonference an aticmpt wjis made to pres^l a surYtjv of 
principal conclufiions out of this work iind to point up significant issues slih outstanding. 
Among these issues two forced them selves to the attention more insistently thaii any 
others' I-S there any consulerallon of pHneipk which prevents gravitational co-llitpse of 
the inner i-u^rlJons'of a s>-steTU from proceeding to comyiklion? And when matter coL 
lapses how can the bary'ons w'hich c«jmpose It escape destruction? The conft'rencE report 
(-onduded that no C 5 ca|>c is nnvr known under appropriEite conditions o( assscmbly— 
from H new ph^'sical process. In this process baiy^ons disappear. Today one is far frcjin 
being abler to j?iye any definitive account of the linal stages of this process, fl presents 
deep and fascinating pruhkms which lie In the no man's land between elementury |>ar- 
lick physics and quantized gcfiinetradynismics, some of which, arc discu^ed in another 
s"olumt'bv one of us (J+ A. W., O^mdrtKiynaptks ufid the hsttf of Hie Final Stak jNew' 
York: (Gordon & Bre^ich, l%5l). However, an anaiysis nf the physics of a supercrilkal 
tnaas makes the pitxt'SS of disappearance of baryons seem incsaipahk. To present stit;h 
an analysis wa_s the purpose of the original report. 

To sransiatc this one-hour report inioa KystemaEicaccotmt of the theory, conefusionB, 
and problems hEts rcquir^jd much more spiice than wjis originally envisaged. Happily the 
original speaker was able to secure the coliaborntiofi of hk post Prinetton asaodates in 
the study of gravitational collaptic. lit addition the Tni\xrstt) i>J Chicago Press suggestcti 
that this particukir conference re^iort should Ijc prtsenled as u sst-parate wilume rat her 
than as one of the parts of the conference proceedings, F.ven in this expanded accoiuit 
wc have had to forego any discussion of the colbpse of hoL systems. We have limited jit- 
tcniion to the ideidk^f case where the system to bt^in with is ccmiposed of told mallet 
catalyzed to the end point of thermonuclear cv^olulion. In the discussion of such systems, 
wc have discovered a few new features^ induding the existence of an infinjlc nnml>Er of 
ttitic^d plants, n varliitional derivation of the theory of hydrostatic equilibrium, and 
proof that no uhysiodly acceptable rclatiDU between pressure and denrit_v that one can 
yjostnbite is acicquiite io pttvtnl gravitational coiliipsc. Perhaps more inlen-^ltng than 
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any ci| new points h ihc condusion ihal j^raviutiona! i'Glln|r 5 e mu&i occur fcjr Et 
subcritcral mass as well as for a 3ii|iercritidil mass. The n-tecihstnisin invfllvcs qllaElLul^^ 
mcdianicLLi tunueting process in which noi the entire cts&embbge of liaryona but a ymiied 
number of coalesce?, nnd disappears. It is tioi possible to maken proper ralnihi- 

linn ol the rate, I’hcrnforu one must jre!>‘ tor the present on ot^rv'iition r:ithcr than 
theory to teE] whether this new prrx:tss of sponliiJtCfjus CoUspse proccKlsitl ft dctcctLible 
rate, 

* + 

Tlifc r^ultsdescribc<] in this Joint report were obtained in sotiie oases in colblKpriitiou^ 
in other citaes, individunlSy, as follows. B. Kent Harrison: ihcorv' of equation uf state at 
nudear imc| sitbnudear densitic^l (jotnily with Whwilcr}; Table which pves pressure, 
mass density, and number density and analytical fits to these values (eqs. |25S]-[261|1; 
ttETiv inL^ratious of the i^eneml relativily equation of hydrostatic equilibrium; Figures 5+ 
6, and 7, nnd Appendix Tabl^^ AI k A2, and for the results of the^ inlcgtaiiuns; and 
first reasoning that tficre are infinitely many masimn in the curve of equilibrium mass 
li function [}f central density. Kip S, Thome: derivation of HertCral'rdativ'itv equtitioii of 
hydrostiiiii^ equilibrium fmm varifttiDnid principle (jointly with D. niso inde^ 

pcrtdcntly by \V. J, Cijckcj also independently by Wheeler): relation of stability of 
cquilLbriuin ooiili^iirEtlioTiis to second vLiriaiior of nii'iss-Eiier^cv rAppendix B); Figure Id 
for mass-enerj^v uf configurallona of uniiorm densitv, ws a function nf deusttv. for 
sekctcrl viilues of die baiyoii number; and 7able U for the contributiuns to the preft^ 
sure from c!ectJi>rus and neutrons at selectwl vjdues of the density. AJasami A\'akiJinu; 
E'igure IS and the mliited analysis In the text uf the approach to purtr Fe®" for the p^^rtE' 
tion of lowest energy- as A fe raise^l from 1 u[> to bJ^ (jointly mih n'heeler); first rntc^T'ii- 
lions of the genejr-a! rehilivity equation of fiydrostatlc equilibrium usin^ the H-W equa¬ 
tion rjf Slate: 1^57 veraions ol Figured 7, and R {esitiidc<| by Harrison in \ 9fA from 
tip la 1(F g/cm^); Fij^urcs 2.?-26, } 3 :svlng mclhotSs of iiitegratlon and further 
dcUlils of the rEsulLs; and ,Appendix C on varijilional methods (jointly wjlh Wheeler). 
Jahn A,^ "Wheeler; prtrsenA proof that there nrc intiniLcEy many maxima in the curve of 
equilibrium mass as a function nf cerUnd density; the ^'slidy rule'* for separating out I'nri- 
triE>utton3 of long-rjinge iuid shnrl-range forces to mass-energy at any cojii|Wtion; pres¬ 
ent proof—using this "^slidc rule”—that mass collapses Co aero for Sltfficicnth' great coni- 
pacdon reganile^ of all details of the equation of state; disc:it&sion of the mechanism of 
coltiip^it and the issue of the lliui] sLatt; and conclusion that there exists in nature 2t new 
kind of elcmentaiy^ piartlcliHransformatson, sponlsincous graviutiona] collapse: and that 
all matter must lilimiftist^ however weakly, a new' form ni radioactEviTr^ , in w-hieh bar\'tin 
number changeii. 

^ of US (R. S, T,) lhankft the Danforih Frjundalion and the Xatiomil Science 
I'oundatfon for fellowships during the cfxnr^ of this work: anolhcr fB. K. H.) expresses 
Hipprecijitton lo ihc LT,S. Atomic Fjierg>' ('ommission and the Los Alamos Scientific: 
LiibcualOfy, tEnder whose auspices mfuv of The wiirk in this report wa^ dant; a 

ihinl (J. A. \V.) thanks the Xlilional Science Fmitldulion for a fellowship during the pe¬ 
riod of this research, anri also expresses .ipprcciiition to Ur. Kidiftnl Eden; f’lare rollcge; 
Lilt Dqjrir-tmcril of Applied -Mathunadci and Thcor-cEic-i.1 Physics of (‘’imiliridgc fnE- 
veraEty; and to the fhik Kidge Natlonitl Laboratoi^- for hospiL«dit\'. "We .irc indebted lo 
the i.)ffii-e of Scientific Kc:icarch of the Ihutcd Stales .Air Farce nnd to the Nalional 
Science Foundalioti far huancial assistance with research cxpcnacs connected with ihis 
work. 

Appretiation is exf^rcics^i lo tt. Bonfil, brill, Keith Brueckner, .A. CL . Cam- 

eron, H. Y. Thfu, Sterling CdRiUe, Mrytti fJeWitL Robert DIcke, V-. .A. Af. nirac, Fnv- 
man Llyaon, Will lam A. Towler, L. tjfHLEon^ Fred Hoy It, Richard Llnd(;uisl, Kobrrl 
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Schatzmiiti, E. Sdiilckiiii, M. Schwiirmhild, Dennis Sciuma, L, ShcplcVp David Shrtjrp, 
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chapist I INlRODUCri'lON 


MtW MOTIVATION TOR LOOKlKtJ AT AN OLD PRO^U-^M 

Evidence has recently been tincovered for the production of an energj'* ba greai iw 
1(]^“ or 1(1"* erg in a limited time/ in a limited space/ and iherefore out of a liniit(M:i 
amount of tnaiter. The a.^imphyAical obiservations do not prove, but have led some in¬ 
vestigators to ^nggtst, that a new pfoctiiA b going on in which the output of mass^ 
energy^ per unit of mafw exceeds (Burhidge 1962;. Hoy It and Fowler Hoylct 

J^uw'lcjrp Utirbidse, and Bnrbidge 1964) the I part rn 112 obtainable by thermonuclear 
combustioii/ Therefore^ attention has turned to gravitational collapse as a mechanism 
by which in principle a fraction of the laitnl tnErgj- of matter much iRTger than I per 
cent can Ue Art free, 

ITie concept of gravitaLtonal collapse has a long history* already in the nineteen I h 
centurj" the balance between the outward pUAh of pressure and the inward pull of graf¬ 
tal ion had been studied in some detail. The spherical configuration of etpiilibriuni for 
any given ria.sfl of maiter under one and anotherposttilatcr about ihc equation conner-t- 
ing pressure with density (‘^equation of state*^) had been detertriintd (sec, Crg., Emden 
119fJ7D. Even then ihc central quesilion had been posed: How can any system possibly 


^ Evii^lenct <iri(un 4 ll.v jireuniied ai Daliu Cq^iIrrcEicx-nn Grarilatl^raal CDllap&e {Kcl^rurcm-H Sclilld, 

^chiKkbj; n-eKiTULftcr died aa '"CGC"). Sec Aim Butbiiljpe, ityrhici^, and Smukifc 

Lynds and SancLi^ f I‘>6?)GicCctilpEfl an^j GlpeniUan and Schmidt (Itfei)] and sec .AmluutsLL 

fliyaii t3|K jifjh. for nmNdcniticHis afguinR fw Uie □cniTTfitiCe nf vinlent ener|sy 

caution in the nuclei nf ccrUun gnLaxi«. 

■ Time within nn nnfer nf magnitude of ycara aA deduced ffum (I) the spfttial e^tenHcm &f 

ihc iw^iictH oF cxpicsEDn and (S) the rrtc oFlMiaf from ihose pr™±MtA hy s^imdimtron fadktion^ 

Ecc CGC for Further detnila. 

* In cEmtniEt to rn dumetcr of -^IfF lighOytr^ri b^r ft ty^jial gaJ*x>% fnr the e|iift: 3 i-&tclkf source iC 273 
ft lin^r ticUnsun ku thtm tO light-nyeiirsu d^uced (1) ficmi rises EUid fallfliia hghl nui|]UI Eiy -ta much AA 
a faelur i in i Lunc of the nnlercif 10 ycats^ u chronicled h}' Smith tad HcK^eit [1963) and m Ct^:; and 
f2J frnm ihc ratio of t&tml lumiRoilty'to lieht output frtr unit ipc* na derived from clectrmi denuty sjld 
IcintiCfat LLt^ — ihrETifeEvN in tum inferred from the relative mtenfiitieft of Brlecled EQ^eclroi hnes (SK 
Green^telit and ^hmiilt L 

■ Fmctlnnal oinverslnn nf normal mailer to energy os atlaihali Ic hy tiresell tly kuowft mtchftniSftkA, Ex¬ 
am plej ■fspontanfeouft fiMaon fallowed hy capture of nit emitttd newtmns into the fission fraj^menlft^ 

foltiwcd by l.t«ta fkc*y)r^ fmclkwial bnsf of energy per gnun^ 0.001007/1.000218 = 

0,001007^ equivalent la 0.001007c* ^ y.05 X lO^^crg/gm (mosrfl uh scalel. 
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2 ^fR ^\ ^fATEUN TirrORY AXI> GRWlTATlO^fAT, Crj|,LAPSI% 

Niifitrun iLscIf a^itiHL trjltipfit w\im the rtia-Sf^—-anri gravitation a] fnrce.v -are 

incrcaricd more and mor-ti? 

ts not the p]a 4 :e to rt\iew the fascinating hkioT}- of \h\s ksue of a mVfce/ nmss for 
gra^itatkinal nor of hfixv it has ?ihaq>crti-d and detpened with the dcvelopnieni 

of atomk physics and relativityp nor what decisive contributions came from Chindra- 
fiekhar,“ Landau (19J2)p^ Tolman (I9A'^), Oppenheimer and Volkoff ZcIVbviih 

(19fi2)^ and otlicrs. Hiswcvtr much has l>een done, siiJl mort remains to bt done btforcr 
the inveatigatof will be in any position to treat Rra^vitational cg] lapse with all complete- 
A realistic analysb of collapse in the contest of astrophysics would evidently havf 
1 h 5 take into account angtilar moinentum, mAp;ntlic Uirinilcncc, slmck wavna, ihc 
curvature of spacetime* and other complicaticms.* 

GRAVITATIONAL COt.I.APSE AND TTTDJ TSSITF. OP TITF FtNAL ST ATP'. 

.Mure prtMSstiig than questions of detail ts an isAtic of principlet Dat-.x j^rnrihijmw! 
cxfU^psCt mi^sr cowirthfm hmirtTr idroKudf fFprittc n ■nf^iffp-r (q n^m'ert a iari^c /fcrc/p>ip 
immii more them 1 per reiit!) 0 /ika mass of ordiMury matter htio energyf And if so, wkai 
ix ike Jittal of ike m^Utcr itfltr ike reaction? The^ two pnfkfi|ems> of principle ari; the 
center of attention in the present report. 

The nature of the questions is not new^ From phj'sica] chemistry^ we long ago IcamerJ 
to assess a reaction by eKamining the inii.ial and final stales ant! the dijferetu:^ In rftetgv 
between them. One can jicjstpoiie as a detail-an importanl detail* bill still a detail * 
looking ihe mechanism and rafe of the reartion which leads from the one ilale to the 
other, 

State of what? ^Fhc state of a syaten^ of . f l^aryons. In other words^ w^e a-sk I hi* qiies- 
lion: fihrcn an electrically neutral sy^tcni of A hatiyons; givim in principle the meims 10 
catalyze all nuclear reactions to the end point of thermonuclear evoluiion; giv^en 
tfse means to ccmjI the system close as desired to absolute wto; giv-en th 4 at the pressutt^s 
of neiitrinos and antincuirinG& in equilibrium with thr matter ore zero, its beiiis a fme 
syi^tem of A baryons ^ wltai ts ike gratmd state energy of this A^baryoti system ? Or are there 
tiw grouud atatte, one for normal matter and (be other for matter That ha.s undergone 
gmvitarianal collapse? 

At the level of cven^day nuclear physics one never thinks ol the possibility of two 
gfT.iurirl states, one normal, ihc other collap-^d? aitenlion focuses excEuMvely dh the 
study of ihe normal si Ale! For A = 1 ihc familiar ground-Hlatc conltgumlirjn nne free 
hydrogen atom. For A = *1 it is a helium atom; for A ^ 56, an iron atom. Likewii®, 
when a system of .1 = X It^f* bar>™s c^fttaJyKcd 10 the end point nf the familiar 

' Sojnt iispctti of this history art, Itnu-tvc-fK britflv rtcjipltulateil La chap, vl below in canncctioti with 
thf! trtutnuent of ^Itthle anrl aciKt^le ef|uilitHiam. Srt Abo S-Iarriswja, W4iJuiiw, ami U'heekr 

(iOsfl jij ^\^kCTtc^ h), 

* Sec ChanJnLBckhiLr see aJaci ihc prtcurKi'rt dE Ltua work (SLoofr 1929, 19 JO; Chaa>JmrtklLnr 

I9.J2, 1934?. Inoift 1932 w-ork Cl»wiJftM?khaFl^^nclutlnl^ iti dm JumlyBjj yrslsb 

Imr structure ii ml pnssahle l>cf(»rc wc caj^ aaswer Lhr fallowing citujsdnn; llLvca an Encksunr cti-n tiiiamf^ 
aai'l n-tninJc tiUckl (total ctiliriE Jbtir4], what hitpprnj^ if v^'e gu on CcMilprtiiJHng the matttin.] in^ 
detaniteibv” siliy> t.liJindrjjjjEklijir (IMi?). 

ttbfj Oppftnheimcr ikiid hprltcr flOiH) lintl Ijindau anU f.ifihlU i.'htiiT. ri- 

* For the r^ncral coacept of gravilalirKnial cu^lapAc a& a mc^hanbai Actuatly m. work in ai!il«>^^hyrac4l 

evaiulion See Burbldgr (19621 i Hr>>'le a£nJ Fowler il 1963d; 6^ Huyk df. (19fttA Spcdlw: inDdeb mirttKJe, 
lOTfli, contraciiofi i>f a sinjtls itij^raur tif ivibim as greai u !0^ Mo" CHoyk and Fowler ?j;Iben 1063; 

Mlche! A second rriodcf a ^reat number i^f ^tars ai mure familkar eiiasa, In ati unitaually 

rletiK diuter* which evdvedynaniicoJIy taa cumiracdhed cuntiguriLLidn (scetkild in CfrC; abo [.Itain and 
Walden 119f4||, A ihii^l ppipu^i pieimrei a ma»s_i>f |[a* "-10* Mo which {n) urij^iinl.ly r 1 ^tnl■rt aluxwly, 
(A? o\Ti]v« d^Tiamicully iiitoa ilkk like conJji^nilEon, and {£) br-eake up by S'nivilationai Jn^tahillly tnliu 
VpiUlllE Etia^>r W'hk^ll llurii idi indivirEbally umkr^i> ^xavilaGoiia] rollilpac lluyk and FowJer ia 
CftC). A foijrth concept treaty a p^iftay—cij- a wgiorv of a gjiiasy—iMij den^ itmt mmy iwjwniovaje arc 
farmed Jn El al aboat me sonkc dme TFlcld 1964). 
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lypii t>f iht!rmLiin.ttrk'ar ^votiitkin, il. (a-kes I hr inm of ftUims rjf Fe^ ptucL'd iti a innly- 
ct!Dtcr4Kl ciibk laiuce. In ihLs sysU'm. tht priority of tht* forriss is very lifrilr, ciich being 
marked off from the next in its degree of inJluence by many powers af l(j: (11* nuclear 
forci^; (2) jiolid-siale lurc^ and ener^^v' of the au*nnc eleelrans; t^‘*) j^ravJtaii&naJ 
energy'. 

\^l]en the nmnber of ban'ona is increased to .^1 and A ^ gravitational 

forced build up >o much pres^Tire ihai eletiron*;^ are promoted to reiaLivistir; energies, 
’f’hey lniin>:^niulc hound j^n-Hunh p> neuirons. 'ni-c nuclear conip>j^ition changes from Fe^ 
in the direction of heavier and more neuLron-rkih nuch'i. Nuclear energy^ cleciron en¬ 
ergy, and greivilat ional energy no longer differ greatly in order of magnitude. 

\Vitll SlLU furiliEtr Incteniie in the baryon riijnibcr oiil- at’curding to ev^cry ajkal- 

ysis, to a fKjint, A * .lorit. where graviuuitjnal forcv*s donunate. Even wiien , f k a little 
short of Artin the input of a little energv’ of compression from autside will compact the 
sjTjtcrn enough for gruvkatiaim] io win out and for collapse lo start. Jn other 

words, far A < A^rit ihiTK esisls a pOTtnlid harritT which musi he uvercodve—or ]fienc- 
trated—Ijefore the system can shrink to tha tanfiguraiion (Tahk 1). 

Thus a system of Ijaryons numbering a little than A^tn possesses not only an 
equilibrium configuralion of “normal” cliuracler, hut also another configuration of .still 
lower energv'. Moreover, a HV'slcni with .4 > A am has tioi evtrfi a poicntial liarrier U? 
reslraiu it from pa.s>age to this collapsed state. Wliat, then, is the nature of this atatc? 
And if there is a cullap^fi coiihguralionfor .1 a little more than A„n ^ and for A a 
little less than does Such a siaie alsu csisl ftar A much less 1 han A dritf l'■’or A = lU^? 
Fur .( = X ItJ*? Fur _l = 56? vVnd for a .single hydrogen atom? And il so, with whfti 
new kiiui of elementary is one confronted here? Mureover, if the proccfvs of col¬ 

lapse of a barv^oTi, or a gruup uf baTy'oJijh, b possible in principle, il must take place in 
actiialhy. ^^uaciium-mechaniLal leakage through the Iwirrier agiiiiisl collapso will io- 
evilabfy ucLur, fiowrver low rate. VVhat^ thep^ h the half-life of ordinarj' matter 
agautii ^ipontaneoiis iransfummlion to a collapstMl stutcr? AH ihene rtueslionsr extending 
from astrophysics to elemuntary-paniclc phystca., make the m the hnal stale one 
of the most Emportimt problems m ihe histoiy' of physics. 

11 ow many bridgir^t mu .si one truiiS lief ore he cmi treat all the.se aspertji of graviiationul 
collapse? 'Fhe road evidentiy extends soint dibtitnee iltlo ihc fillure 1 lltc long-term cltar- 
acter of the investigation imposes on any reviewer of toda}' a special obligation. He tnUsL 
dti^lingiush as hJmr]ily as he can Leiivt^n [ I) what are truly puzzles and (2J ivfmt arii clear 
and definite toiiclusioni. Wlval foLlowis attemplii thb dLstinctiou. I'he definite points arc 
set off from the issues, as an expiirimtmi, by ihe □ Id-fashioned style in w^hich they are 
treatci:!—a -style I is sing delinitkjnSj. hypi^othesesj and theorems, However^ the subji'ct 
matter b phv'^fks^ not Kiichdcan geometry. 4‘hprcforc% there is nu pretense either to the 
almo.st unshatLerahle rigor or to the mclioilotis detail of Euclidean reasoning. 

A SUHVL^ OF Tins REP^JRT 

The problems spill them?irivc!i into iwo groufjs: (1) Wlmt can be saidabaiu ihe mass- 
energv' of any giv^n configumtion containing A bafyons? (2) Whai can be Miid aliotlt 
the rate af sias.s&ge from one t;nnfiguration lo another? 

Tile analysis of llic energy divides iisdf natur^illy into a pari it&viog to do with the 
tong~Ttmgefi7rai ttf |rarj7ari4?.PF and a pari having to do with the €M€rgy demity cam- 

/vejj'jcif t'hapter u brfefiy reviews the immediately relevant part? of Einateb^s 

theory of gravitaLion. ‘Va delermjne tiu- ma,sjaenergy of configurations of maiter, it 
proves useful lo anaU™ the gc.*otnclry^ on a sfia^elikc hypersnrfuce. This threc-r.iEmensionEiJ 
gecimftrv% acuordmp to general relativity, satisfies a certain simple condition, ihc Foures 
condiiion E'rheDrerLi IJ, iht^ analog of dEv E = iiv elecinostatics, Thb condilton be¬ 
comes particularly simple whm afjplitd on a sfKiceliki? hyprrsurfact" r>f iime symmriry^ 
such £Li is appropriate for describing a mominitiriiy s^uik citHfiguraiioK. The mass-entrgy 



4 


CE.4V1TATI(;JN THEORY AN1> GRAVTTATTONAl. COLLAPSE 


of any static sphericaliy fi^Tnmetric —thus auiomatically mcluding ihe aquU^ient 

cssociattd ike hmg-raiig^ gravitaiwmd inltradtons ihemxttves- 
es^iresiscs Uself (Tlietjrrm 2) u* the simple inlegralpof ihc local density of 
jTLBuss-ciiergj^, TtgiirtUeii of tiny fress^trrs that tki or do not ^xist in the ^rstem. 

Chapter ill p\’^ a general pr^xedurc to compare the energies of atatk coafigiiraiions 
of spherical symmetry, both those which are in equilibritim and those which are not. 
This mass-enei^^ is deiiiied^ for example^ by its eSect on ptanclaTy orbits or by the 
bending of light which it pniduce^. A varmtiocnal treatment is gi^'en on this basis, fob 
lowing the La^ranj^ifsn fommlaiion of hydrodjmmic-s (partick labek taken as coordb 
natesL Hy cxirtmmnf^ ^he mas.s me ii led d^efcfly (Theoreni J) fhe 

grniToi r^a/mVy equtiiim w/ kyJrtfSf^ic eifuiiibrium. A ireatmcrit which with no 
mention of ‘'pressure'^ ends dp wdlb an e^imtioti for the det^^rminatSon of pressure; and 
starting with no mention of ^'gravitational ^MitmiEar-—an undehned ciiianiiity for an 

TABLE l 
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sirbitran.- confi^riktiQTi il also irnds up with it formulu for eHls qiiantily, 'Cfiis formikla 
CTIn-'tJireni 4'i \.hti itmsiaucy—ikruti^hiyui iht initritff fif tin nquilibnum cflnfigura- 

lum—itj flit ftnrrgy^'^ ihi^ tnitr^y rttqiiirrx] w [il a baryon from inlmity 

and iFijt'ul it tt1 that point. "nu'ur-eHi 5 thtatLS Lliat ary sululioii of iht vartallonal jjfobkm 
autonmliiaJly satkfiea all of Einsttm\ fiLld equations, not merely the ('’Dur^s cundkioti. 
The variational aiijrfiMii b lij ihe [iroblero lA majhh-entrgy open?, the way in analyzing the 
energy of nil ronrtjipjirttiiotis, noi only eqLi[librium ajntij'uruiioTss, ,\h an rvainpl^ ibbi 
type of reasonirg the propHinies of a tiequence of contigurmtions ccmsidereiJ by Zetyovich 
are rt-viewed. Tliiii sequenue provides one route for passing continuously from normal 
dirnt'ntvions, over ixn ener]^y barrier, to a roIJiipsed LondiiioTip 

I'hapter iv analyzes the properties of equilibrium conligurations of cold mailer cata¬ 
lyzed to the end point of thermonuclear evalulion, and thus endowed with, a uTiiquc cqtla- 
lEon t»f ?iUEC. The prini.’ipal theorenifi Itere have jo do with (Theorem 6 ) the monotonic 
fall of ifie pressure from the Center lo the surface; (Theorem 7.) the cxinlenct of one and 
only one equilibrium configuration—and it with well-defined mass baiyon number . 1 , 

anti radius R —for eacJi \'alue of the central density p^iL the subtle sense in which the 
in a hlglily L'f^m|^rcsse^^ coi^nguraiiEm is, iinJ is twl, ii ply¬ 
ing ( the idealized case of an incompressible lluld bcirip taken up as one e.seantple); 

and (Theorem S) the pjfrVfwejj of 3/^ and R as the central density goes to infinily. In 
cormrciEciri with pniiti it ihai lht^ equal tun of state follows asympiou- 

tally at high pressurcy u with iho ratio (prc&surt:)/(density of mass-energy-') ap¬ 

proaching a constant, ty — 1K, with y in the physEcallv admissible range from juat over I 

{.’haptcr V fcumulansj a new fcaiure I I'trst recognized by K. Harrisonji of the solu¬ 
tions of the general-relativity equation of hydrostatic equilibrium oti I he hyfMilhtsLs of 
an asympiol.if -y-law (Theorem OJ : the mass the barv'un number .■!, itnu the radii],4 
R execute dumpt^t it-sdRaliUHS prrhdk in fhe hgilriihm of the d^nstiy^s this central 

density approaches inriniiy. (Jf course, eKpreased as a funLtioTi of the rteiisiiy is 
completely j/h^eV for these L^ullibrium conhgiirations! The characteristic period of the 
OHv ilia [ions, a In ^u-p i*- evaluated En Urniis of y, in the proof of the theorem the range 
of r-vaUsey is di^^idcr] into three zoney. In Zf?ne 1, near I he origin, for y = ^ numerical 
results of Uondi are available- In Z 4 jne IJ an analytic formula is i.lvrivtid for tht^ Ds^Adlla* 
tlorts fur n]} values of -y. The adjusialjle amplitude and phase factors in this formula are 
dcLcrmiticd for the case 7 = J by joitiiiig onto I he Bondi vei I uei^. In Ztme fll- -reaching 
to the surface 'ivhere no 7 -liLW' appliesi and the equal ion of state is compUiated, an 
exact ”i^w 4)rf ams^rcafion aj jjnrwd/isfrf urtu in pftasi spiice^^ is derived for the propaga- 
Ibn Lif tlic (stalk-‘I o^dilacion through the Interior lr> the surfave. In this way it ht shown 
that (kc ipfajj M nttd rijdius R rjrfcii^p ouHtJ^pho-ic ascilhuinm In pu Es incrcstHJud. 

As background for the physical interpretation of the infinite number of oscillallons in. 
the critical mass as a function of the central derLsity, we recoil in chapter vi the hisLorv' 
of our knowledge 01 ihc curve ,lf - Aflpn). AllemErm focmhc^ here parLEcularly on the 
points of principle that came to Eight in ihti earlier work. J-Jkndau's 1952 order-fjf-magnk 
Lude reasoning is reviewed^ according to w'hich a sufficiently large collection of cold 
EiialEer eunnol !^u>.Uin itself agatnst gravitational collapse. The same elemeniarv' 
analysis also shows thal there Ought lo be to; configuratSons juit at iht pfjinl of Inst a- 
bilily against collapst;—‘cme with a density of the order of lO** g-‘cm*, the other wilh a 
ilensEiy of tht order of but Lsruh, remorkahly enough, with masses of the order 

of thv tnatks of Ihv Sun. It] 1955 Ubandrai^^khar dvtermiovd equtlEbrhim configurations 
of the model of a degencralt electron g^s, a model valid for densities from Bl* lo lEI^ 
g; cm^ In 1959 Oppjenheimtr and Volk off adopted the model of a degenerate neutron 
ga^^and fuiitid for the firsi time tme of iho twopoiEit^of Inslabilily preilicted by l^ndau^ 
the one at ihe higher central flensiiy’ g^ cm*). In 1956 Schalzman, going back 

lo the model of a degenerate electron gas^ obtained a first indication of the local ion of 
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ihe first Landaii imn\ tif JnstabUity. In I95S ila^rison^ Wikkano.and WTittier I'amuLlalcd 
ihtf rcmc-^^pt of ^*cold matter, cataJyjwd to the end-point of therm E'mutJeyj- c^'^iliitioli/^ 
Mliuy pui logctherall a^-ftilabje iheondiicai infonnatioti to fonnlntcl an approximation, 
as eloHC as ihcy knew ho ft to conbtrutl, to lll& equation of stale of cold, catalysed rnat- 
ier_ For ihc ftr^t time from a sbgic equatEon of staie^ as employed in ihe cneral-retfti iv- 
ity equation of hydrostatic equilibriiini^ they were able to delcmiinc the masse* and 
ccnLniJ densities of both of the critkal points predicted by LandaUt as fteli as the prop- 
erijes of iht lliErd ci'iiicai conSgutation H'™"] marking the reium to 

stafdlity ejts ihe way from one Landau configuration to the oiher/llit: itnfjurtatii feaiure^ 
of itie entire family of eqiiilLbrsiim conjurations art surnnmriied in Ffpires 5, 6. and 7, 
os obtained in the 1057- 105ft ciilcuLations of Wakatio and in liarrLaon^s 1964 exleiLsion 
of the^ res^ulls to higher dunhlties. Alethods of integration and tabte of resUill,'^ aj^aear 
ir Appendix A. Among :d] equilibrium conflgundions, the fallowing are calcubted to 
show' the extrenie!^ of liinrlitig; (I) ihe sJnallcsl increa^se in mass-energy' pjer unit of ma>.a 
brougiit in from iniiniiy, Li.8+5p for a centmJ density of i X 10” g/cin“; (2) the 
talio of mass'cnergy^ lo mass before aasemblyj 0,974, for po = 7 X K/tm*; atitl 

(5) Lhe ^rea^esl ratio of total nubi.H-enerj|y tn rrmss l^cfutc asacmldy^ for p-j = 

W X 1017 

(.’hapLcr take* up the stability analysis of equilibrium ponfigurational. Stahilily if? 
rtiscussciJ in terms of the frequency fsuibility [) or growth (instability!) of "the 

L-haracterLstiE! aci^u^lk'al nuMlcji (w » I, i, 3, . . . j of purely radial, sphericaJly symmetri¬ 
cal, usciitation tif Lhe sysLcra, Chandrasekhara procedure,, by which hi principle one CM 
determine the*e frequenctezr, is oullined. An independent clerivaLiun of this pTmedure 
from lhe seemd variation of riuiis-entir;g_v for hxeii baryon number (given indcpimilently 
by \V. J. Cocke and by Thorne) is presented in Appendix U. What mdieatfans one has 
hail Ln liniilcd density regions ajt to the stabLLity oJ the lowest mode (rt = IJ of acousl ical 
vibration are reviewed. Als<j re\iewini are i%2 confiitipmuona of Zcrduvich show'ing 
iha(, fur a ceriain range of tent ml tlensiiies bey-ond the higher Landxiu critical points an 
ctiuilibriuin con liguralion, while stable against any nne-al-a-time removal of Ft;^, h- un* 
stable in principle—that Is, unstable insofar as its energy con tent k conceme<l—aga]ti;sl 
a caik^cim Tiansformaiion in which it dis.|>erses into free Ft” a torus. 

We dcscrtlir a tlj-namiLa! sysieiu considerciJ hy Einstein in 1939 which show.s this 
same phenomenon of energy excess in the large with stability of lhe urbil of each fiartu le 
individuallyi a collet;lion of particles moving sni cintular orbits, wiE]i>out collEsiori, at 
speeds close to lhe speed of iighl, itn<l hetd En orbit by the gra^'itaiional field of The 
a^isembly as a Vvhole. The simplest cDnligtinnions of this kind form a une-parameter 
fanufy (Table 6), For the most lighily bound of ihep.e canfigumlEon* I he ratio of total 
mass-energy |q stta-s^, a( re.st and before a^Hbcnibiy, Is U.%ti whereas the .^ame ratio is 
L027 for the tonfiguraltou wEth the highest energy excess. 

A third example of a system with energy,' excess is also discussed—a geon, or coilectiun 
of electToniagnetic: energy' held together by Etii own gra.VLltttiqria] Btlraclian. In all three 
examples—the cold, tTataJyjsed &t*ir^tp KEnutetn** duiid of panicle^, and the geon—the 
energy^ exe.esyi Traces back to the iamo source: to particle^s or radiation ira-v^linp efo^te 
lo Ejf at the speed of light. 

The concept of energy excels b used to explain the infinite number of maxima and 
niLninm in the curve of equilibrium niass Af' as a fund ion of central deiLsUy Pu. V^'itll 
increa-sing central tlvnsiiy a larger and larger portion of the deep interior—r — 

is raised to rclalivislk Fermi energies, Condiliou^ there bccrjtTiL' "gcon-like'' and the 
mai ter acquire excess euergi^ This portion of the medium is teetering between ej<plosion 
and grd,vitalinnHl collapse. An acousiical mode is or k not coupled lu decisive degree 
of frticdom according to w'hciher it has only one Jjam of density decrease in the critical 
region of high density or tnaTiy alienuuing xtmes of density^ increase or decreo.'^ in this 
regtoiu In ihU way" orte finds it pjaslble to understand why the number of nuideis which 
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arc unstable iiicrea>«!<i at lijgli central density fls lit ami why ihv cqtniilintarn radius 
rises and fa]t< periodically with In Aj. 

The principal thporems deal with liie following: Theorem l4^ the coithguration of 
tightest binding: Theorem 15, ihe value of d.\f*/JA as related tf? mass and radius; 
'nieurcm 16, the coincidence of masEniu and minima of M* (pu) and .1 Theorem 
17, « 0 as tJie ncccssarj' and sufficient condition for an acoustical mode to 

change stability; Theorem 1§, ihe correlation between ^tabihly and uhemica] (iotentlal; 
and 'rheoreni ly, the law of variation of mass-encfg_v near a critical point. Equal ion 
{iSSj gives ihe law of change of the frequency of the critical acouslsGil mode at a critical 
point tmaiimum or minimum in dM^/dpi^]. Tim Jiaiiiliiy cf all i/st radial iitwiika!. modes 
is diagniisad iw at? way and iitrUjc^ied i>4 5, 6, and 7r 

VVlty a sulTiciciiily coni|>ac‘tctl sj-stern h unsUble against gravitational coHapst is fur- 
tlicr clurtfird by considerLng fcJiap. viii) configurations ot uniform density; This type of 
configuration a unique feature* A t::)eai5 separation am I>e made, lu the t:alcu!atif>n f^f 
the nuiwi-ak'rgj', heLween those features vi'hidi hav^ in do with (1) short-range forties 
associated w-Eth compression and (2) long-range forcei associated with gm vital ion. In 
consequence of this separation it is possible construct a *\%lide r^tle'^ la mlcnlate^ for a 
given baryort iiutTil>er . I , //xc niitss-cnrr^y M* as a fnndian af fAc i>f cfmpaeJian 

f^'putrnlial cnerg^'Hnjn'e for grarilalional colLapse^^J. One portion of the slide rule h 
constructed nnce and fnr all from the generaJ-reJatlvdty theorj' of gravitation. It con- 
tains 15 n reJervnce to ihe equal i<jn r>t state, lltai appear.'^ on the n titer port bn of the 
slide ruioT a curve of log p fgriy''tm®l os a function of log fban^oiis/L'm^). I’his a^pamlion 
of factors allows one to see and prove that no t^qiiathn nf sMe wiiich is rmnpalible wiih 
causality and with frtf dam af malfer fram micraseoptc cal! apse can saz-e a sy^iem (ram 
htmng d c^nfij^siraihn witidt is nHsiable a^tuinsi callapse. 

Also given in chapter xVii are curves for the gravitational-collapse potential tw Cinn- 
jiulcd vitt the “^lide rule” or rjthtrwise from the Harrison-Wheeler equation of state for 
selei:ied valued of the lian'Oi'i mirnlicf J. 'rhen: h no barrier against gravitarioiial cob 
lapse for a system con lain in g more baryons than a certain critscal minihcr, Attrn 1*^^- 
T’or ?maJliT .-1 there Is u IjarrEcr. Its height increases^ with decreasing .1. The height 
reaches a maximum I'Qr .1 , l„|| ‘4. Jl riecreft^ for si ill .^mailer .1. To bring an amount 

of niJillrrof tho rnrticr of tuns {A to the sinnmiL of the eolhipsc barrier 

calciLlalcd, on one asfumplian about the equation of state (Fermi gas), to require a com¬ 
paction to ■’-^10"'^^ cm and M)^'g/crn* ami itii Eiiput of mass-eriLTg;y of compression of Ihd 
order of lEI'^ g. Thb barrier U enorntnij^ly sfiiallcr than iht? barrier for .1 but 

[iKij crioimiot]S:ly higher than any energy^ which it i.'i- technolDgicaJiy feasible to supply, 
l^he cni eKtonsion^ die lO*^ g/cm* density, and the HH^ g of maiss-energy after cont- 
preAsIon mark the^^ma]ia.t system (A = -1 attain) lo which one can apply corti^ideratiom 
of claH^ical general nrlatlvilj' vwiihoiit having lO confront ihe new features calleii fur Ijy 
u proper quantum niialy3is. 

An alteraiion in the equation of stale leaves ihes-t ihm unmhfrs nm^hangM and affects 
rnily tlic estimH-teii IfiEW) l on^i am! ■^1 qumi I uiik f/fr smatkst ipAiW 

is subj^d la frailmen! by {:(azsicisl general rclislmly. 

Chapter lx. treats the ussumpllons conlained in the idea of equation of -State of cnld^ 
eataly/ed mailer: a S'uli'_vsicm which (1.) ha.s rcachetl ihe '^'end piini of thcrmoiuickar 
cvululion/' (2) Is elcctticiilty neulntb (3) h ^beutrino-neutml/^ f-li) contains at no point 
any relative streaming velocities out of which energj^ can be extracted, (5) is subject to 
grax-itationaJ fields small comjiared to 10** (Vi) under She inducfuL'd of inharnii- 

l^t^mtits in the graviLational liuld or ^*tidc-prt>ducing forces*" or a RiemannEan Lur’V'atuiu 
nf space smaller in ortler of magnitude than the inverse square of the Compton wave- 
lenj^h. The transition \a traced out in detail befwtim fiinal] A sv'iteitifi, one sf}eak.T 

of lacking fraclion aitd where the cotsccpl of an equation of state Is not appropriate, lo 
.sysienis containing so many ban’ons that this statistical concept makes sense, The alter- 
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Eativ'e thermodynttmiical pjotenlials suitable for dc*:ribing a relali™tk equalion of slate 
are rewwcd. The diffpi^nre beiwpea a “r-law {Zf^uation of m rclativktic and non- 
rtlativistit thwry bmicgtit out. An a^yniptolic quantity 

= iim d In p/d In n 

15 defined. Tite Umifalims impiis^d mi ttu^ Ay candtiian ihai niaHer be ahibh a^aitist 
mirrmcopk c-idliipsr > U hy fhe principU pf c^usaltiy {'velocity af sound kss 

than velocity of light; < 2} are spelledotiL Zetyovich^5*^sofL"'haiti'CE>re^* iricKltrl of 
nucleon-nuc leon repukions L* dL'scribccl els an argumeni that the Li mil ^ 

principle concciwbte. 

Chapter x turns from the gentritl priiuriplos undcriyinE the coiifopl of the eejuation of 
state to the detailed tnacing-oul of ihe unique and universal etfuaiwti pf siafr of ru/tf, 
caiiitysf^I a.s iie^x il can he evaliiateii from present-day knowdedge. Chapter 3? firc- 

sents an extensive table of valucjj of iJicsstiifc,. (Icnjiity of iTja^'r-ettcrg)-, and nuni^xir rlfusLiy 
of baiyqns. Analytic fils to the tabulated numbers arc geven such as arc suitable for use 
in clet%onicH:c>rripultr integral ions of ihe equation of hydrostatic equilibrium. Padit work 
on the probletii of ihc equation of state is recapitulated. ‘I’he bask for the derivation of 
the prcseni Hairison’WheelcT equation of stale i.^ dciHrril'jcd, regime by regime, from 
densities a few per cent more than that of imn up lo nuclear densilie? and beyond. 

Chapter xi, the final portion of the report, turns from statics to cK^aniics, llie qutfs- 
lion k raised why one should be concerned about collapse to impiTs^ihlc flm&itics from 
a confiifuration of l ime s^Tiimctry when the very words'‘time symmeln " imply a niarl 
frtrtn impfjsaible conditkinh* However, a closer an^v.sLs of the d>Tiainics near the s-ummit 
of the collapse barrier f.-l < .'1irF;,i!) leads to Theorem 24, acCtifding in w'hich the lime- 
Mmtmctric moiion. oft^r the tnonient of Lime &\mmetryi give^^i an arbitrarily good repre¬ 
sentation of cdl<ipSi* frifM A detailed review' k given of the collapse of a cloud of 

dust from a momentarily static conligumtion of uniform deusitv to indefinitely high 
flensHy, The smooth join between the Friedmann 4-gcomeiTy in^iilv the collapsing cloud 
and [he Sthwarjt^hilrt 4~geomctr>' outside is depicted graphically. The selection of one 
spacelike h^'persurface througli ibis -l-jEfcrmieEryf or some such hvq^rsurface, or an>' such 
hyfrt!r<iurfaee, is recalled to be the gencniliKation of what one floeS in Newtonian itH'chan- 
ies when he selects a time^ some ifme^ any time at w'hich to abserv^e a systetn. Thrmighout 
this dynamics ihe ma^-sn^nergy, Af, of the system oh.served from ouLside (4-geomen^'i 
dcfteclion oJ light, motion of planets) remains consiani. Yel apprripriatc' sixtceUkeslicftj 
through the 4-geTsnietr\ arc shown to manifest smollcr masii-cnergies Mt (smaller coefl^- 
cicni of ] .‘f in the asymplolic rcpftsi^niaiicui of the 5-geametr>’ at large distances), tine 
finds in this way for iht^ fin^t time the relaiion (ITieoreni jfi) between the aualy^ij^ of 
sjihcricalLy s>‘nimetric configurations which arc mdmersLarily italic, and wlvlch have 
mass-energj' Jf| 1^ than M^and the dynamics of a .system of mass-energy M which con¬ 
tains the same number of haryonSn The quantity if ] reveaJs itself as the sum of rest-mass 
energy, c:ompres.^ional energy + and graxitational energy^ and therefore in effect the 
piilrniid! energy of the given c-onfiguralion. From this pnlEiiitia] rhe kinetic energy is 
found by taking the dificrcuc-e \f — Vi. 'rhus ont iind.- a .solid foundatkm for the con¬ 
cept of (Kjtcinlial-cncrgy-cun't in tivaliiig gravity lionid colliqha'. fine sets in what a 
subllc sense the geometry' of the collaiJc^ing drjud of uuUicr does and docs nut tipfiFioadi 
plnch-ofl from the geometry of the surrounding Space. 

It has often been noted that in collap.se each region in the interior Iohes the ability to 
emit energj' by ivay of its retarded radiation held w-etl before the density of energ^^ in 
that region, as laJculatied dassicaJlyf has risen to infinity. Il is shovm that ad’vanced po¬ 
tentials do nol help to bring energy out of the cofclapslng matter and du not save the 
geomeiry, a.s calculated t:la'tslcally, from deveioping infinite curvature, 

tl is recalled hnvv niaiiy |K)inhSfif couneclion ihere are between ibe dynaniksof the 
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and ihe ihe^r)' Qf the expitniiton and rtjcfjntrat'iitin of a mutlel universe, the 
stellar svatent strvtiig. S-S a sealed dnvm but othen*'ise rt'alistk: nuKjel for a major legmen L 
of the clDiacd space of KifisU'in^s SUndiini coe^mnlcigj'. Ith both caries the clftHsicsJ analysih 
shows itself to be faulty beyond a certain stage btcau-se tl predicts condiltotis patently 
impossible; inflniie demiTy and intinite curvature. 

Therefore^ it iseimclytied ihai one cannot believe Lhcckssioil prvdictiun ibai intinite 
curvature prevents radiation from escftpin^^ frinii ibe region of coliapise. InstCiul, one 
must necensarily go over in the final stages of con( nictiun to a proper quantnm'iiiechani' 
cal description, in which one speaks noi detenuinisiically, but of the pritba^Hky ampli- 
titilt ^fo£ this, that, or the other geoiuctiy , AssiJCialed with such a descriplion arc ]>rob- 
ability aniplitudes for the sysieni to emerge fr[3ni I tic react inn in one or another specific 
ouigoing channcn'\5-ituiirix rnode of descripiion*'b 

If the number of baryons in the utiiverye ha^i not. had for atl time some incsiiHcable 
value^ then it would seem reasemabie to think of baryuti rsuniheras a d>~namical variable 
with its own law-^ of change. Such a uhange Ls most naiuialSy concti ved o[ as taking place 
in a region of density g-'etn* of high lp, wher.her in a collapsing cfilleclion of matter 
nr in the ejtpansian or reconliactitm tjf the uTtlvtr^. One Ls therefore led 1 q jicjsUilate 
( Proposition 4(f) that in f'mvimiuwal raflapM the riHtftbrr trf -d}hrrh remain in identic 

fPrm mu-^t be subjeet h T\t^ changes of topology—and the quantum me¬ 

chanical indetermiruicies—that are asscxidttd with the final stages of collapse put diiS- 
cullies ill the miy of applying or es^en dialing a principle of conaer\'ijtion of bary ons with 
any well-defined signifir-aooc, C)ii tht? other hand„ it clocks make sense to speak of the 
number of hanons that have dis^ippeurut in ihe sense that they hava losl ihe jmssibility 
of t-cndiiig to a faraway observer, 

A cold, caiaivBL'd tSysLcni coiilaining A > .luFabaryonSp ?-tarlcd from rest in a spheri¬ 
cally symmetrical configuratkm, W'ill slfaighlaway lo collapse. When ,1 < -^rriii 

the jMnen.lial-eneTgy barrier against collapse must 1 h^ ^unnounted or tiinnekd, "rht" 
standard quanlum-Ti'irtjhanical iheory of barrier penetration is used to estimate ihe 
probability for this tunneling prorfL'tss, Calculations baied on the mtKjc] of a collective 
collapse of the system as a w^hole arc .‘ihow^n lo lead to a gross ovefcslirOAle the time 
for liarriur lunntling. Tn bringing about collapse it h far easier for a small number of 
baryons to go thruugh ihe potential barrier Eogether fas in alpha-particle decay of Sm'^^ 
Tir^ = rs X lb" yr) than for the whole sy^^tem collectively to implode fcf. ihe collec* 
live pbenoTnemm of fission of Ti^i > IfF® yr 1} Regardless, of the precise Miluc of i he 

rate cousiani il is- Ci^ricbEded that thm exi^sis hj iiature a wctc kind o/ r/fmrff^ijry ^irricfr 
iraniformaiitm, spimiann-im ji^ravittititmal and thalp ass^wiated wilh ihk procesji 

all mailer must manifest^ however weakly^ a new ftirm u/ in which the 

bar>ori number rhangefi, 

llic! iUSiJriiiiwT} of particlce in thia process of disappearaticc of baryon.^ implies a 
similar assodaricsn of particles in the rime-reversed process where baryona first come 
into evidence, This associative character of the new mechanism (“assadativc transmigra- 
givcfi rill oppfjrtunity for the bar\’on or antibary'on chamcEer of ihe matter Jilrt-ady 
present in the earrv days of the universe to mflutnee the particle or anti^rlicle quality 
of piirlkles then in process of appearance. It tsnolciiS thal this iiutocalaJytic nature of the 
process uF Ijalchw'isc a|]pearanct cpticeEvably offers an explanation fur iht me-sided 
c/mrticler a/ ibe maiter in the universe aS presently known, 
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MASS-ENERGY ON A SPACELIECE HYPER- 
chapUrZ SURFACE OF TIME SYMMETRY 


FIVJHlTllllfhtJS ACiZEI^'rEll IS GJiLNLk- 4 L RJlLATS V^TV 

GruviERxion is vital in 1 hr baiant^e uf ihc Eoniigiiratii3ns of intL‘resi. In the most 

ccfirkp^'L configiirtitiims ihu jitTH^Ixatinnul & large fractinn of the inuij cnergt. 

Emitteiii''5 sumdard^neraJ relatmly will be aEiepled m a ^!rie inlo ihh sitftlc of fifEatrs. 
Between the predictions nf Einstetn's ihcary atiil such limited obsrrvatEana os exiat^ no 
purptjrtrtl distR'lmncy has t^'tr been substatilfated^ as one hardly needs to recoil, Neilber 
has any argumemt uf prinerpJe agjainsL Einstein^s theory ever been sustahtedr Nor is lllSsr^i 
any riWl set id ideas available winch fc at all cninijakble to gtmrnd reUtsviiy in tom- 
prthciitvivcnc’^s, scope, and simplicity, 'fbns ii h natural that work cm the problem of 
the crilical mass and gntvitattonal coliapie over the last 30 year^ has taken Ein^^tein's 
(beory as its foundation. Today there is less reason lhan evfr to depart from this phi¬ 
losophy. Therefore (hr following siandaril ideas are accepted here working hypoihesei: 

HVJ*ortiK 43 lS I, RlliM_ 4 NNL 4 N Gl^tmETRV 

Short of the l-evel at which quantum lluctuations in the gifometni' becoiiie rdevant, 
the geometn^ of the physical world is that of a cJasskal Kvefnaniiian ffnir-dijTieiiiiionfl] 
n^onifold. The itpt^ceiimt hUervid CD httwarn a«.v nfijriy ewii/j C and D km a weli- 
dejlNed feitsiive t& ikr standard iniervai AB teuwii htrej jjc-iC/fry fiducfa[ mnis A and 

B {^^geometrodynamical standard raeter'^)^ independent of any roordinate^jt that ate nt 
are noi used to label the points of iipacetime, tnde})eniJmi of the large ut smalE distance 
front vlB to CDy indcpendenl of the t."iirvaturc of the bteni^cning s^cetiine> acid ift^ 
dependent ft/ ike ri?uie ikrougk spaceiime by -A'kii^ the intmompafis^n is earriefi md.'^ 

Hypothesis 2 . KoinvAi^iNCK Prtnciplk; Locally Lorewti CttAiuctTJa 

OF Sface^tiki. 

The geometry of spacetime—again ai ihe classical level of anal^Tsia^is even’where 
IcHcaily regular in this sensEi -4^ any arbitrary eietU K thii loeal leamttry u fmgent ta <i: 
suitably cAasen Jltii rejerenee geometry ("'tangent space") &f ikesiatUard Lnradt ( — ++4-J 
ekaraefer^ 

Ctmmefiiary .—The gcotnetrica] content of this hy-poihesli; stands independenl of the 
choice or even the use of any inordinate system, Howevcif, if one cbooses to employ u 
coordinate sy^lejirtp then there will tje some ajordiiuite 5>'st!rms in w'hEch lighi rays and 
maierial particles appear to undergo acceleration. That this occeleratiot^ is (be saane for 
all kinds of matter is shown with great accuracy by the Dicke-EfltviSa esperimeuL* 
Eiostehda principle of the equivalence of gravitatiou and ineniit (accckrationzd) forces 


^ For TT^rirt! im the Imf^kAtidas tltb Afn'\ the evidence Ffir iL see and ^Yh»lcr 

* For Jt iccfnl acccMirit see Dieke (^''>41)* 


II 
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GRAVITATION THEORY AND GRAVITATIONAL C<5LL.APSE 


be regarded for ihe pre^nt ptirpose as sLating ihat ificre always txidl choices of the 
coardinaie system whkih make I he apparent, sccukrailons of neuiml test partLcIcs raitue 
T.n jcero in the given locality. 

TIvi^oniKsis 3 . Geodesic HvpoTBtsjs 

Ligkt rayj <md rteuirai follim through spm^efimi- itiHofar ^ the wave¬ 

length of the light or particle as sufficiently short compared to the wcale of the cun'a.Lure 
of the geometry' and the other relevant physical tliTnen^bns In pertnil ^ detailed a 
description of tbe motion through space and time.* 

Hypothesis 4. Einstein^'b Pmui Equatios-s 

l^he curviihirc (tf spuaJimf h conweied. ’iL'iffi ikf frnsof e/ sir&!fs, tnttgy ^fid 
^nffgy dfKjity by the eqtiackn {for hackgnniind ficet e.g,^ Landau and Lifshit* (tWJl) 

“ k (&*/ fr„. 

Cimmsniary ,—General reSattx’it Vj or *'geomei roilynannes," k so geometrical in charac¬ 
ter that it is often the custom—and here also in some places a convenience—to measure 
familiar physical quantiLi^ in purely gc^jmetrical units^ as indicated by a few examples 
cuUecied in 'laMe 2. 

We now wbffi to apply Elnsiein's theory to decermitie the energy of a collection of 

table 1 

JtELATlOS BETWEEN CERTAIN' PtrYSICAL (JUASTITIES AS MEASUREn IN THE CONVENTIONAL 
UnFTS (cm, scc3 AND THE SAME PHYSICAL QUANTITIES (DENOTED BV .ASTERESES) .AS EX- 
PRESSED IN PURELY GeoMETRIC.AL TERMS OF LKNOTHBp AS .VlTKOPIttATE JN GENERAL RELA- 
nVlTY* 


Qukfitl^ 


llmE... 

Mbjis... 

Ma«. el mn . 

Ma^ cf li aLufn. 

(1/3® masiefFe»“ .. 
tjuiTO' .. 

Density’. . 

TypicaL mltr nf 

W ciLu: liar dEnsity...... 

The chAractcriAtk uf PlancE 

leaifTh'^ . . 

Th« or Flonjtk 

masB. .. 

Clwracctrlfltic dcoMty of ™- 
cr]jn' or Associated 

wSt'h quantum IlyrtyatinnH 


CctiVcblJ^nal UrHi- 

GdintffIrlMd Unit* 

t (fwJ 

AffsJ 

JfO-1 W7X)H'^ 

.T/„-l 67J4Xlfr*X 
^-1 ssiJxin-^g 

£(ctK> 

/•{OT)-ial« a W^23XlO'^f 
if *{cm) - 0 m X 

if 0^-1.474X14:^ cm 
i/u‘--l .i42xl0-" cm 

M Html - 0.82^ X «E 

p^fem-*] -Gf/c*=- 0. 742X lO^p 

t,~2x m g/cni* 

p*-l.«XlO-'-crri-* 

016Xll)i-"cni 

z.*-!.6iexicr“ciii 

Nj • - IJte/GyP - 2.17 7X l(r*s 

Bf ^ E*— 1 .Cil6xl0r” cm 

MX lO’i* *T(l/cm« 
leXlO^B/drt' 

£*-»-3.8JXlCrcm-» 


* SimwtiHipi Wtqfto MI amillak Inits ibe i«il m dim ap. natMliuiiflJ CiMtVflfsJnfl hutd 

VlbMWfiir IhE Pbyriiml RKflDUfirtiihl ty the NfltKP4J Ajcmdemr Hi SklUnrfii-NitW&ll BoiHtrcb Ca\mcM\, Fk^wUn 

(FibFHMT, 1W43, ^ la. 

h ThE fdkndnt iJlfn diarh^Etfdstk i|u«.[krinEi m ahn doru^fd, lii tsAia of u^Erliki. 

■■ CjtprtWfoUry.—Tht^e fieodcajcsparovkiJe a means actyaEly torahlirAtc {sec IL I) Jifi unkni>u'n intcr- 
VftS at yoc place in Bp&cEtimr in termioi a ataadard interviiJ somewhere eUe^ without any appeal to meas- 
urioa or gJodia wt AK^tC cenititotliEin. (2) 'Ihc tranifnrmitRm of the ^eodcak pri^ple Irom an in¬ 
dependent h^TWibesiF Caa listed here for the idke j’lf brevity) to ihc atatus of a frnro the fidi! 

cquadoiif of geocni! lelalivily,, tbitjugh the work of EanslEin, Grunotner, Illfeldr HoJlmaiio., aail olheTEi, 
la a dtrveloriilirrLE dF grfJit importance to which, hoVrever, oaSy |uusng refcrencE U approptiate here. 
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matter itiicrajLiitiR by ot she Jong-iunKt forces of gravitatson. For thuj purpose we 
shah limit stuentSon in ifitr earlier seciions of this report lo eotafiRiiratiims which are 
^fu^nunlarily sltiik .—whatever they may be doing in thE hitnre or were doir^ in iht^ pa'?! . 
The graviiatiotial field^—and therefore the gecMuttry^—associated with this matter will 
aho be motticntarily ^itatis:. Thii? ciinaiitibtitnee will greatly .^itnplify ihe analysis, 'Vht 
4-geometr>' will be syTnnietrif in tune between, past and future with reaped lo she 
moment when 1 he configiiraiiuni Is static. In other words^ this statin phase of the system 
will describe what may be lemipi a siiatdikc hy[>er^irfai^c, or J-geometry, of times\Tn- 
met^^^ From an anai^nis cunhned. to tkis hypersuifttct% happily, the s:hcory' of grEiVital ion 
will allow the calcnJation of the mas.s-eneTg^' of the conhguratiDn. Therefore+ one coii' 
figuration can be compared with another a-S regards total content of energy---where 
manifest* itself tu the uuisidc world as KOVerriin^ the motion Ejf planets and 
determining the defection of light* Among all tonfigurations it will be pcK^ible tsj single 
out that mifi or purticular w'hU:h— for a given bary-on number—extremize 
the mass. Cot!tigumtions W"hich arc rxiremat in this sen^^c will be shown to he character- 
jjied by a ciiaract eristic pressure gtadient. This pressure law^ is identical wilh the general- 
relativiLy version of the law tjf hydrustatic: Equilibrium^ But now^ in pneparatiQt! for ihis 
Ireatmeiit of mass and of mas* cKl rein izat ion, let that pan of general relathiLy be 
sorted out which Ls relevant for aualyatng conditions qt\ a spaed ike hyper*urfat^, 

0F-OM:F.T]3 0PVN4^nC^?; IN IIHIliLtf 

'riTF-fiRi-.M L On any jiiuooLh spuceltke hy^wrstirfact: whiLh 

slices through a -bgf^ametry that satisfies Kinstein's field equation^t, the aealar cicnni- 
fiir^ the geometry inirmsic Lo [his hypersiirface;* film the second tn\^ruint 

A'a of the furviiime of Lhis hyptirsiirface relaliVe to the tnvdoping 

are by fhe dmsHy of mass^tn^ri^y as measured in the synchronous (see l^3.ndau 
and Lifshitz [1952]) local Lonentz reference system. 

(*}R+Kt = , 131 

Ctmmrni^ry ,—For proof of the theorem see Four^s (1952^ 1956).* Equatbn (2) is 
analo^us to twn of the iJaiXw»tll equations, div E = 4irp^,^ dtv ^ = 0. If one demands 
that these equations be fuhilSed not only on otiE spacelike hypersurfftct through a giv^en 
point P, but ijii every spacelike hj-persurface through every' point, one r^.’icovers all of 
Maxvvcir* i?ijuaTioTis. Similarlyp from equation (2) one recovers all of Einstein's field 
equations -hcnLC the desigtialion, '^gcomcLrodyiiamics in Ijrief!" 

TIME SYMMETRY 

of itmf symmiSry ,—A ^acelike hv^ersutfacc is said to be a hyper*i4rfaee of 
lime symmetry w^hen the Llyuiamicalhistury and the 4-geonietry cm the future side of this 
hypcraurfacc Is the time-rcversed image of the dynamical histoo' the 4-gEomeiTy In 

*■ Tcinnini^W'l oirvuturc of the j^nLetry It^iriniic to the faypersurJjiCc. From ills chv^n. 

|>Dint on the hj-persLufiicc consCmcE gpodeik* of pn?ptr leagth f rvhftUldg mit in all clirectiflrys. 
Tak-e th<j Tjnjpcr ^rfuce of U>e ri'^ultinH ^-^phere, cvatunti: (ia/f*;[l — {fiujfacc)/4ir^f^ and e<j te the 
Limit f -f 0 to geE <2j E^firivtc cuTva.tiaii:. Let Lht fewTEoiop 2-^hcr£ be Compaq] ef Oujkl particle^ 
too niuintc tocjwrl «i>- attFJiCljDa Dtl ode another, e&ch Jnirticte rsat in the isncJinmoiia Lorenlz 
fmnke which if tangent to thi^ hyi^^Hiurfibce Itt thu point wh-oTc that duat pardcJis sts. FuLlow ihc^ dlijt 
purticlrs tor a. cammoa prnper Umc t. Tho acw conSguratioti li in ^tncml no longer a 2'fphrn liUt an 
clljp^wid. Tilt atfinin l^TlJ^or^ dkviilt^ hy - r, in the limit r—^ 0. defines^tho tjuirimk ffinaiufe a/ fiw kyptf- 

a iMs^r A'^J, 1131: nst^^^nd inw-Ttiutt nf th« eTlTjn>dc curva.turE Ea 

Ki*Ki*= {TfK}^- TrK^ , 

^ See also a chipteF by her in WilteEi (IV62)' (Uief; book k rDferred In beidnaftcr as "Gl€R"). Fof 
a. fiirmuliLtioo And proof uf thr CaD\TrK point—ihat alJ of tht^ Conletit of sfenrral rtlativily U iiUtnnmrized 
ifij aftd can ht drii^t^l from, the FaurS* conillilon, eee Wheeler 
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GRAVITATION TITCORY ANP GRAVTTATiaNAL COLLAPSi: 


Ltu^ PMinple^s: [1) iitiiversii! stale of m ad m um expansion; (I) collectiaii of 

whkh k moinEfciinrily stitionaiy—and the associated geotnetry^Kfore re- 
c.\plQsxon ar gravitaijaiiid cDiitraclion got utidcr wav j (3) (special case of example 
[2]] DulleciioKi of niauer in ^latk et!|iiiiibriuni under its own gmvitatioiiui attTacti<in+ 
Hcaiurt; The symmetry' with respect to lime reversal implies that the hypersurface of 
lime svTmiieir}- has zero exirinn^ curvature with r(ss{)cct to the enveloping 4-gcQ(mein"; 
A";' •= 0; Aj = 0. Therefore equation (2) teduccis to ihc form 

0 )A= 16tp* . m 

Moreover conSgumiioti of time syirunctiy'—i.e,^ o«y sMic cmifiguraiian—fimfaiibh 
mik ikis 'Hniiial-value h a UgiiimiUi ^iarirng paint jer o dyn^kiil 

The remaining hclU of Eiiwiem itnpf>Hc no further condition on the choice of 

this iniHal con figuration itself; they tell only how this conligunitiDn will evolv'p in tijiie, 
iJhpniiitfn of SahumTBschiid —L^t be a J-geomeiry of i^pherical sym¬ 

metry, Thi?; svTnmetrj' implies that ihe pnijicr di^tiance l^etween any two nearliy points 
in (^g C 6 J 1 l>r espruiised in the form 

llic coordinate r dcBned by tMs equation will be called the Schwaizschild r'^ogrdmate^ 
and win be cailed the "Schwarjichild eorreciiDn factor. The requirement that the 3 - 
geometry be everywhere locally Euclidean imke^ it necessary that X(r) vanLsIi at r - 0 ; 
otherwise the geometiy there would be **conical/^ 

CrErOiTETROETATICSr HASB-ENERGY OK A 5PACELISE HYPERSCTLPAjCE OP 
Ttw SVMitCXaY; AND A LCM5K S^IIISO THi: SCE.?fE 

Tueorem 2. Thckial frttfjj-e?«Tj5¥tf/ onySph^Tk^iyTymme^ricmnfigura^iifjt “at afTMimunt 
tl.U,, ii kypofsuFfa^e^*} af lim£ symmetry is given ty the eqnatimi 

/ -□ntSFfaWTJi^wy 

p* f r ) 4irr*if r . ii? 

Pnwf ^— Write the correclLon factor of Schwar^child in the form 

Mt* = [ 1 — 2 ffl * ( r) / r 1 . [*] 

At this point this equation amouniA to no more than a demUkn of Thu advantage 
of the definition is the simple form iaken by the in musk curvature of the J-geonietf^- of 
equation (4): 

^ 4 r-*//fli *f r)/dr ^ iV 

Frmn the initial value equation it follows by mie|;rarioii that the **effeeHve m*(r3 

inside ti sphtff of Schmimekild radius r is 

m*i ri « f'p*{r)4wf^dr. raj 

The <^tiaiitiiy if* m* evaluatesi for r ai Lhe outer boumdairy of the coniigufaLjon) has 
to be identihed with the total iiioss-Lm^rgy of the system because it governs the geometry 
exterior to the matter (SchA^aTx,“Rdiild geometry^ Schwaritschild mas,*!!). It directly fixes 
ftuch observables as the peritMl of a planetary ofbll, the prectssion of the pertticUoii^ and 
lhe gravilalional bending of a nty of light. 

Commentary ^—‘The volume clement In iJie integTals (5) and (8) us not the projier 

* Foi thc^definitii^n apuI the tiist fruitful smijloymtfil uf the cimccpt of tlmcsyttimcliy-M Brill 
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volume. Therefore w*(f) U not the “proper inside r. Moreover^ while no qdc citn 
be prewnittl from defining and computing & “propBr mass" integral—different of 
coui^e from nxpr^ion (5)“Lha1 concept has no atiiiiy tn the theory of gravitfitioiml 
ecpiilibrinm, nor has U any iminediate ob^rval tonal significance whalisoevcrr llie “mvi- 
tationaJly effective mass” differs from such a “proper inii£a'* on two aixcamis: [1) The 
quantity p*{r} in eqtiEtioti (S) is not simply the nmnber dmsity of haryom K(r) multi^ 
plied by the mass per bar>'Qn in cold^ catalyzed matter at zero pressure (]^ of the mass 
of one F# atom), Tke demity exc^^ pr&duci by da am&unf €qmtoIeni f<? /Aemair- 
0 / (2) irA<if ff being in equation (5) ij not density 

Itself, but density multiplied by a fader which h leas titan LThb factor in effect Ciwedi 
fer ihe graviiaitcHdil peiefUiiU ette^iy of the interaction of the mass with itself. 

Thvus, the proper volume (eq. [4]) is 4in^ll — 2w*(f)/r]“*'yr. Hence the factor which 
niulitolies the ptoper volume—and which in this sense constitutes the integrand—Is 
p^(r)fl — a quantity evidently ifla'ff than Equation (S), superfickUy 

identical with the non-rdativ!stic integral for the masap is evidently quite subtle, ft 
allows both for the work of compression (positive) and the potential energy of gravita¬ 
tion (ticgative}^ 

In cc^tiston, the integml (5) provides a means to dtlermine the total tnerg>^ of any 
momentarily static configuration of spherical symmetn, 

ftKFEtt&NCRS 
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OTDROSTATIC EQUILIBRIUM AND 
chapters EXTREMAL MASS^ENERGY 


A ^p&dljcd nunib^E of bar^'Dns^ .4j, Lan be distpo^d m a conf^uiEdDn of spherical sym¬ 
metry hi any Dumber of ways. For example, the mimber density of baryons^ n may 
be thusen (a be everywhere canstant and s^imll iiwide a sphere of some krj(e radiin Jf, and 
3!em outsidLL Or a cortHgiiiadoD may be selected for attention in which the number 
den^ty falls off as a Gaussian funcrian qf the coordinate r. For each and every momen- 
Urily static contij^ration o( spherical sjTiimetry, equation (5) tdls the enerp' uf the 
system. Is there fiitiy conli^rEtion for which this energy is an rar/rfmowfAnd, if so, how 
does the density vary witb position from place tq place in such an extremal canJigura' 
lion? The answer to ihte queaUon ts given by the following theorem. 


nm imokmi 

Theorem 3. Anumg att and sphrricatly symmetric ct^njtgurfdions cj/ 

ciiid, caialyz^d matlrr wku:h c^fntain n specified ej baryons^ 

A =/Cbaifyon density)d(proper voiume) 

L91 

= SH{r}4TfH \ -2r-^m*(r)]-^^dr , 


that ct}njt£uratii}n (uf —if anyt) K^hkh exiretmises Ore mass as sensed /roffl 

misute, 

, ae5 


salisfies tAe Totman-Oppeiihrimer^ValkaJ' (TUV) generai-rela(iTUy equaiim of kydfv~ 
sialic eipiiliffrium,* 


^ f I f - 2w*( rj] 


01) 


Proof of ike exiremum ^mdpie^ —Employ what in hydrodynamics would be known as 
the Lagraiigian approach. Define a p^tick labch or bitryon number piiromcFer a, in the 
following way: (t j alt baryons which lie on a sphere of the same r value have a common a 
value; (2) this value i$ equal to the total number of hiLiyons which hi* inside this sphere. 
Then the trial configuration is specified by giving the Schwsfisschild coordinate r as a 
function of a. Any small change which preserves the spherical symmetry 5s specified by 
giving the displacement 

^f = 4 e f [111 


^ Sfc* TthlfiPiUi (1934, pp. ^2-243; 1^39) &nd OpdcuJicimcx and V^iBcoff (1939), We have bcca told 
that In unpubJUJiisi wtA it Cipnhridge In J935 J^rhn von N^UJniima Ifilepaletl the fcnrni] relatMty 
cquaElon of hyiiraelatii; cquitibdiaia for the apedeJ case p* * A VAriatitmil tneitment tmed an tlv 

Hukriafl h^rmulutiiltj of hyl^ytk&mici (cuurdiliated alTairKcd to jxnoU in space rather than poitlcka) 
luu been cteveloped independently fay (‘ocke (1964). 

16 
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HWRDSTATIC KgUfLlBRlUM AND MASS-ENERGY 

Tht problem Es (1) lo find how much this rcdfetribudan af the A bafyons alters the niasi- 
energy of the syBicnt and (2) whaf \a the lealure of a configuration which has exiremsl 
iTiass-eiiergy in the sense lhat every arbitrary snlall fi nit-order vamtion Ar(a) pro¬ 
duces hrst-otdcr variadon in M** li b assumed ihai one knows the equation of 
state of the fimicrml; that is (see chap, bt), (1) ihc functional relation between density 
of mass-energy and number density of baiy^ans, p* and consequently (2) (from 

the finil law of thcmiiidyimmica) the pressure^ 


p**" = pressure « 


ti i energy per baryon ) d{p*/n } ^ 
d ( voiume per batyon) d ( 1 ii) dn 




The derivative dp*(f*)/dw occurs suffidentiy frequentSy to deserve a itame of its own: 

^ {chemical potential) = ■ id$i = £ ^* + p* )/n , [143 

The pfocedum is to find the effect, firf^ of the displacement 5r on the de[i55ty; the effect, 
of this denstLy change m the effective siaass at each point in the bterior; 

and from this the change AA/" in the total mass-trnergy oi the configuration. The number 
density of baiy^ons is 

f \ fJ t number of bary^oasj ^_1__ 

^ d{ profjer volume) 4wr~\ I — Iw* f | t ef r / Ju ) ' 


This quantity changes in a deformation partly by reason of changes in r (and In dr/da) 
and partly by reason of changes in the Schwarsischild correction factor^ in which w* ap- 
pcarSr Thus 


Art ( 41 ) 


+ 


[iwr*idr/da)\^ 

Im* rM A r - ( a m V) 


(» 


Sirr a r 4irr^ 


da 


dir \ 

da J 




11 - lm*/r]^ ^4wfHdr/dai 


The effect of this density change on the mafis s^howfi directly in m* itself than in its 
derfi^iTv: 


dm* 

da 





p*4wf^dr 


dii 


iil73 


The change in this deri%'ati^^ is 

di&m*)/da ^ &idm*/da) ^ p*hnl4vr^df/da) + p^l^vrir (dr / da) 

-h 4r r/da) ]. 


C18> 


Iru^ert into the right-hand side of equation (H) the expression for fitr given by equalioti 
(Ifi). Itl this way arrive at an equation for the ‘^change, 0ffl*(a), in the effective maas out 
to the u-baryon shell," of the form. 

Here the term on the right h fully specified by (I) one's original choice of trial configura¬ 
tion, r = r(uj plus (2] the small cimngc, Arfu), which one makes in this configtimtiun ; 
thus, 


r2a> 


I r-^7n*ll-2m*/f'i-^^^P*-^-wridr/daip*]fr 
-4irr^p*d(lf) da , 
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The dififereruiaJ cquadan (19) f&f the jiiaiw chark^c ha^s ji standiud with a. sUiniiarrt 
type of solution. The one nd jus table Cfjn&tant in the soluiion ia aised by (he bdundarj^ 
CDinditian = 0 (arising ffom the requirement Lhat fn*(0) Etiseif is zero). Thus one 

hnds 

6Af* { = 6 m* evuiuaterj at the outer b^undar)*^ a = A ) 

= eJ«p[- - 2 hi ‘ 

iVlowL of the temifi in Tin) are espress^d directly in terms of b 
lains Int^rate it by parts inequation (21)^ thusal lasi arriving a 

for tkr. iimugfi in miis$-ett£tgy as dearrcd: 

iM* = — ( 4 tf^P*& r , evH-iuatetl at outer boundary ) 


+ exp[ - 

+^ ' e*p[n - 2 J« V O 


IZ31 


X 4TrndJ^/‘fa) J<i . 

Now narrowK- consideratiDn from more general confagumlions to equilibrium conhgu™- 
tioiis. Then, by definitjon, the * of equation (22) must vanish to hrst order for ail 
llrat-nrder dbij>la£:eincn(a It follows (I) that Lhe pressure at the outer surface of 
the conlii^uratEon niuat vanish and (2) that the pressure in the Interior must saitsty (he 
TOV equation (11), as was to be showm, 


RELATION OF TEE VAIUaIIOKAL Tl(£ATiIEbrt TO TCnjlCAN's rTELO'TEEORETTCAL 

onajv.iTiON or Tfin equation of equiltbiliuei iKnconccnoN 

TO AN EXTENDED DISCUSSION 

OiiiJweii/flry.“It has often been recognized that the integra] of p*4jrryr gives the 
total mass-energy and lhat the integral of M4fT^(l-2in^/r)“*^*df gives the total number 
of particles (see, c.g., Landau lL9d2j| Tolman [19i4, I939j* (>ppenheimer and V'oikoir 
[1939]; Harrison^ Wakano, and Wheeler 11958] fhcreinaflcr merred to as "SEL‘'^J; 
Landau and LifshiU [l951^ l958j;Zel-dovkh [1962])^ However, it does not seem to have 
been remarked before that thc^^ elementary principles^ together with the machinery of 
the calculus of variations, lead directly to the general-re lalivily equalEoti of hydrostatic 
equilibrium* Nor is it at first clear how they lead to this r^lt. Tolnian a derivation 
was founded on the entire system of Kinstein^s equations^ not merely on the analysis of 
initial value Jala. He had to concern Mmself not with (he geojrietry of space alone, but 
with the geometry of spacetime^ This geomelry is neverthekss simpliiied by the ciroini- 
stance tJiat it is both static and sphisrically ^Tnmetrk: 

= —K7tp[v( r) I Eipl k( r} 1 r*(*/^* + sLn* Bdfjk-}. “ill 

* See, hu^i’e™, the valuable wnrlc of Cocke t 1 - Tbc nn^nt appIkalUifi of the cakiiliii of vafia[I[ifi& 
is to bo di!^tiq|[uj:iihed fr^^m the uk of an acEii^a princlpk lo dcriii'c tht fubl cquallonj of EiiuUiiu^s Ijen^ 
nul rcLstiviljr— dtber in the absciiiiT of loslter, ai in many slmilaftl tests, or in Lhe nmre diJlkutt z&an 
whisre hydn^fyniunka and geometry inirract (Tnub 1^54 ^ It li alio to be dUtinstd&beil from mp- 

rihcalions at Lnc cakuloa of varbUoni to tltwy imnll vihraliDns about u conS^rstion of er[uilibriiJHi 
{Chamfrasekhaf [IJffHf; sm oJte Miincr nod ri%4P. VHTrtalionl ttave to ilu with vartatinns in 

the con'figunitioii In. ipact dnd in Jfnw, and ihoE'-eioTo donotko^ thi^naiclvci Co the isrofleiil sbopk Aitalysis 
of ('ooditioBS nn a isiBule hyjjerMirfftCt. Tliey rrr|uipc the mo™- cfnoplicated ifiratnirrtT of Afi- 



HVDRiJSTATtC I^gUlLlBRIl'M ANU Ai^S-KNCRfiV 

Thtr nt'W quantity In thk expression is I he second StihwarjEsthild torrcclion factor, exp v 
(for the correction of or eip fjr/2) (to be multiplied into di to give the imcrvaJ of 
projier time vhen dr = {), d& = 0, dtp — 0). Thisi. q\tH.nllty is less than unity. OKitsidc of 
tho static coniiiituraiiQ-n it has the value 

exp{i'/2) - ( I “ Z^t*/ r)^'^ = 1 — iM*/r ) + {j^entral relativiiy correciioii[i)H 

THE RflMTIVlStlL GEMiRAl.rSATinx tJF Tir&I (lltA VITATIONAL POTENTI U. 

A^I^ IT^ OSiaERVATIONAl- SlCVmCANCE 

The quatiUty exp ft- 2 ^ is the nL-lativistic K>^neral]^tion of the Newtonian cunrepi^ of 
^^ravTtational potirtulai. To illtistrate the meaiiini^ of lhi^^ qu^tity^^consider iht fotloivicij:^ 
idtUitiiwi experimeni, Hass a pi|ie through the static coitli^uration along a diaiiielcr. 
Take an electroci of rest energy* at infinite distance. Lower It slowly—e.g., by an 
idealised string—to a pcjsition of rest at the |>03nt then cut the eletlron Icx^sc from the 
string. View the eld!iron in a local Lorentj? frame. This franiiC is ai rest rclaLivc to tite 
electron at themomenL ihe tk-clmn is cut free. Moreoitljr, it falls with ihc same accelera- 
Tion as dors the electron; and !t sees the electron free of all graxTtational force (equiva¬ 
lence principle). Therefore the electron remains at rest in the local LatcnlK frame; and 
its cTicrgy in that fraitw remains at the value ?^r^. Ai the moment w'hcn th^ 

elec iron is cm loose it is abo at reft relative to the r, ip frame of ftiference. Howrvers, 
In that frame the energy^ of the electron is tiot but ihis antounfi cijrrected by the 
Schw'arjf^child toeffideni; i.e^j 

£ ^ iw txpfjF/ 2 ) - 

The deficit between tkia ouanlity and ihc en^Tp' at infinity repre^nts the work ts- 
tracted from the electron by the end of the string as this particle u drawm in by the 
gra^itatianaL fieid: 

Work done = Decrease in gmvllational potential energy = fff 1 I — csp (i^/ 2 ) ]. 'af 

Let the same point Ijc slated in slightly different terms. [.,et Piee electrotis^ one [Kisiuve, 
one negative, be bweted into the pipe at the r. Lcl thtm be cut and allowed 
to annihilate before thay have gathered any signiheant velocity of fall 'Vhe energy set 
free In the atSflihiJarion comes off in ihc local T-orenl? frame as two pholot5?i, each of 
energy- hut*, llow'ever, as «en by far-awray observers el rest rdaiive to the center of al- 
traclion in the as^mpioticiilly ikl LorenU framti the two pholona, when they' come off 
in the proper ilirevtion lo escape out of the op|>osite ends of Iht pipe^ are redshifted, ^ch 
to energx" me" eirp (i^ '2)r Thus the difference ^iw'ecn exp fr/2) evaJuited at the point r 
anil evaluated at iohnity funily) jneasures the gravitational potential hill which the 
photons have to climb to escape. 

C.\SK OF Cm^PEKSATlSfj RRHSHIFT AKH ULtTESHIFT 

So violiLLion of ihc law* of coo^rvalinn of energy is involvixl in the.^ie coiisjderalions^ 
For t.^anipJc^ ItiE the and r" slarl al i-r^tfat great distances. Lei them fall inly ihe pipe 
from opposite ends and annihilate at the point r withftui having had the gTaxitarional 
energj' of fa^l cKtractetl from them by way of ''strings.*^ Titen ih* cner^^ iiei free in the 
pfDCt^^ of annihilation as observed in the local l-orentK frame will be mffre than 2 it 
w'ill Iw 2 (-y,'2]. However, the resullittg bluer-lhun-normal annihilation photons 

will be ledshifted on thtir way out lo infinit)' to the normal energy of each^ ns ex- 

pcvttjd. 

The ‘'pipe” is an IdeaJissed device intro<lutcd to separate the effects of gravitational 
forces from tJiosc i>f pressure.'^ If gravstaiional forces alone aclecl, all of ihe matter would, 

■ Zerdovkh {ISW2 j hx5 ohjccteij to eui catiitr bbekr dfiCLlsslon hy ihren of U 3 - (B. K, tL, M. U'., 
J. .A. VVJ In SKir of ihe same poLnl nlimt the meftnini of «fp {r/1} because ll cHil nol seem to him to he 
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df course, coitect at Lhe origin. In thc-rjtisteilce of an equitibrium mnllj^umtiun 

of finite extent implies that a smalt clcrt^cnt of matler^ containiri}^ dA bary'^orui, is indif- 
Jeretii to being moved front otiepoini in the coniignrftiion toanolher. In other wards, the 
Clicrg>' rerillired to produce these bar>'-cjins at intitlity and bring them m and inject them 
into the condguration at the point r is independent of where r lies inside the configura¬ 
tion. 

THE 00?*STANC¥ GP Tti^ tN^JKCTSO^" E7VERGY 

The injection ener^, a-s fpbser\'ed in a loi;:al Lorentx reference fraiue niomcnlariJy at 
rest with respccL Lo me matter at r, is given by the product 

fi*dA p (27) 

where a* is by dchnition the cheniicBi poferittaL 

Definition— The fiotmUtd a* h ike mass energy wkitk L axldetl to a jHirlitm of 

a system which is in Local thermal and pressure and reacibn efpnitbrium—and in which 
gravilalianat forces have a negligible inSuence —itm rfwrf bar yon fesaniple 1: neu¬ 
tron; example 1: proton film electron) i.f h-fiugki in from inGnityHi The chemical potent iai 
is calculable (eq- [UJjalso chap, ix) from the equation of state p* = p*(n\ where p* and 
II are the density of mass-energy and the number density pf baryons, again as observed 
in the local Lorentz frame. 

To identify the injection enet^^ ai difFeneaiL points in the ntedlum, where there arc 
different loiAt Lorentz rEfenence systems, reduce ail energtc:^- lo a common standard of 
referenOL-: energies as meiLsured in the ftsymptotically flat space far from the configura¬ 
tion, in that l^rent^ reference i^slein ? which is at"rest with respect to that cenitr of 
attraction. Thus oni: arrives at Theorem 4. 

TtiHOKEu 4. Tkrfmgkoui an ^quilUrium {‘.omigtirotion the inje^/ion energy, rejereed fe a 
Tnarkei standard of energy-^ ai infinity^ has a ammon raltif 

Injection energy al point r as referred to “common maikel 
standard ol cnerj^-"' at infinity in t' 

expU{ r)/2J 

™ Con-Stant C independers L of r ) tf. I iz&i 

= p* (isero presisure ) dA EJ&pIj^f surface)/ J f 

Here and hereinafter w^e write = flAr) * ''standard") for the mass- 

energy per baryoti in cold matter catalyzed to the end point of thermonuclear evolution 
and under zero pressure. 

tTUHaESPO^rOENCE UETWEEN NEUTROX STAA .|SlI &TA I'lSJT (O.t T. ATOM MOEfEI. 

Tlic Constancy of the quaniity p*fr) txp (i*.- 21 expresses in the most direct iKsssible 
way the balance between prt-y^Ufe and gravitational puiL By way of illuSitiataon it is 
appropriate to consider ihc case of an idealized neutron gaifi- T'htre |i* directly traiislates 
iustlf (chap, ix) into an even more familiar concept: the f ermi energj' (mduding rest 
cnerg}--) of this Fermi^Dirac gas— still measured in a local Lorenti? frame. This frEcly 

enipMfiUKd Hjfficieady jiiri^nsly ibni such jl k cnvkagiffl a 1>A£kgr-i'iuttLt tu eKc a.njiJy5iL Ll should 
be nolctJ thjit lhe pipe conlensplmetj Ijylh here anil in tbal earlier diHiiiiujoa k Jn Kiint wav* Ihc iiAluraL 
gencFiiHifltIpft to Ihc wm-ld oj Rras^Liticinil physic? al tKr [dtallKt! stota cuL inia rrmteriftl wtllth 
OOP UKfi in ebcctromagaetEflin to chtrify the adjiiDctinii bpiuwn B und Nt ttinl D and E. 
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refeTenc^ syjatem is again underelocxl to have been selceled so aa lo make the mean 
motion in the ncutrol^ gas at the point in queition vanish aE the instant of ob^rvaliotl. 
The analogy and difference compared to I he rermi-Tlionm.s statistical atom mode! (seij, 
Gombis areinierL-ating, In thcBloin the quantity that is^ constant from place 

JO piacein the interior fe ihe injection energy^ given by Lhe iijpTf of the locai Fcntii en* 
erg>*, ^rfr) « (Ftrmi moiiittitui(n)V2 ttt, and ihc paten Llal tnerg^-^ 

Mu ™ Injection energy' Mp ( ^ ^ “ pV f r ) ; 
or—in dimensionless unil*^ 

M<i *' m C" “ (Constant) « {fiw /— {eV/' 


In contrasty in the masrive cloird of ideal tleuEroti gas whal ts coiistimt Is. the product (2S). 
Despite 8he difft^rence in prindpte between a sum being constant and a prociuirt being 
consianlp in effect I he aloniic and the gm^itational analy^^ agree closely when kinetic 
and gravitational potential energies arc smalt compared To me ^ This agreemenl shoves 
when one takes the logarithm f>f equation f2SJ: 



Injection energy' as referred to C0TT]mt>n 
market standard at iniinEty 



■ Constant 


I /Fern,! -r*st +4 r), 2 

I Akinetic—or neutron gas / J 


_/Kermi kin^tW^ 
\energ>' 


- ,, , /^’ewlonian gravitalranalN , . 
/' Vpottntinnai /' ' 


IJ&'f 


a result fully currestTonding in form with equado-n (29) for slatistic^l equilibriuni in an 
atom. 

yATL-lL\L ASD UNIQUE PEnNITlOK i}¥ THE fOTENmi EXP (p. z) 
fiXLV VOk KQULLIBRIUM CONFlCUHATinNS 

The quantity eip lP'(r)/2] thus po^^sesses a i^imple intcrpretaijon as. a gravitatioiial 
poteniiaJ- It is well suited for analyzing the balance belwefo the forces that aci at a 
<listaTu:e to pull matter together and the forces that act locally to pu?ii ni&ucr apart 
zi^hrH tnw h draJinf tciVff OJl rquitif^mm conJ\^Hroiio*i. But of how general appllcatton is 
this concept? This poEential has a welWclinefl and simple value for a sphere of incom¬ 
pressible fluid of uniform density for instance (Fig. 1)- ihfe mean that for a 
collapsing cloud of dust of the dmpiy the potential exp (p/ 2} has the tsafwe 
as that shown in Figure I? No^ Far from having the i^ame value, in the case of the cloud of 
dust, the qua^ntity exp (p 2) does not in this case even possei^ any definition which is at 
the same time both natumi and unique! The reason is clear- The potential exp {p/2) is 
defined in the last analysis as the ratio Iietween the mten'al of proper time ds (eq. [23]) 
and the lapse di of coordinaic dmc i. Here / in turn is defined by what in essence is a 
group-lhtorctical consideration or coiiservatlon law: it is that cofyfdinate in which the 
geometr)^ is mdependcnl of lime (and for which the ratio ds/dt approaches ai^ptotically 
for large r the value unity). But ibis definition can only be applied when ihe physics is 
static and rettuiinj static; that is^ when the configuratiDn is one of equilibrium, f)t her wise 
exp (p/2) is nol even defined I 


TITF SENSE tN WHICH THE CRAVTTAtlONAL PaTENTlAL EXP (p/l) DOES ANT> 

DOES NOT APPEAR IN THE VARTAITONAL ANALYSIS 

If thepotentia] exp (v/2) has for unit^quilibrium conhgutallon^t then how 

can one pofSftibly expect anything like the taw, n*^xp (V2) - constant, to emerge out of 
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any eampanfan of ntm’tquiUbriijm configurations; i,o,, mil of ihe vamtional prinaplc 
^ equations (9) and (10)? Answer; The extremjjmtion otf the maas^eigy Af* for fixed 
harj'on number A seiects out an equiiifariiun cemfigumtion for which eiq) {r/2) is defined. 
Thus, ihe condition foranextremuin, 




ui> 


allows iLself to be rewritten as a pmr rjJ eqnatian^H Of these equations tlie lirei^ 


(it> 








Fio^ 1-— InlnrprrtfltiDq of khe. 5xJiwErssc!iiW corwetlon futar critp oi cflrctivii atavluiional pd- 
tcafckl. Tlii^ quantity mwumth^ “vrorth" of onerp' nl f, elb mca^urw in a local LottaLt fmme mpmen- 
tArily At nifit idth rtEM!t± t 0 tiie inattv at r, relitlvf to ihe ‘^'fomiiuni nuLi^et atandMc) of ener) 5 >” at 
in&nity. la aftymptotk value: ii unily. It faJIs bclnw unity at br|e diBiaiLOcs afi 1 — If Yf tdKrti« in 
lirauK ot work which mu»t ba dano NeutemUn irrAvitatEonn] fuslrl tofet that mnsir 

cner^ to ui£oity). MuitipUad by 2 w*, it atv«l ctuefgy Bot frra by the annlhiktHn of A jmltivi; and 
nesatwcdectron at rest At tlio|wlDllii qacBitian (under pTwore-fTeecocKlitioniliuide Ajnpe if tfw rwinl 
in qucflidon Ilea within the conh^urnlion), Hit curvefrofn oakntated for an inter«9itin9 IdrAlii^cAJic wiiiii, 
hcmtvfl-, caaout octut Ln nmtiitT!! a vphm of fluids of atjmdjiTd rki^ty ^*i;cffl“*3[ 

For vmAli ^her« (wtak BddJ tlw quantity exp {j^/ 2} htis ioiidc tiac duracter of a 
harmonkoEdlbtor potential. However* fora certAiu Cfilfcal nmfit tlaia quantity—the ieparatliirv ni pos¬ 
itive And uealfve cuem atatna—goM to mjo at tie cusHtew* Dotail*: OutBdde iV > fe*Mp « 
[1 - iDHdoJi' < iE)p i[\ - - *U - m™ In 

externally f If* = (4ap*/2)^*. The tabels mt on tnecurve* eive Ihe maaa brfore Aasembly ej well ■* the 
iDftSA Alter asKmSdy Jn uuilacif The critti'iii value of .U* in iScee unite ts mt 

^ 0.83a2 ^ 
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now wrvf,H foniiully as ii' definElion'' of i\ Thi* sijojnd, 

€~Hr -^Jv/dr+r-^) - r-* = 8ir;i* , 

l(itn Eakcs ihtf form of ihc [rr) compontnl (Tolrtmn 19^9] f^ppcnhtziiiUT and ^'olkdlT 
19S9) of Ein=leiii^s 5eld equatlDn^ 

i?dd f R./ 2 ) ^ 8ir7^pii * i iJ-S-i 

This equalLon^ gio stTnply salkifted by the aniliut erf fhc varialionali &f e'qualbT^s 

(^) arid (10), wjK not used, how rvtr, in the dfermr/iVw of ihai prinLiplc. < hie oan go further 
and slate the fDSiQ\^ing; 

TwEOTinit S- All tke mnst^Uiitr.cs /vr kydrastaikj and for spai-.c g^ofndry whkk cm ht 
rjtrackd fr{?m Eimltin*! Jj^ld (or from the Rignilicant components of ihest^ 

equatians^ which an- caily tiim in nomUtr [Toltiian 1^)34, ^>p|HMiheinHT and 

%"oJkoil [r#-]^ the present case of a fluid in asphencally symmetri¬ 

cal cOEingurution of equitabrLuni) amerge auiemaikaUy as comfqmnccs pJ ihr E'drfa-fojjiu/ 
prinf.iplf aj fifuaiians [9) and (111). 

PrtJiaf .—The fWl component ^rf tlie fiflt] equatiorHi 

^-Hr-^d%./{tr- r"^)+ r-=^= ^irp* , '^4. 

is already automatically satisticdi in the forriiiilation of the variational principle (eqs. 
l&li F^Jl- The (i-r) Coinponetil (eq. [32}) is satbjfiHl by expression (31) for by reason ol 
the fact thatj for lire pressure varies wills distance as given by equation (11). 

The third and last conipi^nent of the field equation—the {&&) component— 

e-Mj^'72-kV/4+/V4+/ ir-AV^#-) - . -if 

ift now fulrtlled as a coEwequence erg., Toliimn p, 244) of equations (31), (32'i, 

Lind mi {lEM. 

The quantity exp ft/2) as il niaterioJiaes for equilibTium CDtihgu rations on I of the 
^ariationa] analysis diflens in an important point of principle from the giavilaliotial 
potential r3^p (iv 2} ilt'^ll with by Tulmaia despite all identity in values betw'cen the two 
fmantitirs and all cquE^aletif.-c oif the equations they satisfy. The Tolman quantity from 
the start is defined as the factor that converts coordijiate time to proper time, or local 
LiireniJis energy to comnion market cnerg>\ In contrasty the vxp iv/2) of the variational 
ansl^isis nevtr appears as ih& oocflicicnt of di in the metric. The purely spacelike melric 
under ccFtisidcniAion there altogether lacks any di tq be muttiplied by a comrelion eoclTi- 
cient. 

if ii seems surprising lliat so much can }>c derived from the initial-value equation (2) 
without any reference to ihi* morn extended apparatus of Einstein's equaiior^j, one ha^ 
only to recall fsieo coniinf’niar^=' after Theorem 1) that this one equation not ^mly ;rin«r- 
bill also provides a starting point from which ti> rffrftyr, all of Einsteiti'i equa¬ 
tions. 

rim Hi>AcK Lv wriidc i -aui point kkpresents one cotimouRAUCt^ 

*rhe theory of cquilibriiim cunfiguralions^ Ct^ is thus a special fiose of the mure general 
Theon** of the mass of any leiiipornrily static and spherically symmetric configura¬ 
tion, L\ containing some fixed number A of baryons. I’hcre is good reason to have 
checked thb point in such detail. ^Hie prrjfierty ol equilibrium configuration?; 

means that one can apply the poLiu trf view of Mon^ (19."^, 1939^ 19511 to the stutly of 
gravitational colbii»*e. It also means iha^ oner now^ has for the fiKt time a foxmdatioti 
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GRAVITATION THRORY AND GRAVITATIONAL COLLAPSE 


from iht calculus of vanations for the mtefeaLing conaiderftlions of Zi'IMovich (1^>G2). 

fan iatroduce^ for fixed .1, the sj^ce tSx dimensional) in which estch point 

symbolizes one conflfsumlion C\ iTovided only rhai one introduces a suilablr detmition 
of ihe coiu:epL of ^'nearbyin this space, ao that continuity can be dehned^ and so that 
ihe massH^ner^' M* become a continuous function of position in diia s(^ce, one does 
noL otherwise care about what paramtlcfa or 'Coordinates^' one uses to distinfruish one 
point From iUsoTher nor do€?s one even care whether any coordlnjites at all are used 
(''abstraci fimciionai analysis^'). Sonic region R (or regions Rt ,. . -J of this space 
will describe callapsed conligurations, nAt some qui[e other point P there will be a point 
representing the norntal cofiligiiraSiDn of cquilibriuTii* provided that A is not twi large* 
Starting from this point there vi ill cariat any number of conccivuljlc foules—each roult 
being a coDtinuous sequence of conl'iguraiions—leading to iht region of collapse, (hi any 
one route from /' to if the mass-energj" J/* will turn out to have a maximum vaJue. This 
jieak value will diflftir froEJi route to route^ Particularty sEmpli: to consider w-i!l \k thal 
route—that sequcince of configurations—which la characterized by having uniform den¬ 
sity, or by being It will Eurii out in this case that one can make—again for 

the first liine-^ clean separation betw^n those considerations which have lo do with 
general retadvity (long-range forces) and those which have to do with ilie equadon of 
stale (short-range forties), 113 ihis way it will 1^ Jjossiljjc to prove that 'U'kaiev^ the 
iwti tiff sii$tr, providtil that it is consistent with fundamental ph^-sical piincjplea (chap, 
viii), (here is only a jfiiiVp energy barrier sefforaling the itftnnai tfftiilibritfm 
fnm a folhpited mifigtfftMtmr 

THE ZF. 1 ,"dOVICH SE^CENCE 

Zddovich {I 9 fi 2 ) choost^ to conrider a difTermt sequence of conligitraiions. In each 
configuration ihu dci^ity of mas^i-eiicrgy Is taken to var>' inversely as the square of the 
Schwarzsthild coordinate r from r ■ 0 to r ■ and to vanish outside. For sueh a coft- 
fjguradon it is possible to carry through the aimlyds in closed form only by adopiiug a 
specific form for the equation Jf stale, ZyelMovich adopts ihc equation of state of an ideal 
lieu iron gas at ultra-re lalivistic energy' 

p* = (JVM'^/4)i*V/*, rjc. 

where L* ui the Planck length^ (see Table 2), 

To lake p* ^ 1/r^ has the advantage that m*(r) vorira linearly with r. Thus the 
factor 1 2jw"fr)/r has a value Independent of r. Call ihe constant quantity .'r the 

^el"do^;ich packing parameier and denote it by the symbol Z. small dctioteg a amall 
departure <?f space from ilatness and large Ji (JC close to unity} marks a large departure 
from flatness. In terms of the parameter Z fadjustabkl and the baryon number _4 (fuced), 
the typical canfiguration in the Zel'dovich sequence haii the following properties: 

p*"Z/8rf^ for r <R (JT] 

^ 0 for r ; 


— 0 for r ; 


for 


r <R 


r.3i9) 


rf(proper volume) = 4^1-'f 1 —Z)^^^dr ; 


J?(boursdary) = 


jii.i 1 


[«) 


* Herrfgvich utuAfiy uaesi tor th« ciwtiicient la this li,>rrnuJa the wdue The v^bJuc uaedi here 

ftiltovrsdlrecUy train C:Wn(tlrflfekhiLr'fiilKndflrd reLflljvbtic er|t*tttiipTl ot lUite JchSkfJ. vtK)- Thmt Zcl_*dovich 
Ubenl a value -alXHit uac-lhLrd ct that in ecj. (S6) dors nut In any wny his rjualiuuive All 

values in ihf |jr«Mnt left are Ijttscd un eaj. (36). 
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H\T)RfSSTATlC EQllLlBRlUM AJMD MASS-ENERGY 

M* t totil 111055 ener^) - ^- '*is 

For ]ovt compaclLon lln? (aci&r in iht mass-tnerKy donimates. Thust ibc energy in¬ 

creases with ixicrL-osing coopaclioTi. Tbc cla^lk force* iuppiicd by iht Fermi gas Oounl 
the most. With hijgher compattiDn the gm’V'itaiional forties w'in oiif, tts evidenced by the 
factor (1 — in .f/*. In other ft"^cird5p the energy is Iqw^ not only for o tonligumtion of 
nonnal density^ but also for one of v^jy high density f^'j^ravilationally cotlapscd cm\- 
figitreLEion”)i Tho aitr-gy barrier i^'kicb seporates ihe one configuratioT) from the other 
along I he Si^rtlovnch remte: i* locate at Z * | and has the height 

M * {peaL J = [ ^/ 2 ^ fL 5 2 8 A ' 

= 0.85 X I b-" cm A ^ IJ 5 X 1 0"* gmd ^ LOS X^ O^'' erg .f 

= 0.05 X lOatgV .1®/^ . 

Zerdovich note* That the assumed exireime rebii^istic equation of state will surely 

foil at low compafEiuii; the rt^i-piu.^-kirietic-energy per bary'on will not t'ontiuue to 

fall off fur low haiyon density a* btil will instead level off at or near the nufleon 
TTtasS- AL&oat high compaction Ibe equation of ^late becomes <|UC 5 ticmable^ To be sure, if 
one assumes that the density of niaja-energj' increases as the square of the number 
denskty of baryons (the most ntpid law of rise permittfd [d. chap. Li] by cansality) then, 
Zerdovich remarks^ the qualitative situatiDn is tiol chungeel. One still hnds a collapised 
contigumlion separuled from a Tionria] conh^nitian by a potentiai iMfrier. But w^hat 
about other, more complicaleil tfiuations of *tate? 

Happily it turns out to k- possible fur c^onfiguratinnji of density to prove the 

esUtt^nce of collapsed configurations indefM'ndent of all details of the equation uf slate. 
Moreoverp the atudy of such conhgurations will shed some light on the charac I eristics of 
equilibrium configurations. Hut before examining such homogeneous canigumiions it is 
desirable to ltK»k at the general situation as regard* equilibrium configurations, to dis¬ 
tinguish what bi w'ell established from what is pnobleumtinih 
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CEmRAL DENSITV AND THE 
€h^pUT4 REGENERATION OF PRESSURE 


WTial arc ths principal oF an equilibrium configuraliEini* In such a. system 

docs prtissure always fall off ^vith dlbiancc from the center? Can an unJimited central 
pressure ever bc in equilibrium with a perfectly Unite anu>unt of sianfoundini^ matter? 
These am3 rckted questions form the subject mailer of this chapter and its principal 
theorems. 


MOXOTONIC »ALL OF PHF^ISTJllF AXP OENSITV IN AN EQUHIBHIUM COXEIGURaTION 

TueOiceim 6. f?i a configaralion nf afuilibriuin af £idd^ ibf Aoj 

iis vaiw o/ tha emkr und f^h mm0tmki3ity to a/ fkc jur/acc. The densky 

faih matti^mk^ty frttrn a peak I'niiie pg ai Mr ernifr ia fhe itlafidard ztilue &/ 7M g/tm^ 
at ike siirfiiet- (Fe^). 

The monotonic fall of the pressure followii from the prasidve dehnile ebameter of the 
right-hand side of the TPV equation (11} for —dpfdr^al the dcfisky^ from the everjTtherc 
rmitc and positive character of dp/dp h). Tile isero value of I he prcgsujne at the 

surface is a conseijiieiice of e^juation (22). At zeru presaure and lemperature the absolute 
end point of thermonuclear evolution k wdl known tq he Fe**. 

Theoilem 7, €m.k f-ntae of ihe ceitk&! densUy pu* Mureetf scr# mid ihere is 

am mut naiy ^^nUibrium rftnJtpiraiwtL 

/Vflfl/,—Equation (8) for dm/dr and equation (11) for dp {p)/dT const!tiiie ivpci hrst- 
order and regular equations; therefore, the solution h niiKpieiy sperified bv she two 
initial data hi( 0) — and p{0-) = py, ^lltys the value of the central density (or central 
pressure) serves as an indca label to catalogue all equllibiiimi cDnftguraiions. The total 
Irtirj-an number .4 differs from coniiguration to configuration in tbis catalogue, h docs 
not vary monotonically with central density. Thus, for utie number of baryons there 
may be four distinct configurations of equilibrium *-tw^o stable and two unstable^ cacli 
wilh its own p 4 valuer for anolher number of bar\-'ons .1 g there may be no equilibri¬ 
um at all. 


■mE SENSE IN WHICH PRESSURE IS ANP IS NOT SEU^REGENEK.ATIVE 


Further ^’omnuintary on the Tf>V general-relativity eqitalion of hydfostaiic equi* 
libriumr In convendonal as contrasted with geometriaed units this equation lakes the 
form 

f ~F p/ )C1 m f r] 4~ 4irr^{ r) j 
H r-JCC/c*)ffi{r)l 


“ dp/dr 


142] 


fine obtains the equation of hydrostatic equilibrium in the foCBH ordinari^ applied in 
the study of stars and planets hy atriMng out from equation (43) all terms ("relativity 
lerms") w^bich contain a factor of Of the three rdalmstk lenm, the ont which one 
thittks of as characitiistically geometrical in characterj the term 2iG/<^)m{r) in the de¬ 
nominator, is much leas important In its effects (except at densities considerably in 


2fi 
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escEss of nucltar density, -^10“ g/'cnt’) than the two pressure ternis in the numerate. 
Thcv jive rise to what one can loosely call a rejewerafne muitiplittnion •>/ ^nriT«re, in 
the following sense: The greatCf the pressure in the interiof. the greater the righi-haiid 
term in equation (4J), and therefore the mater the pi^ure jrsrfim/ between ipide 
and outaiae (where ihe pressure vanishes^ Therefore, the pr^ure in the interior ia 
amplided over what one would have expected from the equatimi of hydrostatic equi- 
librium in its Newtonian form. 

There is one idealiaed example where one can study this amplificaticin hi ali detail up 
to the point where the amplilicaiion factor goes to infinity (“divergent chain reaction”)* 
The example is unrealistic in that it assumes an incompressihle fluid (speed of souikI in 
excess of speed of light) but is instructive because of its simplicity.' The principal prop¬ 
erties of the conjuration are 


. CaHsLiinl 

“ 0 

for r <Ii 

for j- > if; 

(*1? 

0 

for r <R 

for r >R : 

Wi 

volume) ■ 4wr^[ J — 

( Sirp*/3) tirade); 



(see Tig* t) 


= |( 1 - «F P - J (1 - p* '■V^) inside 

= ( 1 — 8Fp*^Py ir outside ; 

i47J 

vrilh the ublirevintianii 



*=(8xp* .V = (SrpV3)’'’'^ 



for dimensionI l-Ss nicastirts of position attil of the radius of the configuration, further, 
i/•“ Mass after assembly “ (4irp*/d)C*V^*‘^* 1 *'*^^* > 

—Mass before assembly™ ( 4 ir^*/J) (.1/8^11 


X§[aicsiii iHi 

- (4wp V3>U/S^ P • -h . * *) 1 

=^-^( A"* — x^^lfor Newtonian limit ot small .V j 

^ iJll 

= /^r C tiear center) for radius close to critlcai value 

16 *-}-** 

i.e„for A' = (f)'>*( I-«). 

iQrisiiuii twfcuJ«ltun» by K, Scliwmtisthllttr tlttalls of drrivwtiaii accwdbl* Jn Tolman (PWt. iip, 
^46 14?. 
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GRAVITAIKJX THJLtJRV AND GRWll .VilOXAL LOLLAPSK 


Th€ cctUral pressure gnes in itijfmilyus mass appratiehes a rertain per/ffily Jitiite 
xalue ('"divtrpjent chain nsaction^^). This criticai valist is Lhe samL- as that fiir which the 
fieparsLtion of positive and ne^tive tfoerj^v states ai the center goes to /rtro (set: Tig. 1, 
p. 22}. The criticality shows ttself in the deep irtcrior, not at Lhe surface. There is ni> 
evidence o( my tendenry^ oi the conriguralion to **cut itsdr off from the rest of ihe 
uriivcrsc/' Noc only are the ealcukted v^tlues of the mass before and iJler us^embly 
finite at the critical point 

M* = Massfi after assembiy •“ 0.iS3a)( TTrp */d)[ J/Sr^* ^ my 


A M,* = Mass before iisstrmblv „ j 11 siii( ») S i a/^ JI 

" r or l.StA S 


ilJi 


X {iwp*/i){3/Swp*)^‘'^ [ 

but al^ I he tnit of change at that point is hnile: 


inf*:d{ An,*) = 


InciTai^eftn gjui jTias=^ e> I cquililirium ^'onfi^umtinn 
Xuniljer of g of una&i^mblctl matter djoppetl in from faraway 


hX^dX 

JAM I - X^)-l -dX 


J ( = vuJiicof ETcpi'- 2 iii surface). 


\Ml 


Thus,, near the limit, each added atom, according Ie> the Jtiodel, radiates away of Il“i 
mas* and a^ments the mas* of the by much as would have been e,tpct!ted 

on Newtonian tht^ory, A characteristic spectr^ line emitted from an atom at res-i on the 
surface dropi in frequency^ by a factor i cm its w^ay to a diftani receptor J aliKi at rest 
with respect to the system. 

That gravitational forfes overwhelm all other forces, even the resistive ^Hover of an 
idtiah^eti incompressible fluid, shows that the so-calkd hard-core nuck'onmiicleon inter¬ 
act ion fsec also chap, ix) does not offer any escape from The issue of gravitalioiml coEJapse^ 

How' does the regenerative multiplication of pressure come about? There is nul ihv 
sUgliitsi rcfere^cict to prt^ure in the expression for the iTia*SH,mefg)' of any 

given nUiTiber of baryons in a spbericaJiy symmetric and inomenlariJy static conllgura¬ 
tion. It is irrelevant whether Lhe haryons ar^ pre.^nt ill the form of dust or porous mailer 
or a highly comprtsi?^d fluid- Tilt |>rcssurc: maJtcs no appearance. I'hily i he density counis. 
In ihii sense there Is not, and cannot be, any phenDmengn of ^‘r-egenerativc muEtiplicalion 
of pressure.’^' 

Why, then, does the pressure come into ihc I'OV equation in such a central ivay? 
Because there one is dealing, not with arljitrary static configurations^ hul with cqiiilibri- 
ffm tojifigurationar One ia concerned not only with the effecl of matter upon geometrj'— 
or on gravitation—but also with the effect of gravitation upon matter. Will the iruig- 
range forces set the nuiiter into niotinn? WTat must be the distribution of shorl-mngc 
forciC:fi—of pressure—to preve?H such accclcraliDit? Are there cBseB where no/wv^e pres¬ 
sure pattern can stop gmvitatinnal collapse? To Xhv discusdon of these qut^tions lhe 
qiialiiative concept of ^'regenerative muttiplication of pressure’* is relevant. To see This 
effect at work, mcireovgr, one does not have to appeal to the exlremc mottcl of ati 
incompFicssibie fluid {see Fig. 1). Instead, one can look, for example, at lhe more reason¬ 
able model of an Ideal neutron gas under extreme relal ivislic conditions. I'here p* goes 
as [IbJ), and p* = iulp*/dn — p* ^ p*/3. (.>^ipenheimLT aiul \'olkoff 

have examined (his cose in tic tail. They show that when the E:eniml jirc^uru and density 
go to infinity the mass M* and ihe barj^oci number A bolh j^o to JiirHe values. 

VFnr a. general tti-jofinwnt Sfittina an Upper \\n\\[ fur thli redslufE for any atatk confuTUradon, ftM 
Hrjtidi (1%4'I. A|iprcc[ati™ bcxprcsscEl In PrEjft^snr (kinris far the DfjportLLnity to £« aiad rlEa-in;^ tik 
jmper in (if jruTilicitiim. 
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^*CE?nHAL CBVaH'" 

Dt‘nol^ by '“^central cm^"' list unliniiled central pressure achieved f<ar a tlnilc vftUtt 
of the bar>'<m iminber. .4 « The inescapability of central crueih appoara hum no 
consideration uo clearly a^ from this^ that ihtnt exists (Theorem 7) one and only one 
equilibrium configuration for each value of the central pressure, up to infinite vilue& of 
this catalof^ue index of solutions of the THV equationi 

That the equilibrium configuration for Pq—» » has in addition M* and A ha!^ 

not yet been eslablished firmly for the most general ailw^able equation of stale. How- 
eVMEfj this tinitenest, quite in general, nvmld seem plausible by reason of the following: 

'riiEoai^M H- The b^ytm nuwbef am! lti€ mw-mtri^y oud l/fe rorfiitT f»/ cquUiifium nmjigit- 
rtitiim aii go Ufjinhe timUs as tfte dtnjUyg^A to minify far mry equa(im 

of siatrf^ 

jB* { p) Const , p* = (y-- 1)P* f iJSJ 

sei^A y in the pHyh<ally permissiht^ range (chap, ix) from 1 h 2* 

This r^ult oF Misner and Zaj>i>l5ky (196J) ivas obtained by a penirniyjation of ihe 
argument given by t Jppenheimer and Volkoff (1939) as follows: I'he solution ol the TDV 
equation ('ll) of hydrostatic eeiuiMbriuni for the y-law equation of stale has a simplo 
analytic form in the special t^use where the cerLlral density goes to infinity: 

= (t^ I} 0 * ^ i{y — l)*(y^+‘iY^ 4)“V4Tr’ for general y 

« (for 

w* = 2 (y — 1> iy^+ 4y — 4}r for gencml y - for 

Trovided that the equation of state b representable at high deMiiles by a ydaw, then 
these analytic formul^ apply from (t) the center of the configuration, where p ^ pmutii = 
out to (2) that radius where p has fallen lo a "iransiLioii value/' defined as the 
point below which the equation of state departs significantly from the asyrnptotk 
l)n the further eissumptton that this ‘TrauEitSon densily" has a value of the order of 
nuclear densities W* to lO’^gm/cm*)* Misner and Zapolsky show that no reasDnablc 
changes in the equation of fitatc at lower densities (j,e,t at points htlwcen the Lransilion 
region and the surface) can alter much the Cjppcnhcimer-VolkofF value for the critical 
mass, a value of the order of half the mass of the Sun. So mudi for the limiting configum- 
tion with infinite central density! 
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DENUMERABLE INFINm' OF 
cfmpkTO CRITICAL MASSES 


OS RiMPEn OSCILLATIONS 

Nw insight cpui^s from how Lht Af • wicj with n?iitriil clcn}jiiy pi* as 

aj>^rt£w:Aej infinity. To in\nestigate this qutsdan^ assumn that ihe cquution of stati: 
fnllous u 7 -lnw asymptoticfllly ul high (Imsiii^.i Funbcfmorti, Lindijrstimd by the 
term ''fractioiml d^jarture^' &udh a quantity 4S 

(R^-R’x^y/Rm or or f i-l —(saj 

ine^uring the difference betwetn fl) ^ property of the ita;{iiiijbriui3i configuration for 
oi finite and (2) the same preaperty nf the finuUng equilibrium coufiguration {pn infinite). 
Then we find; 


Theobku 9 . The Jradiorutt Jrpariure from ihe limttmg mriej wik in py 

a^ymftotkdly for large central deusiiy as Ike afnplitUiie ef a damped pertodk oscilkiitm 
tarUs udlk tipte: 

CFracl-Ional dep^ure ) = CcnL^anl r lh j, (/J/2 ) tti pp + i | j C 5 e> 

^pUh 

fl = I — (1 / Tr) for genem-J y 

(401 

“ 4 for T = 3 

nmt 

^ = [ — { 9 /"^’) + (11 / y) ^ 1 ] for gcneml 7 

- (47)‘'V4-1.714 for 7 = I- 

In other words the amplitudtf of a peak in Af • or or A exceeds the amphtUide of the 
next emuitig trough by a factor 

AmptiLude fall-off facior exp (r)• for generaJ y 

= e*p^r/(47)‘^''= J.yS fDrT“|. 


Moreover^ the peak-to-trough sepiirntion has the standard value (for Earge ptj.) of 
Alogitj Pi= (logi 9 e)Alii 2Xtl 4A43 t/ 3 for general y 

= K59 forr-^. 




^Tfwpcr (1^) liaii cmJettEftted dw r(|Uilil!>rtam roniigijralinns for matter whkh evErj^wferre i>bcyfrA 
T^lfiv equilkjn of sltiti:. 
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UENUMERABLE INFINITY (IF CRi nCAJ- MASSES 


ii 

'Hieise features qf the curv* of E!qij[librium mass as a fimclioa of cei^tm! dtit-sUy were 
first ret;ogniied by Hnrrisoti eis 'A eondequence of bia having extended lie ruimcrioil 
btegruhona of the equnlion oE hj-diuslutk ta^ullibrillfin from central density pn ™ KF" 
Ijt/'pTt" up to pa ^ He has subsequently given an uiisilytical trealineni of these 

oscillations (Harrison 1%S}. The prtsenl, indei>enrJeniH analytical Lreatment is deiiigtitd 
to give further physical insight into the origin of the oscilltitions. 


DETAILS OF PROOF: TTIlREr. XOMi^g; A?m TttK SC4L1KO LAW 
WmCH APPLIES IK THE FIRST TWO ^ONTS 

/^rew/,—Di%dde the rangic of r-VftIuts from the tinnier to the surface into three icones, 
as is bidicnted in Figure 2 and Table J. In Zon<js f and II tht solution j^{r) of the TUV 
equation of hydrostatic equilibrium satisfies a simple staling law. I'hc solution for one 
value of the central density^ Jfc^Po, where i is a constant, obtained from the solutiDn 
for another ^ralue of the central demityi p§, by this prescriplioii! Take the values of p 
and p at the point r. Multiply them by and multiply r hy* 1/ir. The existence ol this 
scaling law w^as tiolcd by BoniJi f l^>64)i He pointed out that this law makes it natural 
to take mdcpctident variable—because it Is uochangeti by this scaling— 

and similarly tq take as dependent variablcif two smk-in’iwiiinf i^ua^niilki w(r) and 1 '(f)p 
defined by 

fi*frj = f7—- v{r)/ 4 wr‘ * 


m*{r) = ruir). 


<6Si 


The exii^leiicc of the scaling gmup implies heft asahvaj"^ that the order of the dilferenibJ 
equation can \k reduced; here, from two first-order equal ions for timlr'i/dr and dp(,r)/dr 
to onCn ThuSp the equation 


bLuornes 


dm/dr ^ irr^p 
rdu/dr d-frf = v/ (y—\) 


ti«k 


and allows one to sefive for tlie scak^indL'pendent quamity Jr/r: 


dr / r ^ 


_ ^ _ 


m\ 


Similarly TllV equalioii (Ml of hydrostatic equilibrium for dp/dr reduces to a form in 
which one can Sort out the change dr/r from u^ u, and the chalng^^ In v: 


t . __ dr/p _ 

'" 2 - 7(7 - !)-!(«+ 


I'Atj 


t'ornparing crjualions (68) and one arrlviaat Boudins first'Ofder K^uation 

rff t[2( 7 — 1 ) — (57 ”4)11 — yv] 
du~ i\-2u)lv~{^-l)u] 


for general 7 


vi 1 “ 4b- 2ii ) 
(<L5-w)(.1v-h1 


for y* 


4 




This he has integrated nuntericzdly in the s]>ecial case y “ ^ (or p* = p*/i} from the 
origin out ifj a point witere the density has falipti to of the central value (Table 4). 

•Sec, e.|5.r SoiBrru!ffi;tfFfl (1^W0> bccIjqi] cd felytlsin kd the Ferrai-TEiociiJi& eunatisJtii see nlso Seikiv 
(1059} nail ChaisdraacbliAf 
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Npl given in Bondipaper, bul useful ITI cjchibilirtg the behavior of the solution near the 
orij^n, are the firet term^ in the following series: 

(to) - 3(y- nw - J7(3y-^ 2J u^/5 + . . * for geneml y 

1 9 J r j. 

-H —|to*H- ., , for 

When one goes back to cxpresiir^ pressure and mass directly as functions of r, or of 
the dlmcnsiDniess and scale-invariant quantity 

J “ f 44'Pn.V 3) 



Fio. 2.^Bc{iuinHiyai conrigtimlitia mf Itirge ImU fbiile I'vhttal cLensity campAred fxiih xhi HmKing tJibi- 
Sgunlkm for whkh tha central dcawty ia EnAnite (schemiitk wiJy). The atymptnlic "i-law eiriuait^n flf 
ftAte Ji^ 1 and El. In Zjanc 1 the friLcrkmoJ dcporlbire Irpnii tbe limillbg CcfnE|^nlHHi ts- 

Lu-sb; in ZoDx IJ, amail. In Ill the equation nl aUtc Ia more CErntpIksted. liie tftlK nion- 

otaoioJly Ihruuatiout and reudua ibe Biandard vi.|ue nf 7M lor Fe** nt the imluie. Why [be 

AKtthUiry departure between the liigb-/)» configuriLiiQn and the limiting cfmfiguratio'n? rjooking apart 
from dcLu^s (chap, v), qqc otn pul tW timin pc^int Ai [uLldWi; [di^i;r)/is&] <Ef^(r]J ^thsdlktkHii la vma 
pert^balkm uul uf phoie with cndllatjcma in daiijty perturb&tiun tie«u« niM& it given \yy in^e^rat ef 
deniily); and [ — a; |dw(r]| (denilty gnidlcnl gnverned by presatire Kradien-t; presiure gnttlLenE 

anvetned by acCclcnitLQn €>f jgraviEy and ther^rnre by cnem). Thui (he paJr-wtse coapting of the two per- 
turbgttont it re^Maiilde lor the ^'cridhatban." When the cenErail denMty it IncrrMed [^yntid tbe hlgh-^H 
value in the diagTBjn>»«ay, fourfold — the nmlea move infrord to half ttie proient e-Villue. The ttt'^ Curve 
(in ^Aet I and II nnlyj u obtained Itqiti thejirfflent curve by the itimplc icaling operation ewf muSdplytng 
p viduet by 4 and dlviElhtg r vsluca by 2. 





PRmi Q7 TUi:01£lt CONTINUED! THEORY OF SHALL PERTURBATIONS 
applicable IK ^OKlSS it AND III 

Zone 1 Ims r^oired a iipDcial ireaLnicnt. It inLiudtit I he origin^ and at the ori^ there 
h an mfinlije difference between the density' of the limiting conBguralion (infinite) and 
the density of the configuration under study (large but finite). The analysis is much 

TABLE 1 

Zt3NES Considered in Analtxino HrFFE&ESCE between Actual 

CONTtGURATION tpv LAROE) AND LIMITING 


Configuration !>■ Infinite) 


Identic 

! 

iiii4 

lufUAliaq uf St>lc 

1 

FmccjoiuI 
Lllftlfl In 

Difftrifitlul 

£qjpijliaii 

iw, A# 

I ... 

hiRh miiuatk no tlut Ka-1 1 

LftJige 

Non-tiiiear 

rt„.r 

l,ymptcitic Appfe / 1 

j Irani 10“ tar tnore) to 

Sninll 

LLocat 


f.8 cv^uallon of 

iUite complkflied 

Sniall 

1 

Linw 


TAHLK 4 


CONFtCUHATlON IN REGION WilEiE ASYMPTOTIC ^-LAW 
.\PPHKS, FOR THE CaSR 7 - | 
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M 

ri 
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ii 


simper in Zotiea FI arid Itl. There iht pcruiriiadrjii is small Me> 2 ). For this reasQ]! 
We feliim lo the basic eqiialiolis {dm: dr = 4flrr*pr the TfJV [11| for dp/dt) and 
analyze \hc diJfeiierct between the high-p^ cpnfigijration and iht hnijlioff configuJ-aliDn 
to the frnst order of small quanlilies. Wrilin]? 

p(r) ^ p^{ r } A^( r) 


and adoutiiij? sinutar' 


and 


dSm/dr ^ 4irf^Ap 
— dAp/dr = Air]{^p-i-B\ f - 


\yfi 


Here vt and B arc abbreviations (or ex|iressjQiis which arc (ulEy dcicnniijcd by the prop- 
crtics of the limiliog ronliguration (prcsiinicd knowii); *tta:(r)i ^»(0 f and 


Pfl lSE transition SXeirTOKU FTO BCMPLiaTY 

If ihc ec^uation of !itaiG contains a point of condensation (fmitt; jump In p as 
a ccriain iritic^l value), then the curve for deitsily as a functiati of r will show a cottp- 
spnnding drop at a Cctlain r \^atue, reriir There will be el differetiCc Ar, nt betw^een iht 
coordinate of the |ump point in [I) the htgh'pn conhgunkilon und (2) the liniiLing con- 
hj^uration. In ihe intcrv^Ll of r viducs between r^i and + Arunt there ^ytll bea 
difiterence in density belwcpn two conhgurations which otherw^sp nmy difftT v^nrlittip 
from each other in the region in question. This cirtiiniAtancc is nU obsiack lo a perlurba- 
tion anaJysis of the relation beEWcen the two conhgu rat ions, Keith pr does ihc presence 
of such a phase transition change the character of thp conclusions that one may draw 
it bout Ap(rJ and Am(r), provided only that ihe r-wilues of the two zone bnundaries are 
>iio cho^n a^ not to lie dose to the point of transition. To carry through all the detatli^ 
of fiLLitig mner and outer solutions at a point of transition nevertheless introduces corn- 
plica Lions. ITiercfore, any pliase nansitiou wilt he excluded for ihe .^ke d simplicity* 
In other words, i\ will k- assumed that cvctyAvluTc rmilc so that ihc co¬ 

efficients and £(r) arc also fitittc throughout Zone IM. That ihcy are finite in Zone 
II follows aulomatkally from the asymptotic y-law thal applied In that region: 
dp^/dp* -= 7 “ U 


THEORY OF OSCrLLATin\"S ABOUT I-IMITING Ct^NTIOXTUTION" IN ZONE H 

In Zone II the limi ting configumtiQn has a simple anal^ldc chameter. In consequence 
ihc pcriurbation equations (76) and (77) can be solved at once. Measure the strength of 
the perturbation by a numkr (which will turn out Lo be coinptex). Then the density 
of the high-pn configunttion in Zone ll is 


= 


2(y-l} 

fy^-|-4y — 4)4Trr* 


il+Qs^ + Q^ 


lierc Q* s^'* is the complex conjugaLe ol Q:^. Also Jt » r* is the sansc diinen- 

siqnless measure of distance which was employed previously, and K is a charactemtlc 
exponent, now to be found. For this purpow note, fitSL fiat the pressure differs from 
equation (73) only by the addition of one more factor (y — I)^ and, seiiond, that the 
mass foElqws from equation (T-S) by integration: 

»f*ir) = 1 + (?( ^ + 1 ) 4 - cotnplBf conjugatif ]. h?« 



DEXL^MER-MJLF, INTINITY OF CRITICAL MASSES 3S 

Finally, write the equation of small perturbations in equation (II) ol hydroSitAlk equi-^ 
librium in \h*i fonn 

Fractional change in ( — dp*/df} = Fractional change in [fi* + p*) 

+ Fractional change in {m*+4.vr*p^ ) — Fractional change in { I — 2fw "/r } * 

This equation has to be satisfied independently by the terms in Q and by the terms 
tn s^*. It is enough to demand equality of the coefficients of {) it^ on both sidea o( the 
equation: 

(l-X/23 = £ 13 + Ht- 1)/^+( A+1)-V7l+4(1-1 )/T*C^+n]. 
Solving this quadratic equation for one finds 

X ^ “ a + if# , X * =i — 0 — 

where the jKHitive quantities a and ^ are [iated in equations (60) and (61)« 


DET.ULS ow JTUXl? m niKOILEM fl CONTIKUEP: rrmxO ^ONE n TO zoxx t 

The/^?w of the departure from the limiting configuration Is thus fully rietenmned 
in Zone [L The iimpiUjide and phase arc also fully determined in teftm of the large but 
finite central density In other wordSj ikt i^ompk-x ifuaniUy Q if Jixed hy ji^ining (h^ 
pr^!setU perturbative utluiian tmlo ikt stflutfon abtaiHed fry numerkal integratwii {or olk^- 
K?ifc3 ip Zone L 

In view of the oscUtakiry charii^Ur off the salution in Zone II (X complei), the join 
between the lolutions in the 1 w^o aones is best made by piotting (Fig. S) two quantiiits 
which are so selected as (1) to have an amplitude of oscillation which is independent of 
Fr (2) to have phases which diflfer by and (.1) to have the same amplitude of osoHa- 
lion. For one of these quojitities it is naliirctlT tn the light of equations (78) and (82), to 
take the "^pressure perturbatiun factor" 


ftJ) 




4irr^p* ( r ) I j 


s* 


turn 


= Q ejq:i (i7J In f) + complex conjugate ( c pCO , 

It is not equally approi^riate to extract the other quRTHity in the sanie way out of 
expression (79) for the osciHatlcms in mass, 


r (y=i + 4>- 4) 

L 2(7-1) r 


‘] 


j" = 


g[(i-a3 -m 

Cl-a)® + /s^ 


exp(ij3 In j) + c.c., 


ia4l 


becau^ tiiia quantity does not have thf^ desired 90° phase difFercnce from {(j). However, 
siibti^ct out of equation (S4) the in-phase component and fcnormaliKt what is left to 
arrive at the ilesired quantity, 


= {Q/f)e3ip{i^ In f)+c,c< 


tiw 


For T “ I the ^dilating departures froTit the Simiiing omfigwatiiHi are the “pres¬ 
sure perturbatiau factor" 

jO) « [I4(4irf*p*)- i]+c.c., 
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and the ^'afljuated mass periurbalion faclOE"" 

r9«r 

X In 

Figure 3 shtnvii ihe behavjar of iht^v two oactltaiory piTturhatJon faolcirsasrv^aJuated 
in Tabic 4 from Bondi’s numerical intcgratian for the conditions in Zone 1. The inicffm- 
Lion does not go quite far enough to ^ the full development of the hmiUng behavior 
as expecml in Zone II (roiatton on a circle of fixed moius \Q\ with a phase In 
s + 5). The analysis in Tabic 5 suggests for \ Q\ a value of the order of 0.4^€ J and for 
t an angle of the order of ^ radkn. T'ahle 5 presents a tentative determiikation of the 
amplitULle |^| and the phase A of the OflLilktory dififermcc (Fig. 2) between fl) the 
higH-i>u density distribution and (2) the limiiing density distribullon^ as described In 
Zone II by eqiutlion (73) with y " J, The 'T^^ure pert ur fiat ion f and the 






50* 


CENTER OF 


ZONf It 
ru^CHUS Q 
PHiASC INCREASES 

4 


In f 


Fin. 3.—^Thr D&dllBLory' difFcrcncc between b. Enn^aumtkiD qt r-iratrJl] ^tcniity and the limtlini; 

conftgUFftticra of in/inite cenImL thmjihy. Tlic plot it de^jped to show the rekticm bctweim the solution 
ia y.opc 1 (atATt al ofidlUtioa: polati toicen frcim diLtn in Tabled) anrl Zone H (fully developed otcilktloikA 
as by OqS. {7S1 imd [T^j j a dnik of &ud mdiua Qe^tsedan the ori^ in Ihe preieiLt dJagmm). 

tile ciir\i! forint I thotvs the “preuurc perturbatioEL factor" (of eq, (SJ} und th« 'kdluit^ masa |ter- 
turbulioD liLclor" ^ at oq. {SS) at succwive points on the way the center of the higb-pi conhgum- 
lioti to tht pojot where the denAdly haalnJlrn lo one-ifth the oencnij value. In Zone II the oicilliitioi] ia 
described by a point rotating in th« (f, diAKium on_t rirtk of miJj-us Q with phaw^ In j + cnnsl = 
1.717 bi + oonsi_ Viduca of the quajuity p In expres^ in dcgice*. nxe shown for each 

Mint on the curve lor Zane I—even thuugh the oSciUaljEm ia not yet fully de^-dupeil at the tluin'l where 
Bondt’s numcficnl Iniegretion bmifcs a j{uide in trwdng the IrmBjfiEm tq ihe jikttL Whavlur In 

Zunr 11. 



DI'NIJMERAHLE IXFINITY £JF CRTTICAL MASSES 


J7 

^^adju&ltd mass pErturbaiion fa^tor'^’ ^ w&re calciilatjed rs dti>cribtd in Table 4 from the 
last four points \l\ Bondi's numerical inte^mllun in Z<j]te I. I'he last digits of tJit nuirlbcrs 
listed in the table are utieertaln, The Limiting form for the OHcitlttticms (eq. [78]} is not 
yet fully developed at J Therefore any coneiusions about |0| and 5 have to be 

tentative, pending more eKtensive EotegraLions. // the last paint of Bondi were drsjjJp^ 
—and if the | and ij values derived from them were eliminated {last column in Table S), 
a procedure for which there Is no obvious warrant—then evldinllly one would be led to 
|y = £).47, A ^ 17® or radian, for the amplitude and phase charactcrri&tic of the 
osciilntions in Zone II- exp i O.Ath) 

ITiia detail for the case of y = | illustrates the following point ihctl applies for ertry 
V-vulue in the allowed range from I to 2, llie eamplex amptitude {>of the Ckseillalions in 
density ^(r) and mass m{r) in Zone II, relative to (he limiting cDnhgunitLoti, has for each 
y a unique non-iserD vahie. Tl is not a drawback for (he pre,seni purpose that we have 
tliscovered no analytic means to calculate ihe function (J * t)( 7 ) for cveo' 7 I 

TABLE 3 


TKSrmVt iJFrUfeMtJjATtOy OF THE Ai[?L[TUDE \Q\ AKil TBt PHASER FOR y - 



•n. iGS, 

D.MIJ [ 

f^.U7 


Arcliin !>.■■£> [pb^iiw"*. . 

(47-(6)'^ In j — ■'uELcorrecEcd phUH'^ 

Tentative pbiABC carreclirjti 
(E^-hiT^)'^=EehE4ilivr VftliiK? nf Q\ 

-MJr 

-67 0^ 

+ 16 or 
n 

-3a,r i 

I 

tr.i" 

1 1 
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- ■■T4' 
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eOBiSEUVATIOK OF >!t>iM-ALl3!.KD "aEEA lH PHASE SiPA-CE^ IN “PROPAGAltON'" 

OF STATIC gSClELATlON FROM INTt^RIOE T<i JtUKFACE 

The statu: ciicillations which arose in Zone I, and which have now been showTi Lo fol¬ 
low a simple analytical law in Zone II, also propagate through Zone lO all the way to 
the stirface- There they produce an McHlatory dependence of the equilibrium mass upon 
the logarithm (rf the central densiLy. It h the ultiniate objective of this sectinn to prove 
and evaiuate ch!!i ckpendencen For this purpose it is now useful to show that there exists 
a mtiservalioM inu^ for the propagation of the Dsdlktions through Zones II and III. 't'his 
ccmi«?rvalian law has to do, not wiih £he oadHalions ip(r) and A*w(r) {rebiivif lo the 
liniLting conhguration) for s itngfe value pu of the central density, but with a kind of 
^'area in phase (i“''igr 4) dt^termined by tho oscillations for fwu values, pm and 

of the central density. Thk area is given by ihe detemiinanl 




A^i*(r) Apa*(f) 
Ami* ( r ) AjWi* { r ) 


carj 


How docs the area ^ia(r) alter with inertftse of the distance from the center of the 
cmifiguration? The changes ill density and maffl for any one solution indiviiJuaHy are 
given, according to equations (76) and (77), by formulae of the type 

Ap*(f H-i/f ) - I 1 —.4 (r)ilr]^p*( r ) “ |i^[ r ) cf r {Art?* ( r 

Attf * ( r+ dr) = I 4Trr*£fi' ]Ap* £ T ) + Ajji •(f). 

Write the right-Imnd side as a square tnalri-X multiplied into a irolumn vector. Also note 
that the resulting vector relation applies to each soltition, whence 

Ap,*\ -Ailt --Sdr\/Ifil* -Ipi* \ 

VA1W|* \4Tr*J*’ 1 
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GR.AVlTATrON THKflRY AND GRAVrTATIlJNAL CULLAPSE 


Every relatlcni of the 13 ^* (89) between square matrices iranalates immetliaiely into the 
correspuiicling relation between determinants; or here, 

Dili f + i/rj = (1 — Ji/r) Dai r )j fiiu 

Rewrite this formula as 

jr» r4i#r 

Diiir+(Ir)s^j .^^^r = Z>u(r }* Cflll 

Thits amve immediately af flip imfjtw '^nnfmuli^ area in phase ^pacr** 

Tfii'itjjiKW 11). 

r+it» 


On( f+£ff )ex[^ Adf =7 /3ja{r)e^p A dr ^Pair) ^coa'^tanl. 





Am 


Osci I lotions ot r* 5 km. 

4.—^hemAlk liiE osdliAtiddii ia den^Ety jlqcI mBia (rtlitUvt lo Uic Umhlug ^.S^furiL- 

Tion) lit A fUed vaUic otr^f^thi eenrrftl dinnity it rEOed, tbLhWifig the kind nf “urea, in phsMe apajst" ^ hkh 
id ftpimned by ihc Vodtore BEBodalEsi witli two nearby centm] demitio, and pn- The CTDdB-liatjqtse J nfija 
in Eti- lu dnuliM (pUMfltlcaiamJ Lo oblain. the [{CliiDllty tJcall mth in the lejftn 


Here the n/irmatizatitm foiiar (deEmed in itmis of xh^ timiilni; raiiigiimlionf pv mhnite) 
bad the value 

esp J 4(f)dr 

/coefficient of Ap* in eKpr^sion for — dAp*/dr oblamert by\ . 

\ taking first variation In TOV eq. [ H ) for ^ dp* /dr J ^ 

_/T ii^p/dp- j dp+dp dp ] 

l dp/dp p+p J>+(n*/4Fr*TJ* 

Here pp and m {asterisks and subsmpta ^ have Wn omitted for simplidiy; p ^ pm* 
etc. —J are considered to be known as functions of r for the limiting cunAguration. The 
integral does not eaist if the lower limit is Eaken to be «eno, Thcreforep it is reasonable 
lo take the low^ limit to be some standard point r — ti. However^ this procedure intfo- 
duces an artihcial element of arbitrarintsif into the normalization factor^ For this reason 



riKNUMERABLK INI'IN IT V OJ- CMTICAL MASSES 


i<J 


it le better to add and subtract in^de the integrand a lerm Jp/it + />)■ It compensates 
at the origin the term —^p/{p -f* the only term in equalion: (93) which cmhoi 

be integrated explicitly. The integral of this new teem ia b (dp/dn), where n is the 
number density nf baiyous (dtaps. viii, is). We arrive in this way at the foilowitig equiva¬ 
lent jiitnis” for the ttarm^aaiUm factm: 


Mp j 


A dr 


-*L4ih4ii-r4 


( / dpm * d pm* ) 

( * -|- jfl m * ) 


espf^'iip^*^ pm*)-^-{p<^* + m->.*/iitfn-^\(dp^*/dr)dr (Form 
•-(»)»*/ 4ifr* 


f* — 

i“py, —? 


Jut.* 


Awr'^df i Fomi 2 ) 




The in thi^ exponent jfiv^s no contribution in Zoneii I and whore the -^-law 

equation ol state has been laken to apply* Write thiii asymptotic i^-law in the form 

^ (6V£^)p«(^/cm^) =L-^{Dn^}^ 

« espre>i3ioTi ( 7ft) wUh Q set equal tn zero j 

w^herc L la isome dmmetEriEtic quantity with the diinenaions of a Jencth. Snl>slttuto er^ua- 
tion (95) into equation (94). Then the canonical form of the normalization factor in the 
asvnnptotic y-law^ region bdcornes 


exp/'" Adf - 

This quantity U finite not only in Zones I and ll, where eqtialioti (96) applies, hut also 
al] the way to the surface* It has the ditnen^oits of lengthn In con^quence the canonirml 
^niormalized area in phase space" Ph is as well m independent of r. 

In Zones I and II, where a ^-law eqimtion of state has Itccii talcen to apply+ the nor- 
mah;utLinn factor is proportional to or to in the case 7 ^ The consorva- 

tion iaw' (92) as it applies in Zone TI, 

r ) = coitaUnt, 


can be verified directly* For this purpose one only has to substitute into equasion (97) 
from equatEoiis f7S) and (79) the eicpresaiotis for Api, a and Ami, j in terms of the osdl- 
tnliniij factore Qf(4ir/iD*/3)^'* exp fi^ In [(4^^**/^)^'* Ali r-dependence indeed 
disappears from expression (97). Or referring back to equation (92). one finds the 
following ^p!icii /w the conserved area in phase space'* m lii 

tiepeudence upon ike ceniral densUm of the two condgura^ims -in quesHon: 


A.PJ 

Apfji 


Api 

A^na 


exp f .1 d r 

mi f ^vLaiMlRnd 


= Ai-3(3/ir)^/*(|><V« 


^ (S-r - 4) {7* + 4y - p«* ) '/•i* I WijHV t» ’ 


l«ej 


Now, as earlier, is given by the espression [—(9/7*) + (H/'V) ~ 41' Through equa- 
llwi (5W) the quantity which is prujiagatcd from the Interior to the surface without 
ihangc has al last licen sorted out and evaluated. 
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JIN'AL STilP IM PRtJDP OP DaMPKD OSCILLATIOJSTS: EFPllCT 
as glTEFACF. OP PEJtTUlEATlONS L\' INTEiiiOH 

How do the static oscillations in the interior—'‘‘oscillations” dehned relative to qnn- 
ditions in the limiting condguralion—how do these oscillations affect the phj^sit's at the 
surface? Denote the ma«s of I he limiEng configunitian by Mm* atsd denote by A® tie 
radius, which by definition is the point where the pressure goes to zero. Consider now 
an eqiiElEbrium configuration of large but llniie central dcnsiiy. At its suriface, he., at the 
place where p vanwihes for the radial coordmate isR^ + Kfi and the mass h May* + 
Alf*- Or back at the poinL r = A* we ha\o in this con figuration 

+ — 4tA«=AAp^* , m) 

with pj - 7.8 g/cm* representing the Jsurf&ce density; and fftom lie equation of hydrO' 
Etaiit: equilibrium) 

^ iioo) 

The departure from the limiting configuratinn at A= is described by the ^"vector'^' 

^p* = ( dp*/dp* - 2At^n], 

Aw * = AM* - * 

Now consider alongside the one configuration of central density a second config¬ 
uration of central density [#ook at the eKpression for the "area in phase space” as 
defined by the cross-product of two vectors of the form flOl): 


Api* 




A/fi 

AKj 1 

ilWj* AfKj* 


Kdp*J 



iW,' 1 


To norinaJi23e this espreaaion^ multiply by the Lanonical uormalisatioE] factor (94)^ 
evaluated at the surface, "J'herc p* = p* = (dn/dp*) is the irdprocal of the 

baryon mass^ of atom). Thus the normalized "area in pliMc 

space"' is 

Ait= 


X. 


■?!i?nii III 


pr.*-(m-'/4rr») 
r — 2mm* 


4Tr 


*f/r] 


lA^i 

AK, 

rioj) 

J \^M,* 

am,* ' 



Equate the two expressions for the normaiiaed "area in phase spacc^': equation (98), 
obtained by working out from the center to the surface; and equation based on 

condition!^ at the surface, lu this way arrive at the equation 

IdiVi* AMs* I Pat* - ]|> Poi*) I 10 «> 


where the I'onsUnt rs built up out of known or evaluable quanljUFS. U follows from 
^uatlou (104) that iht perhtrhaiims in CPmiiihns tiny tmi con/iguraihn 

individuaify art af iht 

iR^Cui P ,*sin [ (^/2}Inf p^D) + 

iinii 

= Cif ( I =,1 I 2 ) In ( pu*£.*) + 5ji ], 

ipifk ifie £harQri£r of tiamptil kurmonu ifjultadons ih the voriabk In oj ti’O.t tit br proivd. 



DEXUMERAULE INFINITY ()F CRl'l'ICAL MASSES 
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Till: amplitude factors Ch, Cm and the phajse factors and Jjf are not individually 
detcmiiaable from the law of coneeryation of nornialized area in phase space. This law 
aioiw fixes only one combination oi constants, tlie “vector pfoduct” 




ST”4){y“ + 4y-4)(Vv} 


I - ( 9 / 7 *) 


+ f 11/ 7 > - ( i )]' (R../Af~*HR^ -2M^n 



(ffl-*, 4irr*)-p 


* 




Here, IL3 before, the inLegr^l goefi over the ImUittg configunittOEip assunied known. Thai 
I he product'' (ItW) docs not vanish for if in the allDwed range from one to iwi> 

ahows that the osaii^iam m dR and AM ore oui 0J Hrftjre cscamiiiiDg the interm- 

I tig impiicadoiis of thii draiimHana:, mm back to the hislorj* <rf cciuilibrium con- 
figumlioTis to see the meaning of th<: new osdllataona in a wider contexts 
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MASS AND R.4DIUS OF EQUILIBRIUM 
chupier 6 CONFIGURATIONS: 1932-1964 


That the nmsi of an i^quiltbriiuii tanrig^jradon h a riampecl periodic fuTiction of In 
for larji^er ^ does rsoC seem to have been nemarkcfl hcr^^Eoforc. ll vvas clear onl)" recently 
that something unexpected was -showing up iu calcutakil curves for Af" as a functtoil of 
central density* WTial bi ihc history of this curve? And what points of principle had 
already come to light as one studied this curve in more and more delail? 


landau's PIOKEEaiNCS ANAL^Tita 

In 1W2 Landau gave a general orgunient that a sufficiently large colkciiqn q( cold 
matter cannot sustain itself against gravitational Cdllapse. Ilis argimieitt wiis based on 
the idea that dectrons supply the pressure resisting collapse» The neutron was not dis¬ 
covered until alter Landau had submitted his p^per for publicjiticm. However, his argu¬ 
ments apply aa well to a neutron gns lo an electron gas- Thercfaret Uiuidau's argu¬ 
ments will be rephrased here so as to bring out their full generalityi Landau pointed lo 
the known circumstance that with incre^ing mim tht n^aterial is more strongly com¬ 
pacted* In coruequerit'c the Fermi jpta, w^hich rciists the graviutiona] pull, is squttaed lo a 
higher and higher energy per particle. LHiimaiely, this Fermi energy mes to a fnlntivisLic 
level. Thereupon this energy ceases to depend upon the rest mass of thepiiriiclc. k then 
makni no difference in the energy per particle* and ihtreforc no dtffercticfr in the pressure, 
whether the Fermi gas consists of electrons fdensitics up to ^lO^g/cm’) or whether ii 
consists of neutrons (densities -^10“ g;/cin^)- What counts is only the linear dimemioii 
qf the region to wh ich I he particle is coniined. f hi a simplified anai^-sls one ascribes? to 
the configuration an effective mean density, and an effective ridiii^ l‘he linear dinuin- 
fiion of the region to which one panlcEc is confined is then of the order R/A in the case 
of an ideal neutron gas containing A batyons, alniiost all of which ftfe neutrons. In the 
case of where the pressure arises from electrons, and where the nuclear composition is 
roughly half neutrons and half prqtqns, then the number of electrons is only about half 
the baryon number, or 

The confinement distance giviis in order of magnitude the de Broglie wavelength. 
Dmde into k to obtain the momentunt. Then inultiply bye to obtain the Fermi energy 
of compression per partielc; 




-1^ ''^ for neutrons 
f -1 / 2 )'for electrons 


In geotnetrtEed units the corresponding mass-energy per fermion is 

Afr • f cm) » (C/ e*) C£r/r^) - ( j [ * 


iierj 


where L* ® {he/GY^ = l.fi X cm Is the Planck leng^th {see Table 2). 
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Tht graviiAlbnal nisss-CBtrp^ par is given iti order uf magniltjde by the 

*‘SBindard mass** associal^^d with one fermion^ 

M#C = haryon nxassjin case of nEiialron gas , 

^ (proton + nemlropi) in case of electron gas ^ 

multipli^ by the effective average gravitatloual potentkh “ G.4#4 j/J?. Translating 
this gravilation to geometrEjsefi m\U, one has 




where fi/ = = 1.2 X cm is the nmss of a bar^^on. expressed in ctn (see 

Table 2). 

Both the compresedanai and the gravitational energy depend in the same way upon 
Ry Landau pointed out - Tbereforc, the deceive ejuestion is ilie sign of the lotaiissed cfii-fb- 
ciemt of l/R. When iS. is possLK'Cj it will decrease iht lot&J energy to hwrensc Rr Then the 
de Broglie wavelengths will mcrease. The Fermi energy' will fall into the non-relativialEc 
region. 'The enerx_v of cciinpression will then fall fasi^r than l i?- Equilibrium—and an 
equilibrium w'hich i& stable—-wdll be obtained at Bome tiTiite and natural value of R. Not 
fiU when the totalized coefficient of \/R is negativ^e. Then ml lapse will set in^ Landau 
argued. The critical numbi-r of baryons at which the coefficient of l/R changes sign is 
giv^en in order of magnitude by the cquaiio>]t 


£* Vl ’— .'1 Ml for the neutron \ 

L** (.i / 2 J *^ 2.1 “ 0 for the elecLron gas } 


(IIOl 


Off overlookjog details^ 

I 10-33 cm. lO^'- ; 

.tM, -i0^7x 1.6 X 10-?-g-2X 10” g( 

In this w ay Landau arrived at a value for the tnnsi nf mtU^tr vAir/i in talk 

Ffljej £p/ the larder o/ jndgtikuiit p/ rtiitsj ttf iJft Sun^ As reviewed in reltt)Si>ctl( 
l^ndflu's reasoning IndEcites that there should be two separate regimes of colkipse, one 
at densities a liitle over white-dwarf depuittieBj the other a iillle above nornuil mideJir 
densities. 

tt is interesting to extend Landau*a line of reasoning to estimate the effect of a change 
in the constant of proiwrtioiitaiily L’ in the formula p* - L* A 10 per cent inpease 
in this constant means a 5 per cent Lncreasc in L ilself and a 15 per cent increase in the 
critical mass and the critical baryon number (eq. flll])^ 


11 IE CllA^TJkASEIilL^ UMIT 

The I9JS Chandrssekhar added to Landau's order-of-magnilude disckt^on a detailed 
analysis of the approach to the first cridcaj paint predicted by Landau (the point where 
ffefj'rcui pressure is ovcrwhehncd) Imsed on the foUow'mg assumptEons: Xmltinian 

equation of hydrostatic equilibrium, (eq. [43] in ihe limit «"), (2) cold mailer, 

(J) pressure supplied by ideal degenentie electron gas, and by this ga5 alone. The Fermi 
unerj^ of this electron gas starts at noii-reJatiTOtic values for low compressions (p < l€r 
g 'em*) and rises to values great compared lo for high compressions, Chandtusekhar 
calculated in detail the equaliun of state valid throu^out the entire range of Fermi 
energies fet|. [275]-[278] belowb (4J The gravitating aiMSE associated w'ith one electron 
(the mass of the electron itself, plu^i ihe mass uf the clmrge-neutraliririg prruon^ and of 
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GRA\nr\riO>} THEORY AND DRAVrTA'nCJiSrAL OiLLAPSTv 


my arcompfttjyiriiif [bouiidi neutrons) fa (ak-m t(j have a stanttikrid value unajfecfed 
by i'^fHprcjsiim (no reladvfatic increaa; of msus; no nodear transmuLationfi; no tnverae 
beta-decay of the type iT -\- p—^ n -\- 

Entej^rating the ^uatiun of hydrobtatit equitibrlum stariing first with one centra] 
density then with another^ and so on^ ChandrasekhaT obLained a curve frarn which one 
Can read off for every central density—and therefore for every equilihriuni cqnfiguiution 
^the mass Af of that configuration. Tlth Cfmudrtx.^ekh 4 ir curve/ffr M fw ii/wMrfpVn 0 / 
tui mtiximum, Insleadi the calculated 1/ approacht^ asympLoikaliy a finite bounds 
the Ckuftdrtiseklsar ismitf 

as th-e cetiCral density increases indefinitely to the point of ‘k'entral mish." Apart from 
having a well-defined numerical coefTicient^ this result agrees with that of Landau (eq. 
II10))* T/t^ mass dues wii appe^ir m iht The number 2.01824 fa the solu¬ 

tion of m cigeiivatuc problem;* it fa a dimctisionlcbs malhematical consiant such as 
r or e. When one takes for the effective mass per electron 

Mrff™ (mass nl Fe^ atom) 
or (see chap. n. 4; rind Table 2) 

=Xfi5X HI lui 

he finds for the rhandiasekhar liniit 

- LSdo X 1 n= cm = 1. 2(yAfo* . ■ih. 

a little more than the nmss of itiv Sun, 'rhere is no equilibrium for a greater mass, 
according to this anaJysfa. Of course the Sun and more massive stars are hot and cnor- 
n^oualy expanded relative to the cold mufiguraticin considered here and^ therefore^ are 
nowhere near thfa Chatidmsekhar liniic. 

THE COI-D SEinHOS STAE OF OPIT^XirKIMFE ANB VOLKOV^ 

In further pursuant to Landau's cnnsideratioiis, OpfKjnhcinier and Serber point¬ 
ed out that electrons couIlI ncH be compre^d to indefinitely high Fermi energ}^^ as 
contemplated in the approach to the Chandmsekhtir centra! crush, Iitsteadp they mmst 
react with protons tn form neutrona. In a fallowing paper^ Oppenheirmpf and Voikofl 
(1!)3Q) a4ialyKed numerically I he equilibrEum confignration!i of a star built up from an 
ideal nculrioti gas. For thfa piir|iose they employetJ for the first time the geiierai-relatiyity 
equation of hydrostatic equilibrium. For equation of slate of ihe neu(ron:t they adopted 
(with appropriate masA change) the non-relativtstic-through-relativistic equation of stale 
which Chandrasekhar had derived for an ideal electri>n gp-s maLiiTalned ai absolute zero 
temperature. Their results for equilibrium Configuralion-ft haul no corrttipondpnct with 
those of (’’bandrasekhar for an obvious reason. They dealt with different physical condL- 
tioTia and much higher densEtits. 

For centmJ densities as low as g/cm" and less, thq calatlatiwl equilibrium mais 
was under ^ the mass of the Sun* With increase of the central density above tO'" 
the mass of the configuration continued to rise steadily* It reached a peak value of 
aljoui OJ of the mass Afo of the Sun for a central density pn in the neighborhood of 
I0“g/cm^ At higher density the mass appeared to fall grarluallj'j approaching a limitiitg 

^SuluUtitt ai Iht Tjine-F4nrl!-n tf|Uttiicin oril^r h * ,T; bw ChuTiihasckliiir ’J*. 'I'able lA’- 
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value of Lhe order of 0.4 far infinite ceniraJ density. Opjwnhfiriiftr and VolkofT made 
it pluusiblt tliat tilt is far afl conjidurations shiffi iif peak at OJ If©, 

iiwi iittjitihU Jt^r ali ike ttf hif^htr etfiiral dtiisUy, Since this 

point oorresponds to the second of the I wo poinlii of inslabilily eftlmated by Landau, 
it inay be cidted the Latidau-Oppi!:tiheimdr-\'dkijf{f {Ll}\\\ poiat iff insUjliUity. 

It! the term '‘Lt A" iwitit of Inatabilily'’ to designate the maximum in lhe curvi! 
for M* as a function of ccruiji] derusity, one has in be careful to distinguish this kind of 
configuration from the cantigumtLon of “tcniml criish'^ (p* = ^)r 'rhefe h nothing 
singular about the tlensity dUtnbution for the critical L(iV conligurati™. The chL-trac- 
toQsiic feature is only this, (hat here, f )p;>enheimer and V'olkofT propcse, the transition 
fMzcLirB from fl) configurations which undergo tibralums whetti ;;ubjecl to an arhitracy 
small perturbation to {2) configurations which, w'hen perturbed, move fun her and fur¬ 
ther from equilibrium, in the rhrecLion of exphsum or coUapst. 

TKVESBF BF.TA-DinCAV; A USn'tRS.U- EQUATION Oi^ STATE; lUE FINAL ftEVTEATION OP THE 
FiltST POINT OF fNSTAFILITA ; THFl irAaaiSUN’-WAKAN'O-W CfRVES 

What abmu the point of instability predicted by Landau, the oiic al fkuiiities 
^10" g/cm,^? The sequence of conllguralions calculated by Chantlraaekliar marches all 
the way from low cenlnii densities to Inlinilc (^'c'lfcntiral crush") and yet does not show' 
any ^uch point of instability. Why not? In considering this [tucsiiun thrtc of us (H. K. H., 
M. W., and J. .A. \\\] caJTic to the conclusLon rhai ibis point of inalabLlity can never 
show up unless the equation of SEatc h physically reasonable, in tlte sense tfial it miikeft 
proper adoxvauce for ihe occurrence of reactions of the typo 

e“ + p{ bouml) —( bound or freej +j^ - 

The problem was made w<;ll detincd by going to the idealized Umit in which {1 j all rcac- 
lionsare cataiy^ to the absolute end point of thermonuclear evolution, and (2) matter 
is at absolute ^ler^ temperature. This double postulate means that cme does not have 
many different equations of state to consider, for different materials, but wwi^frytij 
f^juaiiofi fff £iiUe. frtr cold^ catolyseii ntaltfr. Happily, elementary' considerations of statisti¬ 
cal mechanics and standard data on nuclear tiiasst'S togcLiter sufficed to determine this 
universal equation of state with acceptable accuracy fur the whole range from p = 7,8 
g/an^ (uncompressed up to values approaihing those of the nucleus 
g cm^) (1958 work of B. JCent Harrison; rtssults rcporlrd by B. K. H,, M. and 
J, A. W. in SEfJ; details of derivation given for first Lime in present rciKirl, chap, x). 
For nuclear and supranuckar dcnsilit;s we accE;pted( for the sake of simplicity, the con¬ 
cept of ELD ideal cold degenerate gas of deciroiiSf proluTis, md neutrons, in beta equi¬ 
libria ot, but with negligible particle-paxticle interaclions. Wc hati not sttu at the time 
xxhun rtjporicd thiB work (19581 the results of Sebatzman.^ He had adopted the Nexv- 
tDTiigji equation of hydrostatic equilibrium, an excellenl approximation for densities of 
g'cni* and less. He had follow'ed the early considerations of van Alljada 
1947; sec also Hurbidge, Flurbidge^ hnwler, and Hoyle [19571) on the the crushing of ek'C- 
tronsonto nuckn by pressure, JTom this foiiTldadon SchaMman calculated a correclion 
formula in the Chandrasekhar annlTr'sis. lie found ihaL ihc cquilibriiim mass no longer 
increases infkfinitely wit It central density (even if more and more slowly toward an 
asymptote) as in the Chandrasekhar results, Instead, it reached a masimum M ^ 1.29 
A/q at ^ 2.9 X Itlr^ Rt^. The maximum differs froiti the LHWW maximum. Also 

■Srt ScUiltionatl (J956 )h fvr it diacuswon uC which we nrtf indetlrd tn Frtifcssur Sdaat^anj L 

fkittttLisnmfi rckm to Ftill work ui Kijil^n (1V47I, who kail mnde &£5.umpliuns juat <ip[:K!flite U> 

Lhosc of 8chflUrnjLii: no invifrHr betfl-drciiy pDucci»4;« (hence the Chundril^khitr o^uatlon nf 

islatej but for lhe fisnersU-rtlfttiOity ec|iwtion ui hydrcvit^ik c^joilibriiLEii. On theac quite dif- 

fEirnt tusLimpdans KapLan fniuid u. prak In lhe cucvt fur mus as a funCliun of Central LtL-nilly, Nut 
aL flu * 2.S X 10^^ ^ “ Lt K IO*i-mH Af = 9.% of The Ctuiftchflsekhar limiting nuiJkA 
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Schalznmn'^ maximum inasstp sit [i; tveu thiui whal {^han- 

(Imsckhar'ii IlmitiM formula (eq. (1121, HI) ^iveafor « {^)(maJ!S of Fe**^ at in/- 
niU deusily; namely^ Af^ « l,2fi JW®. This diflenence appi^ar^ lo bo tisjCeabSc to Uie 
cSrcumstftiioo that mo^l of SchatEiiian':^ tuimorical caJctilatioiia aasmiio an average ma gs 
pumber {A ) = 16 for the domixtant rmcloi^ sped^. Thephllflaophy In the prt*scnL work 
h diifereuti What will be the doniiiiant nudear species is notapechied m advance. Nei¬ 
ther is it dependent upon any spcdal assumption about the past history of the sgreton* 



O D.5 1.0 


FlU, 5.—HjiTdaQn''WtkkAtiO'Whcpler (FrUHiV) catalogue oI all eqtiiiibduni mo^uratiocii of cctjdj 
catolyEcd matter. tlW at tUte, liitigritijEm* to c«itnU dffiily of 10^* g/c^l■^ M, W.; tnlegra- 

tioss tn B. K. H. Maiists ^d/jfcTASHinbH-^) In ludtAof the mosaeJ! Sun, ^1/0 ^ 1.1^7 X 

K {^Cf* * 1-474 X 10* cm). ^tis: pranti ef daaEkac ef atafaiLHty. L atMds lot LkatUnif who pte- 
dieted the cxutEnce of tiie two mast importonl of Lliw crilicHl p<rats. The curve ogno cloiely 

in the mngc 10^^ Lo g/ctil* with the i9S^ umvc ni OfmcfibBuiwr aod Vqlkaif, who the £iil to 

dctcmiinfl the pautian cTthe MDV critlca] (mixlel m ideal neuLmn gast From ii>w d^mitiiM up to 

'^■10^ (f/ens* the EWW curve for J ogrecs Jo ita genenJ run with the curve cakulalcd by Ckimdra- 
achhium 1^35 jora Hihstanct tterlvltig Ua nrtssutt from an idciJ ElccCrDo gas, arid with an cffcctit'c mnm^ 
p«r eksctioa equal to ^ of the rnas$ uf an hV* atum. However, the Chaoduiscthar curve showi k> 
miucimum; It approachttao MyrnpLote Moc/Mq « S-idw the E;^wn^Bl density g^ne* to htfiiritv. When one 
aikiwB lor the cruahiog of efectroiM into oomblaatEon with ptotooa (HW oqoatino of utate) he arrives 
<1W8) at the LHWIV critical poiol. Mi, critlcaJ polnia dwcovertil by MEsner anti Zapolrky tl^)? H, 
by Harriaon The nvuakal «ca!» ehow which unoog the acouidoil norisal miKlea of tiscilJiLflofl 

(purely radial; apbericA] aymoietry} ore uniitabLe (Wife* nofcj) fjctwrrn one critical point and the neset 
fclEBcuiuEiin In lextL 
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InAtcftdf ihe present trcaLmeni assumes fls a matter of piuidple the usiiquje mid univtr’ 
sal equation of state of cold, catalyj&ed matlcr* For tath pressure there is then a unitiwdy 
determined nuizlcar species which is rlomiriiinl at that pressure (cf. the derivation of the 
H\V ^ualkjn of state in chapter x and especially Table 14)^ 

This HVV equation of state can be inserted into iht TOV general relativity equation 
(11) of hydrostatic equiiibrium. One of us (Masami Wakano,* also in 1P58) mtegmted 
the resulting difleretitial equation for forty-five values of the centroJ density, going up 
to g/cfn“. This range has suiGe been extended! (by Harrbon in 1964) lo t(Pg/cinS. 
The earlier KlrW results and the HW equation of stale have appeared in print m sev¬ 
eral places (Hanison d ai. 1958; Wheeler 1962; Wheeler 1964^ The nendy extended 
results (1964) appear in Figures 5^ 6j, and 7^ 



Ftfl. Hadiuai its i fubctCiih fif the ceulrtil for I hi itinlUbdum cwnfigimninns of colll^ eatn- 

ly»d timtler. IntegrtdtmJI of W+; to g/cm^ K. H. The bhicfc Ekrfi denote the 

crttica] point* of A, where bciih niid are rxtrenial urltb mpect Eo change in |if. M * 

fltatioiiary aL a nritkal jMidnt, J? li mi. CcifiK^iiienUy the "miviULtiaiuil poienE^"' (t — Is 

rhrtn girtg- A blggtf A Oil ont ildi of Jk miLfiinLim E.1^ uci tLc other mrani a higher i^vilJitioniil pa- 
lentEalpt ncm-ito-tlaht bdndhia? ond therefore Lh retpeet lo neH^fh>' tronhfurationiLon the otker 

eicIe ut the oiLimt point. See Fig, 5 fn* further iktaEls, 

• Thank£ erE eipri^ffied ic Dr. E. T. MaeJllEy and Mr», Eftrhwrji Weymann rtf ihi stuff oF the InslJtiUe 
for Advanfcri Stady'* MANIAC for kind colkboration In this w<irk. 




48 


GRAVITATION THK< lRY AND GRAVITATIONAL COLLAPSE 


The Harmon-Wakfiriia-Whijeltr curve lor equilibrium massi a? a ImicUw of central 
density (Eig. 5) showed in 1958 for the first time b&ik of the tritital points whose esmtence 
had bwn predicied by Landau. At this LHWW^ point the s^'stem becontes unstabie 
against a oollapse in which eiectrons are crushed into union with baryons. This insta¬ 
bility occurs at a point well short of the ideal Chandrasekhar limit and fo^ an obvious 
reason: a cold gas which has lost some of its electrons by inverse beta-readioiifl cannot 
provide m mudi pressure as a gas which has all its electrons. When the central density 
mcreases further, this "'softness*' is replaced by "‘hardness/* The system ironsforma 
largely into a neutron gas. A return to atahility takes place. This return to stability is 
mark^ by another critical iwdnL atpii 3 X 10^* g/cin^(HW\V^ 1958). Then comes the 
LOV critical point X g/em*). In 1964, Misner and Zapolaky brought to 

light a further niinimum and maximum/ These features also show up oti the extended 



I 


Q 05 I 

Fia, L—t^acmcftiDn between mikEE and mdiiu fiTf \ht cctdlibHunt ojnli|lfurattoni &f cokl, caulyxed 
matter. IntcgimliDna lo lO^g/citlL M. W.J 1^ lO"a/cm", P, ft. H- ObjccU w-itli the Bd» of met£qdte« ood 
p]i.tieti tCe BO fur to th« left that they cirn hnrdiy be mode chiL T^r of the curve lor high ^ 

values^ first bruuRhi to li^t by B. K. H., isprovH in chap, v Hd ^c-Fieral feature all UBymptotijaUy 
y-bw cqumtloRtof itatc. CodUtitiuently th«re are E^y criuuJ pnints (extrema oC M; Hofk ioi* 

ia diagram). Ac^^uitlcAl modes v^bich arc unsLabic on brdkaled uti the miiiiciil icaile by bl^k 
stable ones, by while ooln. 

* Loridau-liiirrisanAVakimn-Wiicicler. 

* IN proof; THinita has inflefierLCknily found I bis mauitiium mil minimum. 




tjQUILLBRTIjM C()NFIGUR.\TIONS 4'J 

HWW curve, aloEi]; wiih still another minimum at p® 5 X g/cm^ found by Har- 
ri&on in l%4. 
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THEORY OF THE STABILm^ OF 
chapitr7 EQUILIBRIUM CONFIGURATIONS 


tllE rHEWKNCV OF THE ACOUSTICS I. MODES OF SPHERICAL 5VMMETXV 

Whiii is thtr explanation of these strange featkires in the curve for as a function of 
p^? As the central deiiaily increa^, does each fnaKimurti in if msirk I he |mssn|^e from 
stubilitj' to instahi]ityj iimi dnes cutch minimum asfttal the return from jnsiabiliiy to 
stability? ThaE generatization, tike the genemUzation that oU odd numbers are prirue^ 
bamc out onJy by Lhe firsi fw e^aiupti^S HWW already in 1^5^ reiuioncd that the 
LHWW niastimum marks the onset of instabsliiy, and tbiU the HWW tninimtiEi shows 
the return of stjibility^-n tstabiliLy which Oppenbeimer and \"olkofi in 1939 made it 
plausible to coEigider as disappearing at iheLOV nmimum. I'o iillow a definitive stabil¬ 
ity analysis, Chandrasekhar A) and also Milner and Zapoisky (1964) have recent' 

ly fonnukted a variational principle' w ith the help of which one can dciermine the droi- 
kr frequencyf of the lowest purely radial imsde of vibration E>f the system (acoustical 
mode; w in mdiaoi per uni I change in the gfXjup-thKiretkally debned bchwarzsdiild 
lime coordinate a coordinate w'hich agrees asymptotically for large r with prtiper 
Ltme). For this purpose one picks that trial fimcLton, |(r) (simplitude of radial displacr- 
ment in the oscillation), which nuninii^ces the e3q:>ressinn' 


X 


iw [iii + n -IV 


/' i \ - 2ni*'T)-^r^p* + 


Here we use tlie abbreviations 

If 


1 [= f {{ - 2 m* ■ 

•^1.1 

K\{ii;dr){ r’f r/p* ' t/w) , 

(in + D = / (1 -2m* rr)-*-^H{Hwr^p* / ry^^dr , 

Jn 


(lUJ 


UI7) 


^Thi^ ^uriationai iirinckt^ b ikrived tmm ^ricirg> ci'^au-demtici^w in A]}|iciiilii iuji oa Ibc 1'DV 
equation of hyrirottaUc equilibrium was derived from enerjD^ cDiasidertiboiii h chap. lii. 

* Thii e^piwiopi bnn obtalncti by trjuisdunBini^ ftJFWUliu. for In Sticll n way 

litaLcvoy' quAntEly whirb Kp^nut tL k ^ven iKiiut. i Will be dirtily ciprcsecd In Ecrmi thf 
varinifhs 0/ Thuij wherever i*Kf^ appew In bin we wrllt fl — and wber- 

ever appearjt we pat (cf. isq. [IK)) (1 - ^Ve ulsfa rciituce the presflire gfjuJknl 

by + ^*Kw* + 4»T^^*)j''frf‘r — find lhe cbEDiki.1 pcUrnLla] by {p* + 

dp*/dn. as (ei,!. |14Jh SVe undemund by the «Uadard iMryon that hy ^ of the 

ol free atom Fe” (as in Tabir 2)| and by n, tbe number dcnBily nt biiryrM^, FinaUy, where 
CluiKLrtLHkhfir Ivfi equaikn ilf ntmW and write# in liitie -nr hh temii (corrEspondlajj 10 

IT ab£>vej the quiuitity we repbet tliis by its jiroper gcEicrailiMtiiifl « h dp*/ 

4n ^ n^fi*/dii^^Tkc numbenag E, 1'^" has b«n cmpluyeii sti Etukl mac eim, ii be wishes, 

each term as tit irarLabfrtflecJ fignifinl tite carmpijndtn^ term nti the Fl^bL-hand -siiir of t^handrosieltkAris 

eq, (irj. 
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anf] 

IV - ('”<]- int‘/ r >-* “jf \.4wr^p*+ f«* f r . 

The function fttf) which piotiuce* the iowesEL-^iilue of the frpuctlon (I If>) is the 
mode’* or ^'lowest mode"' of o^ilktion oF The sjatem. This known, let one isurl anew 
minimkiriijf CKprcssiofi (116). This timo, howe^^er, dunuind (he iriiil funetbn be 
orthd^nal to JiW in the sense 

J( )tc(r) rVr-0. u-iii 


In this case the exlrainum probiem definea anoiher fuiiclion, £i(r)p lhe '"secoml mode," 
Sinuhkrly one cun define jmd Cnikuliite Ivij^her rnocles, one by ooc, until one Heis h urmt- 
plelesct of modes, tdf), ... < , whk h—for coiivenience-yone has multi¬ 

plied by such factors thiit they ^rc not only orihogonal but eiI&o nomali^sed: 





0 For ME M ( 
I For w = fi T 


a£Qj 


In the spcchtS case oF a sphere oF iron of niodcsl dimensions, where the Elenshy Ls 
practically the same lit the center ag at diE surface, iht nu^es under diseussioti have a 
well-known and simple form, 


Sit) 


(Ap^/kpt,] I 


— {kr} /3 for gniall r 
I ( k r ) “* cm kr — (r)sin ft r I fur aii 


f 'i 


cos wf, 


I ISO!! 


lp[r) ■ kr ain kr coh iaf * 

Here the wavenumber k is such as to mttke (he demity imd prEtssurc tTcrturbci.Irons van¬ 
ish at the surface, r ^ R: 

k,^u(w.:R) 1, 2, j, . ■). 

• laii 

“ k^ldp, tip]n = constant - 

In the folio wing u-e consider the dynamics of the individual nominl rnrjdes at a moment 
when ihc central density is increiising. 

For the loW'est mode, n = I, the density chEingc Ap{r) Falls monotonically from - 
Apv. at the center to Ip — f) at the surface. The materia) undergoes a simpk breathing 
oscillation. The dispbceineiiC £(f) vanfehes at r = 0, by reason of S;mniCtn% but ev'ery- 
where else ia dirtcled inwartL For the ncxi in<4e, n = Z, the material moves inward 
betw^ecn r ^ 0 and r * 0.5ft 1 Rj atw) outward from that nodal surface to r = R. For 
the mode w = 3 there are iwa nodEil spheres which dmde the two regiOTis where the 
fluid rnoves inward fnmt The one intervening region where it maves outward. Mom gen¬ 
erally, m tht irth mode (he displacement f(r) Punishes at the origin and in addiiion on 
(/j 1} spherical Burfaces, or jit a ioUxi of n points.. 

When the mass of the configuration ie incrtiised, the density at the center rises. In (he 
course of this change each norma) mode of oscillation gradually changes in Also the 
amplitude |(r) ceas^ to be given by a formula els simple as equal ion (lift). However, each 
mode remains dearly identluBd. The dtsplrtccment |{r) has the same nun^ber, fe , of ^roes, 
as did the adcestral mode from which it was derived. The amplitudes for different mod^ 
satisfv the condition (119) oE orthogonaiityi Also the quantities Ub.® remain in monotonic 
sequence, 

< BSj= < EJa* < „ . * CI21> 
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11, Tht C0Kfiguris4wn is sSabh tirMirar)/ sm^it pcfinrbaihmx n/ sphrricni 

Synttitafry if an^I only if is 

By way nf t]lu^l Till ion,, consider Lhe case where is nc^alEve U'rtll wi* ■ — fti*; Ihus 
the amplitude factor multiplyin^ (i dejjtntis ujwn time as and ul! lh,e other Wn^'s 
are positive fumpliiude factor peri<K3ic: iti with period 2 tL Let the nctua] tonfii^iira- 
don differ fr^irn 1 he ecits]librium Conlif;untlLori for ihal same nuiiifjtr of bar^’anh, A, by 
a smalt ini I iti I stalk radial displacement (fr’h I'hen at any Inter tbic at which Lhc small 
amplitude approximation rmikes sense^ (he rfispliitement is 

tn 

f ( Fh n = ( f 41 .> I r jLosh EEj i ^ ( £., f«) {„( f Kffii . nii:* 

The (irsl term, if it differs from zero at all, eventually comes to liominritc the motion. 
The increasingly rapid inward flow of matter throisfthrjut the entire system becomes mpre 
important thfin any of the vibralory displace men (s ussociaicd with n = 2., ^ , This 

is the siUlatiofl W'ticn the '-f'Dltricr Cocracknt" (£,, {]) of I he original displacement is 
positive; that is^ w'hen the original daplacement is “prt'dominantly inw'ard.^^ 

When the inuiaidisplAccrnent \£ predominamly outward^ and (f.> is negatrve^ then an 
OHl^'OTii doiv becomes strunj^er and stronger as time advances. 

When not onlv but also ia negative, then futw mrides of TUntiyn grow essendLilly 
exponentially wfth rime. However, the grow tli cr^nsLanl for ihe firas of these modes, nj, 
exceeds the growth constAnL *=. for fhe second mode (d. eq. |122|}^ Therefore, the first 
modcp w'hcti it has niny significant amplitude at all to begin with (non-negligihJe \iiksc 
of r£n will eventually dominate, Thu^ a s\ sstrni w-’iih bolh and fiJa^ negalivc can 
be compared with a pencil standing on ils tip, on top of which there Is atsofit^r pencil 
standing on ifs tip. When an arc light projects onto a screen the motion of the Iwo-pencil 
system, two modes of Instabilih- abow up. In ihe ilow'er-Krrjw'ing mf^de the angle of in¬ 
clination Cil the upfjer pencil to the vertical iiS I.4J times as great as the angle of inclina¬ 
tion of the lower j?cncib and bos the same sign. In the other mode the upper pencil has 
—2.10 limes tlie inclination of the lower one; and the ax|>rjnvniial grr)w(h cnTisUant is 
2.W times larger. This faster growing mode dominates in the citse of the |wiir of pencils; 
and likewii^c in the case of iiti equilibrium distribution of mass in w^hich the iw'q lowest 
acoustical modes of spherical sj'mmetry’ are both unstable, 

Afisner and Ziqiolsky (1%4}, employing the Variational principle of Chandrasekhar^ 
cakulFitc 1 he value of for the Icnvesl EuroUsLical mode near the L( JV critical point. They 
find that utr changes from positive (stability) to negative (instability) a-a Pn increases 
through the characteristic value, X g 'cin’s assm'btcd wilh ihbs crilical point. 
This dreumstance meitpii that ccjutigijratiDni^ arc unstable for values of pw for at least 
sriEnic dist;im:e past this poim. 

What about the further critical point marked i/Z in Figure Bf kjCHted near p,t ^ S X 
10^* g/cm*? TTaerEj as al the Lt) V critical jHtinl, the cur\x for Af as a fund ion of shows 
a maximum. In the ncighfi^prhoud fjf this maximum .Misnur and ZapoSsky agjtin calcu- 
laled However, in this case they found no change in the sign of wi* iii or near the 
mjiidmum in M = if(pft). They reporl ihai the hwt^\ at'ouslical mode is unstable 
throughout this regtun, '[’hey quote one of u& y. A. W.) us reasoning that It is not the 
lowest inoiie but a higher morlc which becomes unstable at the MZ crkicid pciinl. Wc 
shall see shortly that the third acoustical mode becomes unsUibk jit this |>oinl. 

So much far what has been learned previously iilxiul lhe stability of ihu equilibrium 
configurations by calculating ihtf frequencies of aatHistkai modrs^ Now^ for another pre- 
liruinary siep toward understanding siabiEity^ tills rime foctudiig aUenriou on ffttrgy. 

* E^‘i>r the famhlar I hut fusitEfy thla atabhity IhrtirEm, aec any sncnniary oi thfl tbeop' of 

Smjill dEparturcs Jrwon «iTiilibrium (wnfll of IVincarf, LlJipoiaJinif, and as. 

V.g., IxfkiUE (t95F;i; Lytlleinn CErnnlniii.^ (E^.^4'i. 
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jCtL’tWJVJCU OK SOLTHIOKS WETJ! KxVl^HCiY EXCESS 

ZeVdovich (1962) comparcfi the coafigurationii jiisi before Ihe LOV mass niaxirnutri; 
(p^ < Plcjv 6 X 10“ g/cm*) with tht>K just beyond that lONtximum (pn > plciy)v For 
tftch ban'on number less than the peat value Auyvt Juid greater limn sotrie unspeci¬ 
fied lower limitp there are two configumtioiis. The high-pa one of these two configtirHtionSj 
og Zel'davnch can show from the results of the numerical integrations of Qppenhcimirr 
!itid Volkolf p has a greater mass-cne^' than does the low-pc^ arrangnment, Moreowr^ for 
A values siiGickntly low In mmparisan with Auw the high-Pft configuntlion evtn has a 
higher nioss-energy^" than that corresponding to A fret haiyons. This point can be sum- 
mari 3 ed and stated with a little more precision in Theorem 12. 

Theorem 12. Tk^t exUt jfduiwas Utr. g-cntrat^rfhlmJy ^ifnaimn of kydrosiaik €^i- 
libriutn which hate CJi^ss ruergy relative to dispersed atoms al rest at infinite 
separation. 

Figure 8 shows mass-energy uS a function of baryon number (schematic onlyp in order 
to show all the imparUni features on out and the some diagram The hesi-v'y line, leading 



g,—Masfl-ovcTg].' as relatfiJ to haryofi number (ichcmatJC). OitsAisf straighi lime: Ftff baryorift in 
Uw ataadaid ferfm Fe^ atfiins ^ muss ftf Fe*^}. MtAvy lines: hs hy J^cl'dovietl PTom 

ihe nufiKrtcal results- of Ofm^ciMcr And Vr>lkotT Lighier linttr As dcducHl here from the 

HW interatiDDfl. Sw Fijr- 5 for i^lentilk^tirai of cdtkiJ pdnt*. Krrc " dmolca tlir limtltnffcim&fure- 
don of iuloite dcntml derwaty, The infiTiitcly many /si^j^gslcadans to this petal ire npt shnwn. IkVtiea i™ 
BKtcFM oE ihe curve m«t Jil a. cHlicnilpoint pYhe confi^ratimiB crti Lhc higher lyinR u/ iAeie 
{ii. + t) uRstabie acoOaticA] mndfis ^purely radiiib tyusimctTyO when Coftfigarau-Dni otl 

kai^-cf-b-bif iector h aiwtebJc Bcouatfeal nimjfs. The sJsipe givea the themiciL ppoieotiulp ni u. 

tiArvon in^'^'hcrc in lhc interior of the ctHifiguratimip and at iLi Burfoce (r ™ lhc fDnnrf*"''/M *■ 
ThedEffererwe tn thii dqie between the hsgher-3ybi;: amftKirraticms ano ioc tower- 
tying canfiguntjoFij ii fieint in the iiiw mett ib directly eotuiet^d with ihc 

operation of jumping up the energy ol ihn iystem.'* Thai opecntjun t*kea pi&ce in a izyck; in which ^e 
adds- hari-ons inii then taJees them, any (paiota l^OV irtd J+HWW) or takes Ihctti IWiy and then ^rtd& 
them tMZ and H pointah Thb '‘pnffitiiia ftcltofi" U the founiJiLtJDda fftf in Impoftimi poinl m^ird hy 
^rdovich: There ire cun^untioM wnich are ciai!tecfitd!y unatible ijgaaust b™ltup Into fret re“ atom* 
even though itiy imiivtdim partick is web hound the CfinfiRunstien in cvea^' inStmce (chcnlieil 
leeuial tws thnn the standard valLie fir A value of the BcnErmI-n;lativily miltatlonai pnlcUtill at the 
surface, [1 - 2JJ which in all Cokh h Icia than unEty), This insU^ljly is analyaed more deeply 

fn the text in terms of the changing ala bill ty oF indivEdua! modes of acouBtical vSbrmtJdn- The lhi« pen- 
cil» standins dp-to-top aymtioliEe the '‘^tability^' of crudkibritim c^nfigiynlkini-in the Bcc(nr leadinR lo 
tbe ll crltlf^ pdhitl 



54 


GRAVJIA11UN THL^^KV A\]J GKAVlTATlONAU OJLLArSiv 


from the U\VW to the LOV tiriticul |>ointp liiid from the LOV |KjitH b^Kk \n the IklZ point, 
h tiikeii wilb niiKiific!iilions (torn Ihc paper of Zel'dovkh (1^62)^' The upyicr of tlte&e iwo 
h<Mvy lim*s trosses the straight line M = .1^^ cntrcsponding to the mass<‘n^;tgy of 
bart ons b the fomi of dispersed Fe®'' aianiB. To the left of this fm&>bg point the E^ui- 
libriun^ configunilioii-s on (he fLOV)-{MZ i branch iiavc fjw'fgy, 

A contkguration with esce^ tmstaiifr hi firinciffk aj^ainst a calltctiir trijns/ffr- 

muliittf in which it diaperBEs into frte litnnis. HoWevTit as KeTdovich ^loints out, the 
same configu ration iit tlie same lime is slaMc in anatlier sense, 

THb^ottEii 13. Ewry fw/f^urnlitm h finite ugatfisi any ane-ai-a-finfe rcmm’^lnf 

l^rtriif. —(Zei'dovkhj see ulm Thearem 4 £tnd [l^\ Jibovcj: The mEiss-cnerjEV (“injec¬ 
tion needed to create a tjair>-dn aE I he surface of the configiirarioii-^r fn iis 

interior—is — 2Af*/^)‘^^- "Htis is Ehan the energy- ji, neei]-eil lo creitlc a baPi^on 

(■A" atom) far froEn all gravitational attreLciion, Therefore i7 casi^ fn^gy uy 

remove a sin^U ljar>^an (or a simill number of bEUr)-ons) from (he sT,'3teiii (o intmily" 

Zerdnvkh invites aiietiLion to the anLilog>^ between the orbits of irKlividoid bai^'ons 
in the nutssu'e system onci the orbits of electrons in the Fertni-Thomas atom modcL He 
makes lheana!og>' more lively by Eniagtning the idcHlucd situaEion in which the barynns 
have a practically unliTniiefl mean frei^puith through the configuratitin, as do the dtc- 
Ifons ihhnsgh iht iLlom. Noeic of ihese orbits ever reAiches jun r-roortluiate ktrger than 
R. Eirry tirbif is iitmad in thf. sfif-amuhktU jidd af fom aj j// ike 

parfides. 

bVlKi^KlS OS Si}l.lJTIOS'5 T\TT1I BSERUV KXCtSS 

It h intcrtiiling that long ago Einsteb ^1^3^) al:^i 3 showed the csiilcnce nf self-con¬ 
sistent solutions with energy excess for ji ftv'slem ol pEirticles held Logether by iheir 
mutiLiil gra^itationiii iittriLCtjon.* He Wfis coEiccrned not direciiy with gravilationul col¬ 
lapse l]tit with Ehc Fk'liWHrr^rhikl aingolarily. Is it possible, he .-tsked, to build up a licld 
L-onlaining Such a singutELrity '^wilh the hdp of fictti:i] gr^tviliiting masses”? He esciuded 
in thb ccinnecLion the incomprefynibleftiiid of bihwurzschild fcf. Fig. I and associated dis- 
cusairin b the text) hm giving a speed of ^nund exceeding the speed of light. Walh this otic 
equation of stale Violating causality^ Einstein was concerned nIiOiil accepting ow^ equa¬ 
tion of slate lest in it, too^ ^‘aasumption-*^ have been mude wtiEch con tab physical htv 
[jiKsibillties,” Therefurt^ he ftx'uped alEcntioti on "'a wstem resembling a spherical slur 
cliusler . . . u great numfxir of small gra\dtatiiig twndies which rtiovc/iper/y under the inllu* 
ence of the held produced by all of them lo^^elhtr^'—whut in atomic physics would be 
csdled a "self-consistent solutiDn/' He Umilrd Eiiicntion to motion in circular orbits, Ht 
s.howed tluLl ^dhe Schwarischild singularity does not apptjar for the reason that the 
m EL tier cantiol be concentrated arbiLrarih'/' thus answering the question he had set 
himself. 

Our interest liere in Em^lcSn's models el rises front a different cause—^ihetr exhibition 
rif Ehc phctionicnrm of cncrg>" excess. Tq luring this effect intn viewp it is enough to 
considur his simplest. modpL Elat ^lace insidt n — Ar, Sehwarzschild g^jmeiry- from 
to and pEirticle? in the ihb shell between fu ^ Ar and occupying orbits*, w-ith all 
orienlatifrtis of these orbits eguaUy probabEe. particles neat the inside of this shell are 
subjeel lo almost no gmvitaLionaf pull; iherefute, iheir ccntripeEal acceleration is ver\ 
consequenLly they must move with low vclodty if they Eire to remain in eircuJar 

* l'P(r. ^ d Zil'darfcll fthi>w» EFtily Ihc anr LOV critSciftl p^Silnt. Ttur UiVrtt bfahcEi -ofti hb etuve is shnwn 
jifi Itatirng ba-cL to ihe origin, ruthur thun to die HVVW eritital point indteated in thv prij^al Vlfi. ft. 

' Ejnlleln considered a. sfflttrlcady ^ymmi^LHc SUtrty uf paflEdc taMib. TKc same quiralitili ii[ triiidias 
hus emmiici’ei.l in Iheca&c- of a CullccliiDn l*I orbiti iif full £pJ|jH/rH?af Syirunrlin' bj' RavtlmudhiirL Afttl 
Snm We itne Indichl^^i U\ I’lr, Knychaudhuri fnr illuininatina rfL-ricussian:! oE these two pnpers 



55 


ST^VBIUTY OF EQUILIBRIA CONFIGURATIONS 

nrhits. Particks at thc^ ouLsidc of the ^^Iiell move with the hi^hcal velocities^ V%ea this 
velocity h a sbable fracrion of the sjiceri of lift hip the rebiLivislic conltibution^ to the 
cdcrgy i)er |)artic]c ami to the i;ravitaL]onal uttracliofi b«:ome ^'gEuBcEDt. This ii the 
only computation in the problem. Otherwise a Xewtoniafi anfilysis w'ould suffice. More- 
over^ the Xewtcinbm aniJysis shows stJine of tlie mam features that are of interest. 

In the Newtonian ireatment the ip^a^itallonal polcntUl ontsicte is —GiAut)/*" and 
mside is The gravitational energ>' is 

iJ(gtttVpt£ttbnai potentbl) d{ mais) = —G( A ju*) ^/2rt, i^i 

The totoli/^ kinetic mergj-, according to the virial theorctn, b opposiite in sign to the 
[joteitlinl energy' and of half the magniLiick. The sum of the kinetio and potent iai ener¬ 
gies tan be Imnslalcd into mass and added to the mass before nssemhlvj A^r, to gel the 
Schwar^^hild mass-energ^- ikS sensed extemisily* In geoniettbed iiniiis (see Tabte 2) one 
has for thb quanlily the formnti 

{XewtonlaTi approKtmalioTi] = iA J Mp*)’/ 

Etnstcb'fl result agree?i wiLJi this quasi-NewIonian formula for large ra (low velocity 1). 
For general values of ru, including the case of compact configuraLitms and high vrtndlies, 
where relatuiRtic correcLions bccmne in-ifjortant, his cTcpre^ion for the niass^enErgy is 
given less readily in teniisof r* itself than in Ttnris of a “radius parameterj” &, connected 
with fii by the equation 

ru = ( .1 Pp*) l^'^E (tan Bu~ ?h) - dan 0 - 0) \ 

Here i^u isdelined as arc tan 2'^ ^ radian — 54'°'44T‘^r When is0, the SChwara- 

schild nidi us rn nf ihe shell has its minimurn valu t 

rtfminlmium) = 3^082 £ 4^ii* }. ttar) 


The partklts moving in the outer region of the shell hNiVc the maximum pcrmbsibte veloc¬ 
ity, the speed of light itself. For a larger one has a corfigumtitm of a greater rjLWhen 
fl^appruLii'h^s tf*!, the quantity r* goes to infinity. The speeds of the particles in their 
orbits beconie smiillcr iind smaller (NewtoniLin limit .1. fn terms of this racltus pHtiimctcr 
H the nutss-energ^v of tht conliguration in the gcncml cast ia® 






l-fcofl^flj>/fcQa^ g) 
(Lqh Bn— - (tan — #) ’ 


''IJH'i 


Values culcukited ffotn e<tU4tion 1.128) arc comparLt! in l^lbte d with the quasi-New-'tu- 
niLiri vjklues. Table 6 gives the ma 3 SH?nerg\, M*, for a fixed number of particles^ .4, of 

* Fn^r i4i<- aak* tvi cttmpujtLijra ihc eipreBMijnfi of EJnsHiin, ccuitaininE iin aiftbrde fififamctEr ir in m. 
miller cmnpiicalfd huVe been trwi*l-rt.l 5 tL here Enta Icrms Hit Lhr li’ij^irnifswEric: j-kfUAnitter coli"- 
nccLccI with m by tht rtktbn ^ liiaslBEfi uatE cDnlorma] cmircti- 

5Wt« and a cDTres^wndiiiE c«?nnliiiate rifiiui rjr, wheieas tJiG quimtity r f<jr fi} in I he tesi b the ikhwjLrz- 
«iliJ]d cuordiniitE r, defiJiiKl bv the dtenmatance IbaL j^vti ditrectLy,, whh-rJUt any coiTccbDii 
Elistance al(jn| a areitt circles fJntc that r « r«ifl -h fn termii ai tha r cmpIm-Kl here atiil ebe ■ 

wherr in the- rirc^cnt luEiclej the nletrk uiati^dc FjlUleEa's ciuiter of parlicles h 

- ( I - 2M*/r)di^+ ( I - 2MV' )-b/f=+ rHtt§^+^n^ 

anl niMile is _ j ^ _ 2M* / "F iir* + fd + Slll^ 

The cwifidciit o-f dr* chang:^ hat MnDothty aver the thickness Ir uf thfr ih^ll fro-m i irtfildc to 

11 — (extreme value [1 — J fi*r hwl I^.jw in I'ablfi &}, Tfifciugli tlir 

al ihk change- and of lliB accompanyiJig change in jmiticle VEltidlfcii—Etctildn i& fed ia the fEj(rffli4la^ 
orhia pnfier, fontiubie K^wrted hwe in me fl ncitatfen. 
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rest mass when Lh^ particles move m dreukr orbits GorJini:d t& n ihin sphancii] 
shell loc;ited at a ro of the Schwar^hlkl coordinate r. Here M^^s* denotes the 
quasi-Xewtonkii iipproximation for the mass (eq, \U5]) and denotes Einstein's 
full Eeneral-rcLitJvisiic vskc feq. [123]), The qiiantUy & is the ^‘radius parameter'^ de^ 
lined above. The confij^urations which, according to Eiimidn's annlv-sis, have 
energy (ot^cr and above the aanse number of free partides «t rest at infinite se^mratiofi) 
Lire marked wbh asterisks lor ease of tdentification, 

Eronn the numbers in Tiible 6 one sees tliat Einstein's value for the mafls-cnerg>^ of the 
sj'stem agrees irlo^ly with the qiiasi-XewIonian value for a cluster of Jarge radius and 
low vel«x:ily, tis expected, Huweverp for more compucl cotlligurations, where velocities 
approach the speed of light, and TeLatmstic corrections become im|Xihrtanl, Einstein’s 
fomiuk gives r^ulls sj'stemacically higher than equation (125), For a sufficiently com¬ 
pact configuration the increase is great enough to make the total mass-energj^ 

TABLt: 6 


MaSS-ENEJLGVp M\ for a FrXEO NUMIIMa OF PABTfCI.E!!l, , Of 
ft^sT mms, ji4, Moving in CinevLAR Oraits at r m,. 


f 

1 


] W.-Adp.*) 

OA35.mi , 




.95 . 



U 993 

‘JO. . 

U JU 

[) m 

U 93^4 

M.. 

6 31^ 


0 966 

m . 

4 

O.'JW 

0 m 

M} 

1.77 

0 954 

U.9ikf 

.50. . 

A 45 

0.92? 

n 972 

.■«3 

5 24 

0 925 

□ 984 


5 £4tf 

0 m 

n 99f! 

.2» .. . 

J ion 

0 9J9 

3 032- 

in 

A.(m 

0 919 

1 025* 

u.oo. . . .. 

3 082 

IJ 919 

t 027* 


than thiit for the same nnmlier of free paniLies at rest at infinite ^aralion (last three 
rows of table). Thus ttT mmt condvdf that ihe sy^ttm it in pritieip{€ uK 5 t 4 iNii a 

hdm tHnnj^t imdiffg io hffakup ittio /w ^rHdrs. Vet (ht orbti iif my me pttriide it stabli 
tiffaimj smail prriiirtuiitiHs^ The particle inbound. li cannd escupe infinity by iisdfi This 
^'stability in the sniall and itistabilUy in the large'' k thus a properly not only of certain 
of Lhe ^ullibrlum configun]lions of cold, cutalysseil niiitter^ but alsa of ceruEn of Em- 
stein's c! osiers of particles. Furthermore, it is a feature of a third kind of organised s^ s- 
tem^ a "geon/* 

A CEOK A$ A xrlTtD T^XAWFUF, OF A SOLL’TlOS W 1731 ENERGY EXCESS 

A geon is a collection of elect ronia^e tic radial ion, or gravitational raditklkm, or both, 
held together by its own mutual eravitwtioruil attractionj I'he concept arose directly out 
of concern about the kiMJe of gravitalxonal collapse. The high densities encounter^ in 
late stages of €oik|7se prt^ent^d^ and still present, Essiies about the equation of slate of 
highly compresstitl matter. These issues in turn dtTnand fur their solulion information 
about ckmeritary^particle physics that is not available, fn !oc»king for a way to sidestep 
these issu«, Qne niiiundly recaUed that some stars derive ihcir energy^ aiiiuis"l exclusively 
from particles- others, from a mixture of particles and radiation, TIte extreme Hmit of a 

^ J. A, Wheeler, Richonyer Mcmoriml Ldcctum, VoA, Jfln.i±arj-, iy.M (unpuhtliheiJ); fur ample 
Bphcrkfll^eonssM W'hwh?r br ThermoJ gMitfi net power and Wheeler I lO-SI) (thcaa bolh reprinted 

ta W heetrt II‘>62J)5 ami for gravitmtifjnJiJ see Brill and tlarlle 
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dcrivinf? iU Tiiassr-encr^' from rEidiution i^one liicrcfore sjuggested itself. How¬ 
ever, with no mutter Lu pfn^^'ide opacity and to daiTl tip Che radialiott against e^ap^p 
Stability coLiid onh' be mninlaincd by excluding all pholon orbits in whitb the motion k 
purely mdin] or even largely radiiiL This rcquifcnienc is easily *atisfied, [ind a hirge class 
of geons fums out t[j be open for investigation. 

One of the simplest of ihcse gravitution-electrornagneiic entities is an tknienlar> 
spheric^il ge<>n. Here the motion of the photons (apart ftom ssero-point radiid iJftcilLa- 
tion) is purely lani^eniiitL The elecirotnitgnelk energs is conlined xq a shell of mitiimal 
thickness boctklcd al Some definite distiLncc K (roni the krenter. Iti lemss of the mas^ 
energy of the system this distance is R = 2.S.'S Af*. The sy^slem as u whole is in equi- 
librium Etgainsf uny change in dimensions. Moreovetp ihi^ individual photons are w-etl 
butind. A.ny esttipc h possible only by a physicsd^>f^lical tunneling process. The number 
of viljmtiim |ienods required fur by’ihis mechanUm becomes large espinentiallv 

fast with incr&ise in the ratio 


1 ^ X _ (t^Foper circu mfe rence of the region) 

^ ^ ( WLivelengih of the I hipped radiation) 

Therefore the system be made as stable us one pleai^-s agiHinst escape y/ 
ph^ititiiF hy Tiiaking up the geon. out of radialiim ol suthciently short wavelength. 

Stability against e^«:apc of individual photons, yes; si ability against u rdkcfriff defur- 
niation, leading either to collapse or explosion, no. Consider a slii>w thangu in wtnch the 
proper circumference of the active region changes from in-lif to 2iru/^ The iangcnllal wave* 
number uf a t\pical photon (standing wiive) is allereti from 


A.... = i/s^[N/}.)/R-lHi-\-u ]' 


lire mdiat component of the wavenumber ("zero-pohU oscillation'' in the ihin spherical 
shell I is negligible by comparison. iTierefore Lhe energy d Llie individual photons can 
be caltulaled ditectfy from The sum of their energies, ihat is^ the total electro- 
luagneiie snafis-energy of the system, is Lncreasetl from its orcginril Vidue, E, by the Same 
facLor of change as mullrplies It becomes i J? d)£. 'Hie grnvitaliomil masa-energy 
of the !sV'SU*m can bt estimated well enough I Jsr the purposes of a qnalitnlive di^usEu<m 
be the quasi-Xewuonbn Eipjiroximiition of t'qualion f 124); thtLS, 

^fMn ** — — tfiledromagnetii: mass-cnci^ )*^/2a , * i < 

Combining electromngnelic und granitaiional conirEhutions, one has for (he totril 
energy of the geon in the present approximation the result 


'Riis expression pealts iit = 1.5 HH. Ute peuk value rct»p^sentfi the equilibrium maa&- 
energy of the s>^stem. It is connected w‘ilh the equilibrium radiuK by the standard 
formula for simple sjjherical gen^ns-, Af * = i4/9)u. However, the mass^inergy is evidently 
a fnaximufn nt ■ = L5 ER. There is equilibrium, but il b mtsfahk egKfViftri'irw. I’he sys¬ 
tem is unsLible against a collective luotion in ivhich the diniensiuns of the geon chher 
grow ('^svstem running downhill on the outside slope of the potenlm! hill toward disinte¬ 
gration Jnt-o fre^ radLalion^^) orcontmet (‘‘running dow-n She inner slope ul lhe |HitentiaJ 
hill toward colbipse'"). 1 lie analysis of the t£[Uilibrium and its in^Uhili^, given here in 
terms of quasi-Newtonian rtaBonlEig^ has been justified by Brill and Ha rile (IWt-IlJ'C) 
on the biLsis of general relativity and first principles. 

" I'lie fijllrtu'vnjf diBfiJSHOii Ee fmm llar l9Ci3 Les Kuuchf^i Itclapes nf hw-ltr ^ 1^*^)- 
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TITREE KINlJS SVSTtlH WITH li.Ni:fcGV S^XCFSfi: ^ ODMI»Ai!Iiii)N A CONTRAST 

The g«jn fJi(Ii;ra froin EinaJdti't clusier of pa^rticlea mid trovn the equilibrium ton^ 
nguralions of told, catalyjctd matterr in two re^ptcls, Fim, eqiiilibriLim for the gean is 
jilwrivs unstable^ for thu duster and (he SUr, soirieLimes unatabk'p tsomeLimes sLablc- 
Second, when the geon exphjdefl mti all the energy is cstmctcd from the pirf>dm:ts of 
exploSii^^, natkitig is ie/f, fn contraiit, ki ihe duster or (he star be in a t:oin(igisnk(ion of 
energy excess. Let it explode. Agiiin extract all tlic cnerg>' from the products of explosioci. 
The energy- madeavailkble in thk way for use is only a sEiudl fraction of the total mass- 
energy of the original system. The bulk of that fnass-vnerg;;\' unavaiiabk, ll appears 
as the sum of the nias-ses of the dispersed purliclea, at rest and at intmite separation. 

Despite these two differences between the gt™ and the two kinds of particulate sys¬ 
tems, there is at the end an even more important ^Miint of aimilurity t,-!// Skw iyp^s o/ 
sysiefft possess aynjlguraihus with Moreover^ this f'wrtgy rxffjj frfljra hack 

in fvery_ cast lk€ Sa^ Jcnim: to p^riides rir radiation frdvrlin^ cW "la or at the speed aj 
ti^hL Xeither Einstein's clusters of pitrlides nor the equilibrium configurations af cukij 
catalvEttl matter manifest energy excess except when the cooilguration is so k:ompact 
IhaL the velocities of a siziihlcfracltchn of the particles are relativktic, 11 does not matter 
that in Einstdn^s Llusiei: the fMrtides wdih the highest Vi'loLati(^ are at the outside of 
the configuration, whpeas in Ihe cold star the highest pressures and greatest Fermi ener¬ 
gies and fastest ydofitics are al the center. Ulc important point is that ihcSi- vxIcK'ilies 
should be rehdtvislk. Umler ihest conditions the pressure-iU-nslty fekiiions for ii cohtc- 
lion of fjartidcs approxiniiite those for a collection uf photons. That onlv a frarliop of 
the part ides are rclalivislic in Einstein's dujiter or in a configurarion of dkd, t'jtlalvKcd 
matter, even for ycrii^ high centra] density, is responsible for the limited magnittuSe of 
the energy excess in tliese 1 wo instunees. (Vniy a fraction irf either kind of syalem iscum- 
paruble Lo a geon. Therefore, it Is natural that neither should show iht phenonienoti of 
energy excess m such extreme measure jis fioes it gconl 

L. (jratton has noted in :i jirivate discussion (December, 1%4) that there exists in 
principle a way to from a cluster with etieri^' fXCi'sa to a geon witb energy 
Let the clusUf contain as many pardclc^ as iintipartsdes. Let it lie affiingt'rj, by the 
spacing rj| the orbits, so thut a parti tie has a good chance Tu annihilate an iuitipiknide 
only if the two rsiomctlta are nearly equal in rmignitude and Opposite in direction. Thtu 
the two annihitiiEion photons will tnivd pruiercntially nearly ttuigentuilly, 1'his is the 
direclion of moiion most favorable for retaining the phoion^ in (he resutiing gean. Thus 
a configuration with an energy e.xcess of a few per cent a I cnwt will be ti’ans/nrmed into 
a system with UK} per cent energy exccss- 

WARYONS ADOEU AVP tlARYGNS TAKHN .AWaV IN RKFEAim CYCLES TO ISF* 

Tttl-. trKNTRAL DEXStTY AXD TlTTC EXCT;sS ENERGY TO ILANlSdUli VAIXte^ 

^'Energy eKc:t*ss'* and acuiistkal nuKleSt stable and unstable: What have these ideas 
to do^ with the inlinite numbtr of ma.v[ma in the lurc'c yf equilibrium mnss M* as a 
function nf the^cenirul rknsity pu? .\n.swer; I he tcniraJ density incrtst&es without 
limit, a larger—-if nevertheless restricted ’—region of ihe dee|) inUTSOr tomes to pressures 
so high, and I*emu eiiergic!^ So great^ tiiat conditions art effectivelv reJalivLstk or 
'^geon-like/* The eiiergj' excess of the system increases relative to the sitme nitniber of 
baryans at rest al infinite separalioiu |■iow eve^^ thk stendy :iug!nentiii:i<pn of the energy 
excess and steady rise of tile cenirtil density dots not ct.jrii& about b>' stead^' addiiion of 
bary'otis to the syslrrn. Instead, the. fradhjt^l excess |(M‘ — and 

the cenifdt daniiy tjrt Mi "'pampetJ up"' their iintiiing by an hifnite series oj 

csciiiatory ehtijif^es in ihe bar yon nnmhi^ A. Murcover, at each stage of the plnnping 
process the system develops a higher order of inscabtlitv. 

This concept of “pumping up" The cent ml density insiy be rcvitwcrl appraprliitely in 
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broiid ouilinc before one turns (o any dctnil about the energy chiinges arid ihe nrclers of 
inaiabtlity, 

Any given cycLe ol the "pump"' conskts oF two opposite strokes. The ;Jri/ sln^kn^ pro- 
i:eed^ iu the right iti l igurc K; that h, proetedj h\ adding baryoTw. An example is the 
change from pwifil HWAV rkuirting cGiifiguniiion."" for the Second cycle of the jnin^p) 
to point hOV. The added baryoTis juigment bath -1 and .-Vf". Howev'ctp the increase in 
.if* h not hw gr^l ns the increase in .1 tnullEtilied by she rtidEs of ii/Fftt baryon, The 
barjk'ons are baiind. The tighter the barj'on binding, the lower is the fikp| 3 e ttM*/dA com* 
pareti to the free barton value (dashed^ straight line in Fig. 8). ITit stroke stops 
when the sjysleTn tomes In a critical |,>oint (tnajEimuiti m .1/*}. This point marks the 
beginning ol a new branch b the curtx for M* versus A (Fig. 8), 

Starting from the newly attained critical pointy the sremnt ilroke of the punip proceeds 
to lilt left—or, in (lit rximiplcp from inant Lt'A' to ijoint MZ, ah a ftranch tmrr 

In I his f^troke bary'ons nre rrnir>r€rf from I he S-VStetn, For a given change^ 
— A.I, En the ban-on numher ihemass-energ>- ilf* docs not drop its much in this stroke 
ns it hiiSt; in iht [ircci^ling CmistftijentJy there is a nei gain in M* - and gain in 

the fnictitmai energy exctss. This ne( gain Ss 2 ^ hi tie analogous to climbing a mountain on 
a 2 ]g 7 Jig road of a ^cx:ial kind. On each sector of this foitd heading to the right the slope 
is .sta^p and ihe gain in eltivatinn aubstaiitiaL On the next sector to ihe left I he rtmd -d]y- 
pears to Iki Lib-uidotiEng purpose, for it altitude. However the downward slope 
LS modest. IToni each point on this sector one caii still look down on the track previous!}- 
covered and note ihe gaint 

Only Ity Ehi^i. Zigzag course can * mount in values fTfaZ-fir than p,A along a toadw^.i}* 
w^here e^nexATThiTe dM* is less than 'Ihis important nhser\'ation one owp to 

Zerdrivkh Howeverj. he cuntemplat-ed a roadway with only seemrs in it^ 

meeting at the LO\' critiatl point. We see from Figure 8 that the actual situation i-s erm- 
siderabiy more complicated. iTrst, infinittiy fnany sijfsdjfj mtiat be traversed to uttain 
the 'kiiiiiinit^' where rentral density is infinite. Second, the earliest devatian 

rather lhan gahung it. The reivstm Is simple. The hrac zigzag has to do with conhgura- 
ttons of dcnsiiics considerably ]^ss thiin nuclear densities. Here eltclroifs provide ihe 
dominating contribution to the pressure. The binding is only tm>desl. In other wQ^d5^ 
ihe effective mass per Iparyon in the sj'stem, M*/A^ ts less than the ‘‘^stFLnfhmJ mass 
of a biiryorip*" a* {sco Tabic 2), only by an energy of an electronic order of magnitude 
(see Cables in Appendix A for details). In contrast, the nexi upkiU segment to 

LO\’) carries the s^'sicm to specific energies, which (1) arc aitd (2) arc 

iow'er by an ttierg>' of a iiHcietff order of rnagn Etude, This ener^p- Lnw'ering k rcas<mable 
becauae a aubstanlial part of the system has now become one pliitlt nucleus. Onl\- in the 
outer fcgii'Jii are individual Fe^' nuclei to be seen. 

THEOJttM 14. Tb^ binding at tke Wf mlkai pimd is fir H^hS^-d Apfida>j^ nyfikb can htr 

ackmffd — accitrdinj^ to ihe IIIV cqiuilwn o/ siiite—iti any f.quilibrium confijgurdiltm af 
atUdytSfd maiifr iageibfr by iix tnv» mniual gravifatwn. 

By the w ordtng of this theorem wc exclude any sysicm which is undergoitig griiviia- 
tionsd collapse, for it is nor in equilibriuni. Figure 8 shows quali La lively the superior bind- 
Eng at ihc the L(3V ctilicai poinL. 1 Ioivc%ht, it h not obvious from that diagram that the 
binding at the LOV switthback is greater than that at the t^rlkr LllWW switchback. 
The electronic order of magnitude at the binding at that earlier critical point had to be 
exaggemted in the drnwEng En order ili;U ii should even lie visible! The most reliable 
indicallon uf Lhe binding is to be seen in tht: tables iti Appendix A, giving both .^r*/.'3jjij 
anil p, ^ dif *-/£!.[. There the c<intenL of Theorem 14 is obvious." 

* If one cxiLinI[L€5 nat Liu: itveruga \xr pu-Lkle hut the ciicr]jj;,V p?r jiUf itddtd Cl'r ihff 

^lLUlFltily dM*;dA, «st3e _ljBdi dial It evacSie* Its mliunium value of \>Mt i little^ the LD\' 

&wiLthback, t^e^ipecteLl 'niis minEmuTn vjcluf CEua be rc4.d tithrr (I) fpom the tables in .^ppendis or 
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Onct (he hrt* become c^tiLiully nticlear lh th.initler, with nucleur stiHnerss 

unci the rorraponding ability Lo be worked upon by ihe pump, then each pair ciX back- 
arid-forth strokes does at Last steadily wse up ihc average tna-ss-enerj*y tier banou, 
n^t limilihg value Is rcsaihctl only after an infinuG number of strokes. At ihia 
limk the Ceolral density is iofinite and the calculated (H\V equation of state) ratio of 
mass to miis& before iiRseinhl^' is (The calculated liniiting value of f<p 

m*/iiA is 11-2 X =- tim,} 

STAfltLIZATION ItKQUIltl-LD Tti SttAL'a L^KSsTAitLt C-f "NFIUUKATlUNS 

A[] but two c>f the ““strokesof the pump*' {origin in [M, A] dijiRrani lo IdlWU' nUisimutTip 
:hk 1 I IWWntinimuTn toLOV' tiiaximum) run through canfiguratbnsfor which ihccquitib- 
riiiin is ujislaMr. Tor the leftward si rokes ^ J.BWW and MZ — LOV the inaLahib 

ity Ls as simple ik^ihn] of a ladder siandinic ois end withouE sopi>orl. One cstn imagine a con- 
traJpU which artiticiarh' stahiliKcs the system at this otherwise unstable position of equilib¬ 
rium. .AIoreDver^ insofar as this slabLlizer maint^uiks the ^'slem exactly at the equilibrium 
[loint, ii does nnt have to supply any stabiliidng force. Only periurbation.s introduced 
from on I side have to Iw resisted. The smaller they arc^ the smaller the demand imposed 
on the stahtlizer. Therefore it is appropriate lo consider the Ideal limit in which the stahi- 
lizer (1) can be neglected its a masa^rrj'irLg system in comparison wilh th^^configuration 
which it stahilii^^ but (2) cunverls unstable equilibrium lo suible ^Hiuilibrium. SitnilcLrlv 
lit higher modes of stability' one sees no obstacle in principle to an rurangemenL in whicb 
one traverse^ til! the of the (iW, vl) dbigfani. Otit slowly ptlds bnrv^ons to approach 

one crilicad point and takes I hem away to get lo the next criticsd iwinl. VVithoui the 
stabilizer^ the instability of Ehe ft)'Stem in the course of the later strokes of the pump is 
to be compared with that of a stqtKna: of ladders standing one on lop of another. The 
final limiting configuration (pn = ® J is in efi^C reached by a tower of infinitely man)' 
lEidders w'hich^ ■without the stabilizer, w'ould teeter in an infinitely precarious equilihriuni. 

THJi COUPLED RAILS OF CHANGE OY AND .l(pe) 

'rurn now from the meaning and measure of energy excess to the mfilhemaiia of mass- 
energy and its bearing an the stability of the acoustiesl modus. 

Thro HEM t5r Tltn jetuj-fjiiffgy of an fi^mlihrium cftfifiguniiitm tjn udiabatic 

iuMiHtm fJT removnl of bnfyum g! a raio f;km by fhe formuts 

dM*/dA = \ ~ 

This theorem is a direet consequence of Theorem 4 and Liquation (27) (see also cq. 
[54|). The word ^^eqciilihriiim" is of course understood here in the legalistic sense of that 
term' the matter is assumed to be cold^. so that there is no energy flow to the outside; 
and catalyzed, so that ad thermonuclear reactions have gone to the absolute end point 
appropriiite tu the giv^en pressure and lemperalure (f^* K), The worfj “VdiabHlic" im- 
pHes that the removal or addition of a particle is to be carried oul fttj likiwly Ehiil the sys^ 
tent I ntnsforms smoothly from thftslatt of equilibrium appropriate to .1 baryons lu that 

lil by rrc-dJlilig thit " 11 — 2.t/* redshift nod Aii'jfA Thm, an 

m. gfapb sboirinx the pair (>f walues [M*. R\ tor nil criatlllpcium t^nGyumliiJins (Fi^. 7 Inuisposed to a 
scale), draw a Hlrnishl line the origin wisU the = Cyn?^L whJcIl will 

make e^tacL with the carve. Thisi iKiiiiE of laagrncy lies l>cli^'ecn the L(1V niarimum s.ui\ |h^ mtnh 
mura. Thr sliine d the Hike b UJ-Ri, whetnid \Lm * (1-2 X 0.841 Thus An 

icoQ eluni aJJa 84 jjci cent of iLi rno^s Lo Lhe iviteiik, Llie olhcr lO iter i^enl Iniilig Cori' 

Eriiftt rxirf^irtiU nuktilnira with thwe for nUdkions to Sch-warzschkld's crillca! mass of ol Hijid with the 
impoBsihIc property of incfkmpr<?s4il4lity: pqt Cent t>f itutnic maiS addtii, ^7 per cent radklcLl awny 

|WJb 
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appro|jrbtc to {A + t) bEin'oni^^ with no heating or □thE?r tleparturir from equilibrium 
along the way^ and wiih an idealLised stcibilijEer used where appropriate. 

rm^oPEH Id. Al* d^id A jfrr eifHilibrium nm/i^uroiifms rr^ck ihdf muxittui mil minima ai 

idrntical ^ vatues 'critical paints^^). 

ITiat itnd iLi/fl^u at identical points follows from (he hniteness of 

iho chcmital potentiai on the right-hand ride of equation [132J (ZdVlovlcti 1%2). 

infinite; I^TMENfilONAI. CONFIOUBATION SPACE AND NEtTTE.lL STAJJILlTV 

In the first-order change of central density from to + j Apn there 

is no firat-order change m niaia-entrg.v or in baryon oiimberH However^ there is a first- 
order shift in the ptisition of the maU-rial, 

ir(tt-J= |dr(dl-p pa)/d^o|Apn* 

Here the ^'partide label" a tells how many baty ons arc surtotjndcd by tht thin spherical 
shell of matter under consideration (f* < a < /I), and r{a) gives the Schwibr^sehiM ro- 
ordimilc of fhis shell. XoS oo\y ihi-i; S|Hicial diapbetment A#-(a) but alsn ever>' small dis¬ 
placement from a speeified coniiguratioti may be rejjarded as a contravariiml vec¬ 
tor (nr, tod ay ^ a "tangent vector") in The infinite dimcnsloniil configunilior] space, lire 
jfifirticle Isihel a tiistieiguishea one compuneni of this vector from another* Thi; quantity 
M* ((or a Ibccd number of ban-ons, .-1) is a function of pf.ssition in this configuration 
space^ The grodieHi of otherwise knowm as the first viiriatifuial dfrivative,. 5.W*/ 
oriij), is a cijvariant vector (or a ^Sme-fomi")* |i is so defined ihat it^ scalar product with 
the displaccmcrit vector gives the first-order change in M* 

[calculated to first order in I r [ fl 1H eq. I 21]] =J[^M/fir{a) | fir . tN*' 

Here the integration over a takes the place of the summation over indices ihat is so 
f^miliFir when one evaluates the scalar prcwfuct of two vectors in a finilc-dimen- 

sional space. 

TiiEOki'iJd 17. Ail tquHihritim coMfiguratian pajisess^s a dmfackriHk mo.dr af 

of Jre*iiiiHcy (o^ = and cutJfy dil'/d^u * 0; ihai pnh ai a rdikni 

pnini. iht dhpiar-em^ni in t/tis tkarnci&risiif: modt is given by f/ff special 

fftml i J33) assoctaiid mih /Ac increase of ibe densiiy -(1/ the cew/rf. 

Discussion and pfoof .—A system is said to possess a mode of morion of zero frequency 
whcn» starling from a configurniion oi equilibrium, it in carried by si first-order di^lace- 
nient to another equilibrium configuration. The absence of fortes both at the beginning 
and at the end of the first-order displacement means that no work is clone in the dlspbce- 
inent, even to second uMvr. Therefore no energy is storctl up or set free such as is needed 
to drive the dispiacement. An csamplu out of mcchflidcs Lti n two-dimcnslotial spicc may 
not he out of place to illustrate the quahLitive situation In infiniLe-dimensional Coordi- 
HHtc: spvtce. The jjolnt s = i\y ^ fi is a point cquiEibriiini for the inntinn of a particle 
under the influence of The potential V * + fA/2)y because Elll componenis of 

the force^ = —jx^ = — Ay^ vanish Eit this point. The sEime is not so after this 
«|Kcial dwphccnieni: (x, yj frorrs (0, n) uy (Ax. SI)! 1'hti new point (Ai, t>) is not 
in general a point of ^ullibrium. However^ Iti the -Special CJi5t: in which j is itro f I' = 
Ay*/2) the new point is a point of equilibrium^ thougn removed by a first-order displace¬ 
ment (Aj:, tl) friim the orlgimil point of equilibrium. Tn this case ^e equations of morion 
permit El tnotioii of the type xU) » ir^ + (“'zero fre-quccicy limit" of cos + 
(re'iij) sin aj/). In the example ati ^mpitnenis of ihe forte vanish at the new point as nl 
the old pninL However, wu/ all disphuements from the original point lead to an at- 
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LeE^iiihli* second [Kjinl; t^nly iiisplin;(:!tiitcnU Icroflitip; in st iinrticuljir isiic tltrtr- 

lir>n I^IpLiI to points which Fire equilibrium poincs. The aitujidlDQ ^iniiliLr in the 
inhnite-dimensEanal sys^tem. 

.-\ll '^Loinpjnciitg'' [0 < t$ < A) of thr farce ™^.W*/orCfi) v^mkh for any eqnilihriunt 
conrigur^itifjn. Howtven when ihc g^i^ccni is subjected to Ein arbitrary small firsi-order 
dispfaccniEiuL it is carried lo a coiibguraiian for whiah all compoTients of ihe fnrfe 

—6M*/^r{ii.}miLy or m^y mi vanuhr Whtn ihey do vanish, ihe new ctmiiguncUan. likt 
the aid ane, is an t^uilibriunii canfiguniticm for the tiumbcr of baryons^ A. In tills 
CiiSc the force vanishes iiL the beginning iind al Lhe end of the di^liicemEiil to first order, 
llicrefore, the wqrk vanishes to lecond order, CoJWCjUentl)' the [IL^piatetnent is 

11 ohiii'aett.ttslic Tnrxte of the system □[ zero frequency. Bui rhis stiufiiion of hfjHnjit ew 
aquilihriKm conjigitraiinn Jtrr A fran'enj near afiffihrr Jftr t&f .Jtifrtf 

Humbrr i}f baryi}^ is ordi*ii£ri(y impoitablt^ This cme cun see trom an inspecuon ul ibc 
chart of lhe uqiiilibriutn conliK urn lions (sec Fig. S). <Sr equivatenlly out tan noie (1) 
thaE the one mono tonic incre;ising parEtmeter pu catulogues all cquitibrium configtirEi- 
Lions, each with Its own baryon number and (2) that Ehe derivative differs from 

zero everywliere except at a drilical point, so that (4) nearby equilibrium eonliRurufinns 
contain diffmfii uamb^rs of haryons—escepl at a critical point. So anU' at a critical iJoint 
does them exist a displacement Ar\a\ of eq. which carries the system 

fripm cm equilihriinu configurcition to u nearby equilibriutn of the Siune Iwiryon number— 
I he necessary and sulhcicni condition for a mode of zero frcquencyi as was to be provedi 

THl- CONTHASTIXC STAUIUTY OF THli TWCl BM.-LSClItiS OF 

For SL baryon number A a little less than a maximum in /J(pn) ora little more thnn a 
minimiim in I here arc two brunches in the ctarve for which meet ul the 

rclevanl critical point. On one of these brunches near lhe critical poinl ihc masS'CHcrgy 
ts hERher than it is nn the other bnmch f.W being compared for the iwo brunches for 
idniliciit A mltiis), 

TirroRKH IS. Tktii mmk'whkh 4r\fl4m,’i (to^ ^ -a- = ^5) Ihr crifkal 

point ii sIaiMc {u^ > 0 ) on ike ImL^r branch und nnstaMe (a^ > 0 ) on ike upper (rraneh. 

Fropf ,—'fhe how and why of this rektionship appresirs more clearly in Figure thEin in 
any uno fomiuk which one can easily write dfpw-n, ITte dm wing and the folio w'ing 
aniilvsis apply lo lhe case where ihc criitcal paint is a muximtun of it is easily 

modihed Eo apply Eo the converse case of u minunnm. Denote the maximiim by 
rick a value of A only u very^ liliLc less than Far this buryon number there are two 
nearHi-riiica! equilibrium caiiftgumlions. Denote the one wdm wilh lhe higher muss- 
energy by G; the other, by E. Denote by rl'fl^ E] and r(o, G) the Schwarzschlld coordi- 
rmtes of lhe successive fiarj-on "sheik'' (0 < a < /J) in the Iw'o equHibrium states^ Then 

A[fl) = F [ ill C) — r{a^E} tiis) 

is thcdlapkceniEmL w'hich carries the lower-energy^ coniigurELLiqn* E^ to the higher-energy^ 
ona, G, l^t the successive slagis in this dis^fElacemeiU be dtsignulccl by u [>^iriLjtii!tcr j: 
which runs from n(^u ■ Eo l(^ " pf;); lhus, 

5 r ( ff ) = xA{ d ) r 

Wrile the n’kEtSfS-t'Uergv' of Lhe syslem in ihc course ui this displLicement in the form 
dr t,r) 

Then the drrivaihr df{,v]/th' must i^uLsh nl x — onJ 3.1 jr — 1, been use boik points ure 
ctIuUibrium poi/stn. The low^esi^order espression which viinishes a I x — f> and x = 1 can 
be written in lhe form 


d f ( X i 'dx ^ b Jt (1 — hV J1 


i.uaj 
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^vherc k is wnie ccmstaqt. Ibtcgruling, we h^ive 

/(j) + r 

where c is an< 3 Lher cQriiitnnt+ These two cjijrESluQts are fijsed by the rcquiremcdt that 
f{0) = 0 and/(I) — 1; thus, 

Th» result presuf^HJ&cs that ihe difference A^t — is Bufliciently Small that one can 
nc^cet temis in x of the fourth jind higher orders (“timilifiB behavior niair mrma] 
critical point"). On this iinderatanding the second derivative of the energ>^ is 

dK\rix)/dx^= 12j), 

fiositive on the lower hmtich (r ^ sit £), curr^ponding ioatikbility^ and nt.'gati ve on the 
ui^jcr branch (x= 1 at G\ tinpiyitig inslabilit>% as wus lo be proved. 


THF.nttEU 19, The dijerma m ffms-f.mrsy behmn brarntm tf/ (he cum - 

M*(A) Vfhich fnefi at a ^iren twrmtd criiicjd point U given by ihtformulti 

M* ( higher /ht value) — M* C lower pu value} — g ( -1 wii — -I) 

m ike limU where A (> close i& o iHajcimnflt, hcwiir 



Fio. 9.—ifos i Juaedwo fif lari^on nuiahor ami compacil™ in tit ndgh^HirhtJ^ o-f a 
ctilktL] want, sfanwing the rtlatinn beiwictn cgnUTbriiim confta^natkiQB Jitf.v) and nan-cquibbrium 
COfliwimCkiia (r^Fittinclw yf the cantmifB). The diiOT® h flchcmlK ynly. Tlus ™b degrt* rrf ff^om 
called ccmapiutiiv), and plotted os central pi, aWW En principle be f L£ only one could on a 

linale iheet at paper) hy an infinite number ql degirveft of freedcim. In ibe ndgbborUoud m am'del th^ 
defies of frttdom are moat naLurally Cchceiveil U the ampHtude^ of the dUtinct acoaalic bmkIm the 
sv^lcm. Of tb^ Lf tfini ifU- many confUfllPntiaa cuncrdiiiiilet, however, only one is impyrtanl near the 
i^ticai point ; the lihc. whicb carries the ^'stem in the i^eneroJ direclion from E to £?. At the siLme time 
it Fiiisea Ilie rtotmi dctiiity (d. cq. [I3d)). The ayaicni at G tand at /f, /) h [hh mode 

of defortnatlun; at £ (ami at Dy C^ fl) it w fftiWfl ajpunst Lbudeforniation, Evidmlly an oc|uiubrmm ii un^ 
ftlabli or liahle againat th-» mode aEmrding as the coofigoraUan in quCBtl&n Uei on the ojwr or Iq^r 
branch of the -curve—'"upper" OT 'Mower" being defined lu c*M of ambiguity by whirtfi b« higbcr 

wAffn lAe tm Zinnia ai JAs msp (prapretinn of pdini F ef contour diagram onto the M A pbuie}. 



64 


GRAVITATION' IHEORY AVD GRjWITATION'AI, COLLAFSE 


Here the i^oiiatant q has the 

S * { - 23f^n*R«n73K.i^}i - 2/ A ") '■ *( I - 23f^^• 

In thii formula the primes denote denvati\'es with respect to the centml densitv evalu¬ 
ated at the cnticsl (wlntj thus. A" ^ ftP.^ (pol/t/pn^lnrit- 

Proof, Expand A in a Tayhjr series atxiiJt the poiat ^ ^ through terms oF the 
third order: 

= A arii+ i A" { 4t» - Pb,1[ J * + 1 J ( Pt - jPKflt}‘ + * . . . lU4|i 

hirtherraore use the relation 

ilM* -Cl- 2Af* /p} y>ii, * d A iitay 

to evaluate Af* to the same order in terms ol the coedidents in the expansion of A.' 

Jl/* - If + i (1 - A " C (Pi - p«n )*+[{!- 2Af/F^,i,) y>*A 

+ f 1 - 2Xf//t^a) A " I )Cpn - )»+... . 


TABLE T 

ClIAXOE ts tlAltitrS NEAR A CfitnCAL POIST AS titUtERlUV FOR TtIK RruATIVE STABIUTV 
OF rnt Hiuit-;D, ased Lon'-n brancuesuif the Function jV*(A} sear That Ihint 




JUlVF-#* I 

lil4An-P 

•1 


IP , __ 



1 



£xjiKri±» 

iTim- 

M * Pli H Pi- 

CimCAL Pni-KT 

R irw} 


CdllKAl 

Unde 


CTittwJ 

KtfUffmum in JIf * 

S ncCicasuLH- 
UncrtMing 

Lffwi*r 

Hlghifr 

Unfltmbl? 

Htgbrr 
l^ww ^ 

Slahb 

T-H\VWsLOV 

None 

Minfmum In .If* 

f ntfCM^G 
Uncreaik^i? 

Higher 

Ltftter 

Stable 

jAiWVT 

1 Unitmble 

HWW 


Here, for compitetness, jtfttu* is denoted hy the symbol ill. Solve equation (1+4) for 
(pfl — ptrii) in terms of A, 

P«-Pcri.« ± [(-2/A"K--l«n-^>]»^^+(A'"A4-r'’)(.4*rtt~-l)+.. . . 

Substitute this expression for (pt — pBriJ into equation (146) to obtain Af* us afuDclion 
of A, as desired: 

Af- (A ) = + (1 - ( A - A^,) 

T - 2/d A )" * Ii4a> 

+ terms of second and higher order in (-4^1 “ *t J - 
This oxpunsioQ completes the proof of the theorem. 

CHANOUS Lt STABILITY OIACNOBKD BV UltAKGRS TX RAmUS 

From equation (14^) oneaoes that, near any maximum in at whicli the radius 

of the coofigumtian is deertwing, the high-pn branch (+ sign in eq. [147] D has the 
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nmsa-ener^' for a. ^1. Conclysionfi of ihis tjT^c nboiil cnvrg>\ ulso ubout 

^tHhbilitv of ih^ criticul ^caii£ticii] tnod^, iir« fiptlled out in detaJl in Tabk 7 not only for 
Kt nislxiinuni in Jtf *{--!) fto which eq. fl4S] applit^s) bul also for ^ niinimum. These con- 
clu&ions can be dt?diic«t mmt easily by notui^ ibat near a majtiinum in for es- 

ample, the branch of fiigiier cnttfy must have the /im>er slope, dM*/itA ™ ^^*(1 — 2M*/ 
/jjiA= 'injection enGrg\''^ (in orticr lo the bwer branch at ihc trilknl pointi) 
anti jnu^t ihereforc have ihe lower R value. The ^'criritjil Tnode** is that one among the 
purely rndial modes (modes of spherical s>'mnieir) ) for which = — n® vanishes at the 
given critical point. 

final SCTIVEV OF THE CtL^NfrliS IX STABfl.ITV 

Tilt foregoing anahsls gives the took unamlnguously lo saj' which acoustical niodt b 
changing stability at whiti critical point Lhroughoul the tur^^e M* = Af*(jni) (Fig. 10), 



Fio. 10.—the drculaj fr«[Licn£;v, ifiiwre of tht cifKiticiitlal gFctwih cvn»t;tnt, a*. 

ranctlcm* the izanlnil deniiiy for Ihe iowesi nnxics of ptircEy rddifiir Ami Hihericalb' symmetriE 
tiaa of cqtiib'biiam of coW, Jn»tl?T. The diagmm k jiunlj- schcmAtic md no 

coiMFrtitfttioriftJ basif- Onk iJicpoiniH of cbinge of itahility ibf^k dftts) havie Acliially twen alcuk-tMl. llit 
Uimrkin of change oE slibiUty dt each of tlu»e |»inl& h compfetely ileterminetl, however, by the ojn- 
Hdcntioiia fttunmdillcti iti Tahk 7. 

Stan at spheres lit tie enough that th-e increment pn — in the central ^density b 
small cumpurttd to the normal density of ir&n. To thb domaun of st»ca the rise in the cen¬ 
tral density goes as the square of the radinfl, 

Pf# =* ( dp/dp)pa=^ £ rfp/ dp}{2r€i/3}pt^^IP - 

\Vt shall use Poincare's term ^'stubilitv parstmeter'' to represent the quantity which in 
the rtginie of liability b the square of ihc ctrcuhir freqnencj’p nj^, and in the regime of 
instability is the negative squttre of the cuponeiitial growth conslantp —t}. The stability 
^^arameters of nil the modes are positive for litUe apheries and givtin^ according to er 4 na* 
tion {I2l)p for the present idealiz^ition of zero rigid Uy, Uy the rekiion 

or (from cq, [lT>|p and in geometriied units) 


LIS0) 
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r>6 

The ffill af the stability parametera wilh c^iurul densilv continues ns the niafjs of ifie 
sphere goes up, alihougli the simple law tl5i>) teases to hold lyhta the central itefisiLy is 
coniptirabEe to l.wicfi the tletisit}' of iron or more. Eventually the LliVVW criucal point 
is teach-cd. Theorem 17 states ±flt one of tht modes chafes stability at this point. 
Equation (122), -on ihcorrienns of the mcnles, says chat must he the firsL quantity to 
change sign, Wakano'^s Caklilations (see Fig. 6] show that R lIcl- reading at this poinl, 
Table 7 shows that the mode in quesdon, « = 1 , is changing from stability to instaldliiy 
—as is also obvious from the fact that this moJe was stable to begin wfthi 

An dementury pro|>erty of the mode jj = J provid-ei the jCiimpksf way to sec that Ihia 
U5 the TtHMk which dominates the changes, not only at (his crilical pointy but alst^ at (be 
next two (HWAV and LOV) critimi fKiini;^. In this simple breathing mode the rncdiutiT 
moves inward even-where—abo tit the surface—when the central density riik‘5. Jn ac¬ 
cordance with this feature of the dominatl:^ mode (the frn>rie ihai changes stability.) 
radiru fj deermnug as fk^ r/iniral d^nsily tiifes af tme t/ ike Jirsi ihraa ertiiraf pmtds. 
In agreement with this duigtiosEs, ono confinxis from Tabic 7 that the dominating mwle 
changes (rum unstable to stable at the HWAVinlmmum (imitter rrushed To a substantial 
fraction of nuclear density and consequently more ri^id than previously) and—for she 
last (inse—from fiiablc to urLStublc at the UAV maximum (graftalitiiiHI fonts itniilly 
doniinaul even over nucletir rigidity), 

Thai the mcxie if = 2 is duininant iit (he MX nrininTUltl can be checked from Table 7, 
but can be seen still more directly from itU/H'ard movimient of the radius with [nf.rc:LS4T of 
the cenEnd density at this point. This is one of the most outstanding tJementury fcalures 
a^ckted with the moEion in the mode w = 2 (cf. discussion following mj. |t2i]h 

The higher mudea herximc unstable one by one at the higher critical [joints, L-rjiiad 
point^i which apprcK.n:h moreover more and more closely the standard 4^|Kidng A/wiJij 
of equation (6^). These and other principfil fealurcs of She stiibility parameters are 
sketched out in Figure Ib- 

qUANTITATTVE ANALYSIS OF kA'I'L OF CttANUE HY Sit.ABtLtTY .VT 4 METti'p^I, P4UNT 

In a more nearly wmiplere amdy&ts one WQuId cvEiluale quantitatively the rate of 
change^if (he relevant stf*® w-ith pv as this stahiliiy pstrairieLer changes rigri. For (his ptir- 
pose one rcpresDUts the kinelEc energy in a slow departure.* fnm\ trquilibrium in the tomi 
of an Integral 

(Xiiietit; energy ) = / f I r {a } ■■Jiii 

(see Appendix B for (he funcLion/[al litid its derivation). Furthermore, one contemplates 
a perloeik Yrarialion of fir with the time (SchwaraschiM time crKirdiruite, dertnal group- 
thcoretscully^ and normalized to itgree asymptoticaliy with proper time at infinity) with 
circular frequency w, in which the kinetic energy- agrees on the time average with the 
potential energy, 113E& agreement gives an equation for the stability parumtkr, 

energy, expres&eii as a functionjil of ihc second order in 3 r [ a | ) ^^ 

f^f{a)[5r{a)r-dG 

-'o 

Let 5r(a) be a dispUticenient which goes a small fraction jc of the way from the minimum 
E in Figure 0 to the rmixinlium C, so that the concept nf hacnirmit- oscillafions makes 
sense, 11sen (he potcntiiil energy^ In the nunieraior tJ (152) is given, according to equa¬ 
tions (144^) iind fl42)^ by the expression 

(PuteiUiiU energy) = f - ,| . 


I'I $3) 
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Tlie dispbcement in (he denominator of equation {15?) u given by equations (156), 
(l55), sifid {1-17) in tbc form 

ifta) = ^Afa> = x{p,i — P())/3p* 

IZ9i^ 

= 2xl{- 2/A^l{A„,,-A)V^^^r{a, p,)/ap.p_ 

The ^junplUudu*. x, of the dqoiirlure from equilibrium fsncels out of the final e 3 C|>r^ioii 
for 4 /^ ns txpected; nnet^ with n litrle reduition, the exprEssion for the r<*levjint stubilitv 
parjuiieter biroint^^ 

m - A'(/Iff - ). (»M> 

Hert^ the coFsst^mt hns the EJimensions of cm”^ and the viiloe 

^ “1(1-3ifVi¥)//fa)|Jftfl, P^)/ap,\hlaL,r 

All the quiiinidEs needed lo evalimte A‘ can be found from n few intsJgnition.^ <if Lite equa¬ 
tions riydro«tik|Liiet|ul!il)rium near thetritkal point. The lEmi bi the stnbilily pamtne- 
(er — fi^tit}Uifi‘'dpoi wjm replaced by {Rk — ^nr-l m deriving equation (155) to 
bring out as Llcarly .ts posaibk Lhnt it is the chnng€ of the radius near the crilieal point 
which gov'ems the stiibility or instability of thtr domtruuit acousliciil mode. 

PRESENT S'fABtLtT^ ANALYSIS COMPARED AND CONTRASTED IVTOI ONE TTIAT MAKES 
DETAIL!-:^ CALCULATIONS OF FRiilQUENCIES 

It will be noted Lbal no knowledge of the kinclic-cnerip* term in the denfiniinator of 
equation fl55) was required in any of the foregoing assignments of specific modes lo 
sjjccific criiJcjil points. Xor w^ any actual nnmerkal Evaluation of frequencies tvvr 
needed, whether by um uf ChandraWkhaf'a viirintiontil j>rint:iple or Dtherw'lsE. Only if 
one wan is to know’ more thun the of [he sUibitity on eiich branch of the curve 

Af *(rl) (see Fig* 8) anc] asks f[>r tatars of the Wq" or aA is it neccSSaty^ to resort to 

equation 11561 (fur ihe domiriant mixie near a entka) point) or to equation (116) [for 
anv mode m any It is no iLccIdeni that the anjily^s lumed out this way* Any detailed 
ciifcuiation of frequency goes back to an examination of evu lilt ion of ihtr dynamics with 
But the central feature of the foregoing study of the masa-cnergj- of stationary* con¬ 
figurations WHS that ii did not look at any variiilton with time. Therefore tliere was no 
way for inertia to show uji—nor any w^ay for the inertia-proportional denominator of 
equation {] 10) or equiitiun (ISO) to make an appearance. Appendix B shows how ont^ 
can e.vittid the first-order variitiiotial analysis of chapter iii to give the eneqg>' to second 
order to provide an alternativE (oLindatiun for the sLibiUty aattlysis of ihc presenl sec¬ 
tion. Tl a[sc> derives ihu klnetie energy denominator of equation (152) and tmces the cor- 
relaikm beU-een ihctse potemial and kinetic enerp' terms and the numerator and dc- 
nominaiur of Chandrosekliar^s vanatioruil expression for u^. 

Wirv MORE MODES rtECfiMT: UNSTABLE AS TTIE CENTRAL PENSlTV RlRES 

It 19 Llie principal findiEig of ibis chapter that more and more modes become mistable 
as the centra] density rfses higher and higher. Why} One can state the situation qualita¬ 
tively in these terms. For any given high centrai density pg* there art inner region of 
extension t* ^ fp**) ^ fsee Fig. 2) ivhkh is teetering on the verge of collapse. An acous¬ 
tical mode of lligh ttrder tuTS ruanv ulletnuting wnm of density increase and density 
decrease iusirie ihls critical region, YheFvfort, it has no effective roupIlaK la the decisive 
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de^ee of freedom. To ejccjte this mode is lo e^cdte a vibration, nol to promote a col- 
On the olber hitnd^ to excite an acou^ticd mode id hm order h to make a d<^dtj- 
increase iftronghout the critical rvgiDn^ and to initmte collapse; hence the instability of 
the acoustical modes of lower order^ The demarcation between unstahle modes (low n) 
and stable modes (high n) therefore com« al that order u at which the location of the 
innermost nodal sphere in the vibration 6rst penetrates well into the critical sphere, of 
radius 
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rOlJR reasons for considering CtJNFlDURATIOSrs OF UNIFORM DEKSITV 

[n iiD equitihriuni configurLiMoii uf hi^h c«Dtnil decksity, p**, the central critical 
r^ioOp of esti^nsion volujiie and ni^sfi dorriinaliss the 

tlisciissiQii tjf ihe 5 Lability , Tbt; oacilliitionii in {erftJ rnafls and tfuitr radiiia are only a minor 
accompanijneRL to this centrid devcb|}mcnt. hor this rt^ason one would like to see the key 
faclor in the instability bruitiLtlit out from under the compLicating covering of the outer 
UytiRS and into the light of iky, This is one reason for focusing ttUention novf on rmfjj- 
a fi.tfd iiumb^^r alf baryuM^ A jDf Jipkcrktii coHfiguratwris in ‘lifkick tin densify 
ij untform fftrvugfmfi^ ttnd in u^kkh only (ku density is i^juslabh. For small A vaJueps 
(J <K. the cnifrg>^ be found to possess a Ttuudniuni for a iiarticukr density (de¬ 
pendent upon A !) and to fall ofTtsolh for higher compactions (pmdt.^tional contrattmnf) 
and for rnore dispersed conligltrations [explusiant) Thus the mstahUity basic to a high- 
Ptetimliinum conligunLlion will become appnrent from eKaminIng energy for a family of 
HtFU'-equitibrium configurations. 

'rhere are three other reasons for invest igaling ihii enurg}' of unifomi configura lions* 
(1) Forkr^ff A values^ corresponding in order of magnitude to the ban on i!i>nEenl of the 
Sun (A ^ the energj' of uniform configuraLions, as a funcLion of the degree ol 

compactionp is found to have mininui and mtixEma. The configurntions associated 
with these esifema correfipond reai&orkJilily well, both b density and in radius^ to equi* 
librium contlgunilion^of maximal or minim a! mass, as given by the dct£i3li:ri soluliotl of the 
equations of hydrostatic equilibrium in (he sume range of massed for the same equation 
of state. Thus the 'kmfomi modtr* prvdkls the mbn features of the dwurf star iind the 
neutron star wtfht^ui predicting'—or t!\'en being able to preiiict—the rfj"/ of the inftnile 
sequence of higher and relatively unimportant critical pomls. (2) Fur the unifoma rntxlel, 
as for no other nsodel, one can son oul and separate dcanly from each other those fea¬ 
tures of the calculation of critkal mass which have to do with long-niiige forces (gravita¬ 
tion and general rcbri^ity) and those which have lo do with short-range forces (equation 
of Slate). In this w^ay one can see at a gknee (cf. the "slide rult'^ below) the effect of 
changes in the equation of slate upon the stability. (3) Finally, moat, irnportant of till, 
this i)e|>a ration of far tars in stability for nnifomt configu rut ions ullow-s one to see and to 
prove that Hfl of siaU atmp^fiile with itiUSulity and -mih ifabUify of maliej- against 

mifrotoipk £tillnpie can sitti d syskm Jrtm fiamng a con^guraiion wkkh is unsiabh against 
coliedm gmtiitUhnd eolkpse. 

SKK^RATION or LONG- AND SHORT-kAKfUC TJTE "SLIDE 

The sepuration of long- iuid shorteffects Is e.5S4?ntiLd to the following aniilysEs, 
It is accomplished by focusing in the study of ahorc-range forces uixui the logarithns tjf 
the numter densEly of baryotis, log (d,-and m the analysis of the long-range forces, upon 
the lof^arithm of the proper volume, log I'. However either of these quantities individual¬ 
ly is changed in squeejdng or eqiarhditig an /1-baryon sj-atem, their sum keeps always the 
fLved value 

log « + log V = log n — log *1 ^ const , u 5Ti 
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EquiUian 057) Links two ver^- differeni kinds of qniintUy: hiTvinp lo do with the 
inEcro:5i::opic physi-cs oi the^ system; and l\ to do with miicrostopie physics^ the 

fitlinK of the gefimein' inside the to the geometry' outside. In addition {o ihese 

two magnitodeB, so different in kind, employed in analyj&triig the eqUidioti of stJtlc and 
tlie griivitiitionai (urees, res[iectivelyp another msignitutk w-ill make tcs apj>eanuice in 
bi^ih ihc microscopic and the Tnacroscopic pAysicsr the logarithm of the density ^(g/ori") 
or p*(an“^) = of masa-energ>^ This quantity mebisures, m the one hEmd, the 

density of nutSMiiierp stored up by reason of work ihm a^inst the short-mnsc fonres. 
On thtf other hand, it governs the curvature of geometry inside the volume V. There- 
fore it detennines (together with 1/) the geometry that will join on the outside. I’luts 
finally It fijceg the tiiasis-eii^rt^^ Af * of the sjstem as it wiil be frir.n^ by an outside dI> 
server who mcnsiires the period of a planet or che dtrflcclicin of a light ray. 

In Mmimajy^^ the microscopic physics will be cantaJned in a graph of log p* as a func- 
t ion of lug i(> macroscopic physics will appear on a chart where aRiiin ihe ordinate is 
log but the abscisija. is — log V (hittr lo Ik; recognized oS identical with log « — log A). 
On this chart will appear contour line^ for many different values ofjV*. With the help of 
these contour lines one can read off the maiss-energy afsociiited with any given pair of 
viiluiis {log A*i loS I )■ The siiff€fptfntwn of the (log log onto the c^mtawrs of 

the (log p*^ lag r) or (log p'i, log s-log A .f-pliuie t:dis for ii hDri7joniai transposiiioti of the 
(Ictg p*, log f#)-cijrve by a distaji-ce {‘‘slide-rule'^operation) equal to log where .1 is the 
fixed number a/ baryons under consideration . licked out by she cur^^e of the equal ion of 
state in this way will be all those pairs of values (log lug that is tu say, ihose 
mtl/mm coHji^uruiitJiu wMeh pitssexs iMs ipeeijied riamb^r of taryiuu. Moreover, one can 
immediately read off fur each configunuion Iran the apinropriate contour line the mm-S-v 
energy of that configuration. In this way it will be po^ible to %xrify Lhat fkf mass-'energy 
sinks iltfwn ftyimni stra {^^grmdtidhmal coUapsi^^) along ibh out-parameter family of ian- 
Sguroiwjis pf fixed A^alue as ihe eompacHtm inmases ia a finUe limtiiug 

So much for the opctalion of the “ilide rule'' in broad outline. 'Hie rest of this section 
deals with ih& canstniction of that part of the ^^slide rule*' which has to do es< lusiwiy 
with the iong-range forces—that Is^ the Contour dSagram for A/* as a funcilon of p* anfi 
V* Also taken up at the end of this section is thtr operation of the slide rule aiul (heCon¬ 
clusions draivn from it about gravitational coUapse. Here the trLalmenl draW's on thoiie 
features of the tfjiuUion oi state (lither half of “slide mle^') which arc developjed in more 
detail in chajiters h and x. 

VOtirME-pEN-StTY toUTtON h‘0k UKlfUMM CO.VPlUUJL^TJOKft 
, SPKrimp TOT A L ^ A5^-K tiT- kilY 

TtlKURkM 20^ Erery momenfariiy sialk arsd honuigeneGus and spherically symmeiric ecu- 
^figurttlhn aj a ghen mass M* is charoelerited by di pair af Tallies (p*, V) ’which lie ott Ihe 
curve of Figure II. 

Here p*(on’‘*J = (G/tP-) p (g/cra^) is the density of moss-energy in the local Lorentz 
frame (Uingent flat spfuej and V (cm^) is the proper voluirie, 

Discussioft and proof. —The conhguration is being viewed at a motneni: of liinc sym¬ 
metry [cf, 'llieorems 1 and 2)+ The mass factor wt*(rj which appears in the radial part uf 
the nietric is given hy the elementary^ integral 

f'p*ATr^dr = (4itpy^}r\ tuaJ 

inside the Configuration, and by M* at the Surfiice and outsidei Continuity at iht surface 
being of course deinanded. The d-geometry has the Schwarzschild form 

{I - 2.Vf*/r ) 'f/r=+ f=(t/<?> + sin" ildtjA) 
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out^de; ;i.ciH the form 

One rveogni^ lli^t Lhe gcDmelr^*^ Infsidc \a Lhiit af Friedmujin (that !£, ii sectiDn of ^ 
cla&ed spherical univerfee al the pbnie qf maxiniuin expamitm) other fronii Lhe eletnefitarv 
fact thit derwity tiieans curvature and uniform density (plus spherical &>-mTiieti> f) 
means tinifattn curvaturtr from the foUmving inathcinatics^ Defiiic the length a by 
the equation 

cissj 
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Fiu. ti —tt fbnii nn betwccri i1nfh9it>- fi* nn^l |irpprr voluzne r/m: mmnetitArEly «.ULik and hr>m(ig^'iuf4iui 
■.[vd ^}lurLca.Li>' tymnwtrk ccnfigiumttanA oi a gtvoi inaxi^tiar^ .If* Thf low-^f dm^hed 

Wat rcpreienti V « if ^f#*^twii»n deniuty And viUEinic when the coTveE lite iA \i 

ligiblc (lo&tter occupy Eng only asmAtl Kctor (4 the FnednuiniiiH^hcrii; uiiper illu^tmtion in inicrth The 
upper dub^ line oorreApoadt to Ehe pppositc limitLog cum , where the vohw of the occupusd legiao Hlb 
out Alnwt the cnibety of tlM Friodmoiin l-^b*re (Ww illuatrAiioii in Eraert). 1 b thu cak one «cog- 
iBEca that the radius of curvature Is Ako the vdIuiue cd a l^ttilTere if 2^ (rjuhuij^Thus one 

baft appwxinia tely {negleclEag ihe mining voiiunr] V =■ of -tf ** The a-ngfcca 

nuLrIcod here and theft oti the fatrve ^ve the value of the li>TO!FSphetTnil oiigte at ihc bcHmdafy of 
the region occupied by the matter in sdfcted coiifigtiraljaBS. Further deMtJIft are gtvEu m the 

Introduce the ''hyTicrsphcriccLl angle” x through the equation 

r « a gin x. - 

Th^n the metric (I6f>) InBidc takes the standard form of the J-gHimetry' on the surface 
cj( a hyperaphere, 

d ^ q“[rfx^H-siji" xf + ]t 

and a riprescni^ (he rcdius^ of thts 3-aphere. The point x 0 tepfesents the center rf the 
conhgumtioTu 

The insert in Figure H shu^ws schema rkally the job between the sphedtal geomelrv' 
tnddc and the Schwurzachild geom el ty dutstdt for selected casea. In e^h cose the mei^ 
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as EtQsed externally (M*) hs«s bten Mkcn to have the same veiIu^h Thus ont flnti the same 
Schwar^t&child geotncln' makes itn appeara.nce in all the What differs from 

esatnplc to esample is the where ihejfliti is made (o the spheried gcometn^ insMe, 
When this place is far out (biR ^!) the density’ inaide is smalE^ and where it is dose iu the 
density inside 15 large. The point of join^ as described ifi terms of the geomelry inside^ 
h Implied at a eertab value, x = of iht hy[>en5]jherieal angle. AU values of ia are 
possible^ Irom small xa (^mall sector out of a big 3-sphere; upper inM;rt in Fig. 11) 
through X 9 = x/2 (configuniLion of masimum density.) to xj clo.ser and t:loser lo r 
(neariy complete universe of huge radius and low density ^ mnss as sensed Dutside still 
The diagrams are meant to em|ih;usizc ihiit the geomctiy' ia the Important con¬ 
cept, not the coordmateB in itrms of which that geometry is expressed. In this respect 
one thinks of the theory of operator rings, where the laws of comibination and coimiiuta* 
tionof the operators determine everything, and the parittulnr mu trices b terms of which 
one repreaents those Opemtors arc- irrelevant. The r-coordimite has, moreover, the disad¬ 
vantage that it Conceals from view in many of the eKaniple^ (eiCiUnples with x« ^ ^/2) 
that there urc ^ points which have one and 1 hr sanw? stl of v?iluefl (r, If one is to 
use any coordinates—and the inserts show that coordinates really arc not necessary— 
then the coordinates fx> ate to be preferred inside the configuration. 

In summary, the principal properties of a configuraibn of imifonu density Cem”^) 
are 

0 * {radius of curvature) = ; 

JC — 11/2b-)( proper drcumfcrence) = (3/gff )>'^5b 
M* - (mass-energy) = 3)(.J; 8jrp* atn- xp ; 


/•i* 

V ™ (proper volume) =4ir / (iJ sin xy^i^^fx) 

■^a 




2v(xfl-aiii cos xn)(|^eneral x«)' 
f 4ff/J )xn"( small x,) ' 

ir’(half ot 3“ftpherc) 

2ir=( complete 3-sphere J j 


ilali 


Of bterest here are not configurations of a given however, bin of a given md$i- 

riwf^y .If*. Therefore, solve equatton (16-i) for p* m terms of aJso express T in 
terms of M*; thus, 

log p * - — 2 log + log I (3/J 2 t ) sin* xu I, 
and 

log « — lop A ■ —lop r ■“ — 3 lop M*' 

+ lop[ {i / )sin" \n/ C xn “ eb Xs cos x?) 1» 

For fixed If* let x*f 1^ increased gradually from <l to ir. Then p"* and V run through a 
curv'e, tJse curve shrjwn in Figure 11. This completes the proof of Theoretn 

One can deduce almast uU of the important features of Figure ! 1 without any cJclailcrt 
calculation by focusing attention on the two liniiling cases (1) where the mailer occu¬ 
pies only a ven small fracllon of the 3-sphere and (2) where it occupies almo^ii all of the 
J-sphere, as shown by the two dashed lines in Figure 11 and the accompnny ing discussjon 
in the Caption, Other key points on the curve are described in Table 8 and stated in 
'rheorems 21 nnd 22. Table 8 summaries the limiting cases of special simplidty in the 
relaiiDn between density and volume for momenTarity static and sphmcally s^munetrii 
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cuntl^uruciuas of uilLiforrn di'tlsitVi when the totnl niass-eoerg^' has some specified value 
if *p The nuii3b€r5 in the second row of the table -die found by solving the iRtnsqendeiital 
equatioD 3t = un x IJ — J x]- The quantity p*V which h I»u5 in I he hst column 
reprtJsents ihciruisa^energ}- which thes^'atem have hnd^ had il been dispersed bilo 
smnll partSt each perhaps about to decompress explosively^ but nevertheless momen- 
tariiy static nt the origlnnliy chosen deassty |b** For the collected configUfHlion the total 
miLss-enerfy (as it will, e,g,, lie observed from outside) has in e^TP,- oao the vnliic M*. 
How much less this ts than the number in the last column show^s how important is the 
negative mass-energ]r' of gravitational interaction of the matter with itself^ 

TidcotLj’iu 21. X(t mameetajily static and spherically s^-mmctric and homogeneous 
object of mass If* {cm) can have a vtflumc ^/Jdw 

r„,i„ = 0 .RyST-( 2 M*)"- 

—This is slightly Icsalhan haU the volume of a hyperaphere which has exact¬ 
ly the characteristic Schwarzschdd radius 2M* (cf. Table ft nr the insert in Fig. 11). 


TABLE S 

THH RcCATIO\ BFTWTKN P&LVSIW AND STOLFME FOR MOHEVTARILV STATIC, 
SYMMETRIC CONJr'lGURATlONS OF UNIFORM DE^TSITY 
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Th&ohem 22. .Vfl momentarily static nind spherically BjTumetric and homogeneous 
object of mass-encrgY' M* can have a ifensily p* (cin’'^) = f^reattr 

ihan 

= am 

Ctmirnmi. -This maximum occurs when the matter filkout exactly half of the Fried¬ 
mann J-aphere_ 

rtihl SLIDE JlLT_E, Its AND THE rSTJRRI^RETATKSN DF THE RFOTTTS 

Now for the gtiivitiitional part of the promised ^'sIMe rule^T It appears in Figure 12, 
constnicted in an obvious way out of many single curv'es like the cur^^e shown in Fgure 
IL This cons E ruction ends the present afsalysis of I he long-range fortes. 

Xest, imrigme siim-rposcd on IHgure 12 the other half of the slide rule, the sliding 
half. I^t it consist of a sheet of glass on which is Engraved in black fhe equation of state^ 
in the form of a single curve for the density u! ma.«i 5 -™trg>’, ^*, ns ft function of the num¬ 
ber density of baiyonj?., n (with log scales employed for both puantiiics). For low values 
of B one is dealing with dispersed granules of Fe^^ In this regime p* is given by 

iiTflS 

w'hcre /jp* is the standard maK jkt bLUy oti (see Tabic 2; ^ of the moss of an atom of 
Fc^). modest compressions p* is a Little greuiir than fi*tt by reason of the mass equiv¬ 
alent of the wort of compression. For very ht^h values of n, on any nftymptotic 7 -law 
equation of state, the densil)- uf inaps-ctlctg>- IS given by an expression of the form 
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FjjG:, 12.—CantfHir diogjam gfviiiig ai & fuiiElbD of and ffr/nipf^' for iplMrioLlfji' 

^'rametric catifieurfcUonB of unifiFfm (ItRHity nt moitwat of time symJTWtry {neither luipituii&fl nor ei* 
Jjto§ii5n underway), t^^anun dedu^ eRcWiiTly frum ipiczml itladvity fn™ cciitr^ priiidfdf 
ccmnccbn^ ^mcx- curvature with density of cEiBs»H=QcrK>'^p ^ f6e^*'i ^idtr ihC^Kiidcnt nl form ol 
reUtinn c^nevrctiA^ density a* of miiBS-#n«;gy wstb riumtwr n ^ Imryon^ Ewr ra" (or with prrsuirt fK 
UnkU; for votURVe, env" total nnmhia of b^'pqis, ^^ divided by tJlc aUntWraf haiyEmfprron'j inJ j Inr 
rcciprDcal dE voEumc (b/A]^ cm”*; fordcnldty of ttiiii*’ener]g>-, = (C/c*)#(|/cm*} vdth G/^ — 

0J42 >f 10"" tm/gj for m&Mp => C<;/f*WC((). The Fn*r 5 crmtourN Are dniwn it l^lh mtervfh 

{Eutor 10*'^ « L2W) j betwoco M* * cm and if * * 10* cm thcFE appHrCDnlaats bdotlpni; la 
the foibwing mnsg vqlun (with « moss of Sun » 1.987 X 10*^ 
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The reiipnn where Ihe rnatt^ is bcAtod nccunic^ a ^tlnn of a i-^bctc-. I t extends fmm h)'pcfefjbEfic:al 
angle X ^ ^ to dlE value of i; indkalcLL by LKe Ufifiroprkte didhril Une in fht? (p*, rf/.l Fot 

small values of x d^rture frnffi Ikineafl u Atttwsi Ticj 5 %{hb. Then n^c ima vcr>' nearly p* « 
volume = tsVfUghi line of unit ajn^je in tluB bg-Ing dUngnur), However^ liir any given value of 

the volume {or of a/-J) thcpc b a iwjjriiaam rtfliTiFilWf Ivlfnc ttf lAi ifcATfiy, given by a* *■ (iv*'*/2*^*!l 
fnAl)^ rodELfiguration indefinitely near to clased univ^rae; k - maia as aeon from nutsddri. 
HAnoe the uppermost stTAieht line with Its sbpe ] In the bg-bg diogirnm. Il HtiaraTcE- albiwnblc cnn- 
figuiAiJcma from canj&gujAtiDDs incompatible \nlh Einstdn'A stJirvdiird acnenL relativity. Tf one deures 
in increase aJL M* Labels in the dLogratn by the factor he shr>u]d multiply all p*' lalib by tCr» and 
a 1I (»/^f>¥iiiu»by 10'**. 
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L is \i quninllly wilh the diTnensiuni of u length, the ns^nuptotic exponent 7 
must be m k^s ikan unily d rniitter is not Id compse already on 3 . micruscopic 
quite apart from tiny ^ranhitwiidUy induced coUapae, On ihe other hiind, 7 cim lx; no 
jerfolcr i without viohiting CAUsality (chap. is). If highly comjjrctssed matenal h^- 
lmv(S as aj5 idea .1 D'crmi gas, then 7 has the asjinplotic value of 

^Vith no more than these simple features qf the equation of sUte to dmw u]x>n, what 
conclusions can one reach as he sets the gUss dider intf? place above Figure 12 ? Let some 
defmiic displahJi^nient log A be selected belw^^o the log n scale on the stider and the 
(log H-log _-l) scale on Figure 12. Follow the trace made on Figure 12 bv the equation of 
state. In this w'ay obltiirt the of rtrry jiPff/r niyrneularEJy static and spherically 

Symmetric Ctfrijij^utaium of uniform density wAfcA eoiituim ihr fixed nfimbrr ttj iarytuu^ .4. 

Look fir^t at the low p* end of the curve for the equation of state. There the curve 
degenerates tq the straight line il JU) with unit sbfje in the [bg p*, log ?j)-plune. Bui 
also the contours of Figure 12 dirgcttcr.kle En Ehis S[inic low p* limil to stndght tines^ 
□gLun with unit slope. Therefore the lower porlion of the curve for the equation of state 
coincides with one and only one M* contour: the contour s\f* = This result for 
the of .-E wEdely dispetistd baryon,*^ is hardly surprising. It merely serves to 

check the operation of the slide rule. 

For modest compressions, that is, for somew^hat higher values on the cur^^e for the 
e^uallgn of state, aljowunce must be made for two effccta: ( 1 ) the p* x^lues lie slighlly 
higher than the straight lino tt-'ornpreSijional enc^'); and f2j the M* cotitours also 
bend upward (see Fig. 12) as compared to ideal straight lines of unit slope on the log- 
log diaRUtni Cgrttvitational tnerg_v). According to whether griLvitatwrud or contpressEonid 
energ)- dominates^ ihe curve for (he equal ion of state is now slowly .^witebing to contours 
of lower or higher niass-energ].- .ti *_ ALl this is as it should be. if we were concerned solely 
wilh (he non-rektivEstk doniatn, we could find a simpler graphical means to bring this 
slor\' into evidence. However, wt wish to go all the way from non-rektivisLic to reki- 
tivisilk comprKsiQTis, and therefore use the diagram in its present form. For example^ 
employing ihe Harrison-Wteekr equation of state on the “slider" part of the .dide rule, 
we construct cun-es for niiiss-energy as a fund ion of compression for three selected 
choices of the haryon number .4, as shown in Figure IJ. In liiat diagram one can see at 
once the apprasimiite cocrespondcnce betw'ccn the predictioiia of ihe timform model and 
the detail^ integratians of the accurate general relativdty equation of hydrostatic equi* 
librimu, as depicted in Figures 5^7, 

COSTl.VUOUS &ECJIJENCE 0 ^' CONriGUItATlONS WITH f i?C£l 3 A HW 
il.4.^^-ENEROY i;ioisO TO 

Now follow the cur\^e for the equation of Stale to higher and higher densities, eis it is 
traced on the imagtnacy glass slider we have placed over Figure 12. Recognize that it 
can never have a &b|.>e le_s.^ than unity on the log-log diagram; otherwke matter would 
collapse ijponunieously, Recognke* on the other hand, that the limit for graviUlLDnul 
colkpscr (Iht upper border of the contour diagram in Fig. 12; xu = I^^^ mailer curving 
up spate into a LlaScd Universe) has a logdog slope of only two-thirds. Therefore ihe 
curve for the equation of state cannot help but cross this border. Here the sequence of 
configurations of ^■■1 bary^ons (.4 fixed) comes to a decisive end with if* = 0, Thus one 
eslabliidie^i Eu tlie mt^s! direct way possible the important Theorem 2.L 

TliEOfULil 23. Frovidfti ikai malirr rfflcj' nnl under^tf coltupi^e at the mifroscvpir iml at awy 
of eampreAsim^ then—reguriUess of oil Mer fe^iur^^ of the e.tiuafwn of j/aJf —there 
ex-i.'ikfpe mekfixed oj hurycmx A a ctintititiPus letfutnce of canfiirtirtitwns k^inf. ta 

a ^'’^FavilatioKoily cotlapsed in whieh the ^uss-eneriy as sensed 

exkrntilly is SfFo, 
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ytO H Ahiflr ft TO LmULPSH OF A SUPMASOLA^ iLlSaS 

In Figure 12 there h 5in ''energy ridge" rirnnmg dawnhill from the lower left-hiind 
side of the diagram to the upper right. Theorem 2 J states there IS a eontiniioiis sequence 
of canBguratkOTis traversing this ridgen quite apart from the detaiis of hciw the cruadng 
takes phkce. To l>e more eonctelCp consider a few spetial casts. In one case the bar> on 
number is so great (some powi]rS of ten greater than the bart on number of the Suit) that 
the entire sequence of configurations is traversed white the matter is still at low' d£iisity» 
The matter has ihe farm of dusl all the way to the collapsi: limiL In this case there h 
no pressure at ftny stage of the way^ The equaLioci of Stale keeps the form ^5* *■ 
through the entirt^ sequence, The "t;ur\^e" on the glass slide of the sEide rule reduces 
throughout it5 athtimible kngih to u fiiraight line with n logarithmic slope o( unity* 
Project this line onto Figure li^ the staiionary part of the slide rukp and follow' that ime 
from low' densities to the crilicaJ density of a completely coElapsed crmfiguratioiL The 
contours which art cut ulong the w"ay ha\*e successively lower und low^r ntasa-energies^ 



Fig. t^L—^Ma£ 4 -en^rgy u MtrnwillTp as e funclitwi of ffwiMty for raoiihFnUirily static 

tnd Aymmemc cjn_fij[uralions £jf Uru/wm d^ruiiy. The curveti were dtLcirnmcd by use qf liae 

* nf -phrip vib, vrltli Rg. 1 2 CflUitltutirig ofle-haii at the alidc mJctEnd the tltV tqbatiqti of itatr 
of chop, it eon^tutiug thi; citWp aad uo eollulI cniirpulEiicHi u'hntioevcf kiiog r^qutr^. For < lEP* 
{5 X 10** rcpre^nlatlvt} ihm ^ lust uur miiimium in the frii$i>c!rkrr]|y icurvc; for 10^' "S ^ 

iO*’ (7.4 X H>” Mprcseniadvc) there ett- two mLniniE En-f] tu-oft ctushinf |jointi' Iqx A > >‘^ 1*44 tO*^ 
X lO*^pEppeMntati^,iJI, the coEsis-cnerwy CUtva it monolofflic degrEEflinR (no equilibrium c<m%uratiDDi; 
caliapBC mcvilablc). For Cnmptuifli^a uilh the Licdfnrm lEockf aac hoa in ^1 * dir trsulLi al 

namericiE Inte^ratioru ai the Rencrml lelEtiviiy cqaation of h)‘dro 3 tfttjc ei^uilibiiuna employing thr seiw 

oquEtlon of stEle. Those cquiUbtiiim CynfilurfltJOQfl kafc feJiiral densides mdicatrd here bv ■drded dou. 
TliruaeiuEnftts of the rnodei 19 evident fram ihr compuiKn. rjdigmm prrptired by KftJ S. Thi^fne. 

dropping monot<mi«LliN- to M* = 0. This result is reasonable. The effectit'C energy' of the 
graviLitional ficiii bccamtJS more and. more negative. There is no energy' of Compression 
on hand even to mako a try' at compensating this negative quantity* 

ft is easy to giv-e expressions in tnis case of du5t for the density and mass-energy at 
each stage of the contraction in terms of the value of the nmss^ w'hen the dust is 
inhnitely dispersed. The propter volume e:^pre$5es itself as the ratio Hn fhe 

other hand, the proper volume is also gtvtii by equation (165) in terms of the density and 
the hypersiiberical ftngle, Jtu [shown in Fig+12). Equaling the two expiressiotis lor T, one 
can son^e for the density, finding 

p*= (27/1 sin Kn cw X4l)^ 
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Tht dedsily iDCreaSts yonlinuoii^y through the sequence of Lxjnfigyrations to a finite 
limit at the final collapsed itate (xc = 

l?"tn^xraumj = {37fr/12SM,“n. ut^i 

The mass falls steadUy to ^ro for the same sequence of configurations: 

= I sin* xa/( Xfl — sin Xa ccs xa) for general xs 

= I for small xft( dispersed dustJ 

il 7 i^ 

- —- 0.424 forXij^ir/J 

— 0 fur xa“ *^r"<^oll4ip3e”)* 

Sornc illustrative vnliirs have been adeukUrd from equal Ion (172J and are collected in 
Table 9, This table gives the density, ppin^E, for a cloud of dust in the collapsed configum- 

TABLE 9 


OEN'&iry OF A I>UST exovn at Cw-lapse as function of 

MASS SEPORE ASSEMBLE 



¥.ti) 
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tion as a function of the mass of the cloud before assembly (the table La ha&ed on eq, 
[173] I majdmuin density where concept of “dust” makes sense is taJten to be 1 g/cm , 
^ indicaied by hist row in table). In every case the mass as sensed inde^iLely 

close Lo zero* From these numbers one secs, as VV illiom Fowler has also pointed out on 
numerous occasionSp that an ohjec! contiiinlng as man}' har^'oris as a galasy 
Mq) Iu a state of gmvilatiomil collapse is still at a density lower than the dtti^ily of air^ 
where any resistance of maUer to being tompress^d tan lia\'ie nothing to do with the 
situation] 

The lower the nurttber of baiyons, (he higher tite density at which the mass-energy of 
gnwi tat tonal interaction, first becomes importanL 'llius as one shifts his at cent Lon 
from a gala3r>^ Lo a stnr^ the critical difnsily goes from less than that of nir tfl the order 
of magnitude of nuclear densities. In thia donuiiu mass-energy no kinger decreases 
moiiotonjcally for configurations of a given A as the compaction is. iiKTeascd—although 
ultimately this universal behavior does dominaEe (Theorem 23)* But first ihe si>eci:i.l 
features of the equation of state make themselves felt, 'ITaus, when the numlxr of 
baryons is 0.74 X 10“^ (or the before compacdon is 0.62 Me) and one foUerws 

the line of the equation of state upward through the contour diagram of Figure 12, he 
finds (Fig* 13) that the total mass-energy M* d^reasns through the sequence of con¬ 
figurations to a shallow miiiimum (shallow on a nltf/rar scale of energies!) at g/''an“; 
reaches a maxirrUim at g,- cm*; reaches a deeper minimum at g/cm*; goes 

through a final maximum at g.''cra*; and thereafter decreases monolonically lu 

A/* = 0 aL the configuratEon of col lapse. 

CXILLAP^K IIARiar>:it RIR &im0TKl-L4R SYSTEMS 

Now let the number of bary^ons be very small {kilogTiiTris nr tans) compared to the 
bar> on conteDt of a alar. Tlten the sequence of configurations has a fantastically shallow^ 
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rnimnium. Jliis dip jueasiiies Lhe gr[:iviUtjonjil [juicnliiil iinergy of LitlTactu>Q of the iron 
in this sphtire of everjday diniun^ions. The toiTE5pundtEi:|' density is negligibly 
higher than the siAndard density of Fe^^ Further progress along the sequence of loq- 
tignratJons lakes one to higher and higher densIticH. More and more work ia done jdong 
the way agaEnst eompressionid forces, Deti&iiies are stiD too low for gravitation to give 
any help, until at last one crimes to very high densities. Here one is hnally traversing the 
'"energy ridge” in Figure 12, The denafdes arc so efcta-nit thal il is rca^naUe to ask for 
an account of the traversal in temia of the simple aa^Taptolic Y"hiw equation of stale 
(I7l), In this case one can tmee the variation of deosiEy and energy across the ridge io 
the conjuration of collapse by way of equations like (172) and (m) except for ihe 
change in the equation of states 

p" = 7--n (2 7/12 8 t ) ^ sin Xf, x,) / A ] , U75-. 

PmM^* = [ ( 2 7r/12iS) ^, f i?6■ 

jVf* = £ 3/32T}V^i[ £ l2air/2 sin xd cos x«) sin* xa * 

These equations reduce for y =» ] lo the results previously given. The case ^ = 

J is partictikrly inleresling because it correspunds {o the case of an ideiil Fermi gaEs com- 



Fjo. 14.—iV^enlEal barrier Agtun&tgnivitalionalcoUaptic Torcotihguratiamsof unifGmi rknsliy. lfcie-4 

£■ kfDl fexfid, U la LukEa ta be Diuch EmaUfr In order iniignitadi] thm Conie^entiy the dietiiit^' 
lo ‘rV'takh ene miiet gd^ Eitfore ^n-vitmticrull eact^e^ liecanw dgiii£tBi]t is raormoiLEi. The eH.kvla.tiDii^ 
flame thjii a y-biw eqiwtipn lif^tate appHe® ta Lh^ dentil^'yegiiiie, with y *» 1 ami wttli thccioisiJiDt 
a{ propotiiuiulity approprintc- ta oji idcikl Fcimj Thr ahaoBaa m the diagrain h a fEmpk meaiure of 
ihe degree of comnaetkn uf I hr ranfi^raikm. It Ia ibe mdiiu ai ouvsiiirE of tiia FdedmaiEn Rauzietry 
(3-ipherc} inaidc the rtjjpem ooceiHecl hy tbe itmtter. It it given la letrai! of tbc dnulty eq. (175> by tli 
equation 4J ^ Tbc oiiglEfl marked □□ the Curve mark Lheeateni of the Ideal Cpeapicle J-ipluft 

qccuijjed by tbe mateer (<^. irncrt ia Fig. 13). For Uiw compactitm, low dtcdLy^ and high radiui oi curra- 
lura, greiiter aad ETcaler departures from the ideal "V - | cquadoR of JlateftM to baes^pertctl. Tbcrt dc- 
portLLtes Bel la the flociuef on tbe liiognLiu, tbe higher is libe A vkluc (dmAw!' at upiw nghll?. FvT 
mLiTic detw] tn thisfegiim for wry high A valuet s« 13. The unit in the dkimmia — 

L*^ - X j0“*^crapnqmva3rmi to 2.177 X X IQi^ergyr iht cflOlgy KK ir«byO.W7 

Ii34is of c^javentiimal tajjluitve. At ihe maalniuni uf iut curve the masa-currgy la 03337 .4^1* 

A^* t3 X 1(r* r; Lbe hyperaphericaUngle x Hihteaded by live Rphenm] colkctwm of iialtrtatilfCEntcf 
is b3.17^'^j the r^ius of curvature ts l.i^26 X lU”’* cmi juid the detitfty ii 

A'*^t2AX I0^g/fm\ 
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pressed to densities so great that liie Femii energy' is Eiirge compared to the rest energy' 
of the particles. In this case the characteristic length /, in the equatioti of state (171) 
has the value (cf. eq, jJ6], chap. ix. and Table 2) 

L - ( w;/ c*} - 1,5 242.* - 2.46 X 10-*> cm , ii«> 

independent of the rest mtisB of the femtion, uS is Id be expected. 

Figure 14 shows in this case, 7 “ the potentin] bamer against gravitational col- 
litjKie. Figure 15 shoiA's selected conhgurationa heforeand after thepn<isage of the barrier 



Fio. tS.—for four configumtioni of unifoim dmuty, uicfa «natiLinm| the snoie number of 
hory-4, itnd diJ^ering ■Qnl3’ In de^rr al campacli4]n. Tli^ cakzukilionA Bjsuxn? P ih prqparti^a^n] to i?^^* 
(rxlfEinc rcljLCdvifitic UrTilL □! idrdi Fcrinl got). Thi curvnture wbtre thr matter b 

k^Mted ji^n» m ftmiwihly in nvfliy cim tq cjctiifwir Scbwfljaschikd RcaiHeiiy, Hnwirv^r, Xh*r as^ 
locuticd witli the Sch^urzacbiU i^ccmctry d]£rri from taac to tasc &s fihown En Fi|. 14. In tluc-cow wfaertr 
the niaUfirfa&is blniLfitjiLnc'htK] Hif? frqm Ihe iiumiundin^ timci: tbe nmu u Hti eittttiiJiL nbacr^Tr 

ij nimosl mto, (in. tbe tvpJaiJ sur^Acc In Um kavc sijpiificuicc; □£, none. The waritLC^ hM 

iymmrtT^' wilfa reaped tc rnliLUciisftbcial Lhe verlital 1.115. IL istbd^o here J45 if jmbecided in a 
flpocc uf imt hi^hiir d4mcni^; h«nce the a'ii4d]i in the dkfgtntn (the extra dinsenfEon bavini naihEn;^ whni- 
m t£i do with [i£ne)+ The deimty oi doti indiciLtes qualitativicly the densiLy a£ matter. ThJa mo-tter » 
drpictni fnf eaAe lil reijretenlatian ut udUp^'idg a cone in thi ptiiely mnlhetnalitaJ space uf one 
dimenjdfin. In rcatlty h h to be conceived fm caS^ned to & ^-mkere; tbiil », to lhe ■'nirfi^” in tht rlLa* 
gram. Contr&at the pTcsenl sequence, in which .4 is hied and m* vuica, with the sequence in lhe inneft <4 
FEk- II , where .If* IS hied and A variu. 

summit. Table 10 summuriji^ prind|jftl features td ihe barrier ^aviialioiuil 

catlapse oE elected siubsiclbir rnasiiea^ aa calculated from equatioQ!^ (175)-(17S)7 which 
asBume im idea] Femii gaj id the limit of deimtiea very^* high in cnnipariBon with miclear 
densilv, ITic masa-energ)^ al the siimmit Lucreases as or, relative to lhe intlidi mass, 
as Thus the Eiipulementairy' tuergy which nuist be supplied goes to zero os .4 

approaches values small compared to stellar magnitudes. 

The table is conhned to a limited range of densities {last row). When the density falls 
to nuctear values or less^ cotnplications^t to, in the equation of slate. These oonBequences 
have s^lready been examined (Figs. 5-7 and esp. tig. IJ), On the other hand, the very 
concept of equation of state becomes questionable when the radius of curvature of space 
approaches the Compton witvelenglh, 4 X 10*^ cm. 'fhe density minted to produce Buch 
a nirvaliire is cm”* or lf>^* to 10** g/on*, If any good rEason Is discovered to 

think that the equation of slate of im ideal Femii gm ii:Lakcs sense at Still higher dctisi'> 
ties, then one can consider Berioiisl}- the compEictian of sntaller mosses to the paint where 
grovitalional collajiise scis in. 
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mr T^CtlVtiUKllCALLV TO VITJ IK ENOUGH EKEHCV 

TO PUSH A SUBSTELLAR MASS OVER THE BARRIER 

To tokjs £L sphere of the miUlest niRPS listed In Tublc IE) and lo raise it slowly la the 
summit of the colhipsc barrier (density enei^' increased -^‘lO^-lold by the 

work of Compression) is, oi c:ourfie^ possible in principle. Place tiie sphere at I he cent er 
of a configuratka of cold matter of mass a littie leas than ihe maK oi ibe Sun. Go 
through the opemlkn of ‘‘pumping up” ihc central density lo higher and higher values. 
Take the cold slar through successi’ve cyxles in which one fldmhalicalh' add.s and aub- 
traets bjuyanst -iia described in the preceding chapter. Then I he goal will achieved. 
The instability of the star as a whole as analy^itil in chapter vii IttLCCS back to I he 
teetering on the summit of the barrier as discussed here. 

Id discussion Dr. Richard Eden r^iised the quesiion whether there is not isnme more 
neisrEy practical means to supply the energ_v to crush a limi!c<l amoiinl of mailer. 

TABLE 10 


BARRIER AGAINST COLLAPSE POR IDEAL FERMI CAS IS HlliH-DRN&3TV LIMIT 
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Tn response it was suggested that in principle the nmtter could be propelled inw'ard in 
pieces with such speeds and such times of dispatch that ail came together in a vst\' amall 
sfKicc at a very btgh dtnsUy. For thia purpose, how^ver^ each parikle ho* to be supplied 
with an energv' timtss its own rest energy[ (This factor mcreaacs^ moreover^ it one 
eximpobtes the considerations of Table Ifl to smaller masses, where the densities at 
I he surnmii nre higher, and the concept of an equation of state is questionable). One 
finds himself tn ing to imagine a machine which b at the same lime a combintiiion of ac¬ 
celerators of prev'Iously unimagined size, a focusing device belter than any electron 
micro&copep and a restdver of time superior to that of any nanuiaecond counter. Then 
one tum.^? from this design prubltrni and looks m the total energy requirement (FEg. 16). 
.At this point one becomes all the more convbccaf that it is beyotid the bounds of tcchnol- 
t>gy to drive matter over the Collapse harrier at a density of order of lt)^‘' g.'cni*f One 
will not look for gravitntkmal collapse in masses like those listed in Table 111. Al stdhir 
massesH yes; at the Icv'til of elcmciDtan' particles, maybe; but not in between. 

It is worih emphasizing thul the requiremen! of "^ lO^^gof mass-energy equivEilent (or 
tons of TXT equivalemj to get to \ht top of the barrier at ■^■10**' g/cni“ [knsity 
is indepenfitnf ftj thi deiiiilf of the equaiimi of $h/e. U'hc rtaisoiiing gors to ihc following 
steps: (1) ihe ver}' concept of equation of Slater cannot be trusled wBen the radius of 
cnrvaiture of space is comparable lo or less thstn the rompion wavelengih. On. this ac- 
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coiftit this length sets n natiirul linut to the exlertsicm of n barrier-Surmoimting Configura¬ 
tion dimil which one can tuik chrsskalK. (2) In Etddition il does not make aense in terras 
of devices conceivable Loday to compact great iimDunts of matter into a domain orders 
of magnilude smaller than a Coraplon wavelength, K = A. me. (J) This dimensiDn for the 
radius of curvature tjf space inside the configuration delennines a density p ^ 10 ^* g/'mi" 
via the equation (J/St (4) A density of ihis raagniiudc multiplied by a vol¬ 

ume of this cx^tension tfigether deterraine ii luass^Energ^ 

Af*(cm}- p*X*-(X/8) or ^ { fVC)(^/R)--1 O'" ^ ^ [i^^> 

Thb result Ls independent of whether the 7 in any a^syraptotic 7 law equation of state has 
the value of I (as for mdi^uon or an extreme rrlativislic Fermi gas) or the moKimuTn 
value of 2 ^ at which the speed of sound becomes equal to the ^eed of light. Let us adopt 
7 = 2 instead of 7 = Let m repeait the cakutatians in the first column of Table H). 
Keeji fixed Ihc density at (he summit of the barrier, 1 ’hcn tht m^Sr^-eneegy at the barrier 


2 liOf” tWit OF 
BUYING D 


leootflfii OF IRON 
TO eE COMPACTED TD 


(iiiiHctalty with apavitatipaa] coLtii^ b^ah at H terrestrial level. "Fhe vut^ 

JO taoa, oHBuiniiiR; Lbe limiting tmcieiicy nf lEB pcf ctnl cmvrrfflEra of tiiE colbpied 
y, EftcquIvEtletli t[>J X lO*^ nir^taoB nf high eaplJU^vt^. Kn^'i=ver^ tu get tlm cn-ergy out, 
6 ihc Irnn. Pi;»r thb ptirpoEc it niuit be litt& a T«!glon with ctlnien^iiTifi 4>f the 

^KEflo wavttedgihjOr—lilbwlng far mm^ineriy ptit in dming tompnwaa—tu e denuty 
g/tTn^> The «ierg>' ri^juired fw tkb acttvaticiTi puxx^B b “- im limrs ms much as the 
can hofic ceLtrei Iram the 1600 iuEia with tOO per eent ctillxpael Mbreov^i-, the toilu^f- 
ikin lafiar heyoEid the CiiiiiUrilhy flf tMhnMlui^', even a^jars hnm lic^cnliiesnf JocMi*- 
wilh (he fSKLusiqa prindpie. Furtlicrmarc, T^n ves^on Hat LtEKetic efiergy of CuJiipac- 

id rodUtiun Ixfurc the cntical cr>Ai:litJMi Id reoche^l (tof> of ^tentMl harder Ag&la^t 
ipae) fftHiid apul] the tiwiAEtivptaEH!. Evtn \i the tallurinj; n-ere 
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SUTiiinit is also altered by less thiin a factor 2. The rrnly import an I change occurs in the 
trumber qf btiryim^^ into which that energy of com|ircssicin is fed. The matter now being 
harder Lo eompresd, a smaller nitmber of panicles is required to !&o|i up (he 
requisite eiierg>\ Accordingk-p the cakulatod mass aMeiiibly will be reducctl—and 
r<^uced very irntch below l(klO lona if the asyniplotic value of y is dose to 2, The tech¬ 
nical diflkulties of going over the barrier energy' and compaclian—are unchaitgecl. 

TTIE HASRILK falls at HUm a ANP I.OW a and has a MAXIMtrai AT INTEJtlCKPrATf: A 

^The ba-rrier against coltapac La zero for configurations of cold^ catalyzed matter con- 
tidniclg i^many bary'onsaa the Sun or more. The barrier comes inlo being and 
when lie baryon number drops lo O.-i of the barymn number of the Jiun and ii little less. 
At some lesser fraction uf the bary-qn number of I he Sun the barrier has its greaiesL 
\*alue. When the baryon nuttiber drops lo the substdlar values uf Table P), tlje barrier 
is already dec-reusing wirh baryon number. Why noi drastically e;<trftpo]Lite Lhis law of 
decrease below^ ihc barymn numbers of Table lO and look h^L configurations containing 
only a hLindiul^ or even two or ihreep baiy^ans? I'Lrsi, because the very concept qf equa¬ 
tion of stale loses all meaning at the relev^ant densitia?. Second—even if one neverthe¬ 
less goc^i on using an equation of stale—because iiJiy calculaliun of the "barrier-' by 
clascucal general rebthdiy puts 1( at dimensions far below the Compton wavelength of 
a baryon^ so that the concept uf the barrier also loses any meaning. If, dcfpite these 
pow'erful wamingSp one still goes ahead to calcultLle the ''barrier" for A - 2 or he gets 
from Figure 11 a height of the order of 

(Ji cVe? Jg or lU^erg or 10'"eV tijuji- 

—not an eatrgy soon Itkely to be attamed in any Earlh-butLnd actekmlorl 

It w'Quld be wrong to end this chapter without a word of caution about the nature of 
the energy analysis nuidc here. Taking a hsed number of basyonSp w't have compared 
I he energy of difcffni conriguratlanB all at the one isiomeni: of time symmctiy^ rather 
than the energy’ of uiw configuration at different times. ITic questluns of dynamics have 
yet to be examined (chap. .sci). Bui fin?! t1 is appropriate to go into the equation of slate, 
on which so much has dependecl in the foregoing aniiJysia of smiic conligunations, \n>^h 
equilibrium and otherwise. 

Out of all the foregoing analysis of stiitic con figurations two numbers and two conclu* 
sions stand oul. Otic number ta a mtical bary^on number^ -‘Nric. miirleing the limit, uf 
configurations with sLahiiity. Its precise value dejK-nds upoi> the details of I he equation 
of slate at deu&kies near and ^ little alRivc nuclear den&uiea. Us genend order of magni¬ 
tude is .larit 2 X 10** X 10“^* g10^^ The other is a riuml>er^ 

-1 gujiiiiEq^ less preciseiv defined, below which the ideus of cLassical physics n& longer make 
sense in analyzmg collapsep and where even the coacepi of "'collapse harrier'" is not the 
best way to describe thes!tua.tiun. If y ■ | is the appropriate exponent in an asjmipEoiic 
y-Lvw hi lo ihe equation of state at densities ver>' high compared tu nuclear fleBsity^ 
I hen ihis baryon number is cakiikted (Table HI) Tu be uf (he ordtr of magnitude of 
■ I iiawit-uin^kb X It)'' g/! ,6X l(k** glO^A Changes m y in Lhc allowable region 
diunge - Iquuiumonly by a mixlesr number of powers of 10, f n terms of these iw o numbers 
the iwo conctusions are ibeset 

Tm':oaEit 24. A"i3 ca/d, ^alyscd arnjl^umiion of .A ffiiryoni h siablr tigahnl grav^iiniiofial 
coil<ipst iffken A exceeds 

Theorem 25. A sysivm of A h^iryoMs^ ttifAi A > A < coiuirdned fo uni- 

form damiy possessia tii ieost mr c^aiysed c^njigtiraiiati af equrlibrium "iL'bich is 
iinst<ilde agaimi gr^viMUtfi<tI CfAhipse. 

Tlicse iwo stuLements tqgerher exhaust Ihc cases to which one can apply classccul 
physics. 
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mt tNU POINT OF THERMONUCLEAR EVOUTTION 

WhiiL is the sliitc of lowest cnerj^>' of & syit™ of .1 banona? This question has 
niQtivnted aU of the foregoing analysis. Swme of the configurfttfDns coiisider^ were con- 
QlturaTiDns of equilibrium. Others were not, but were CKaJuined becjiu*e they threw light 
on the ihetury of equiiibriurn, Bm all of the configurationa were static—at least monitti- 
taril)'—because in thtr bit analysis the question r&ised has to do with a concept in- 
irinsicaBy static: the jfHo/ energj' state of an .4-bar)-on sj'slem. 

This ccmcepi of fma! energy state is so centnd to tht? diimssiofi that it is itpproprlately 
spelled out in a little detaih The idea has already become wAl established in ckemical 
themiodyTLainics, though not without struggles at the time mrtny decades ago when it 
Was first iitrodureth That one could analyse the pc^ssibilitirs for ti reaction by conqiariiig 
the free energies of the initial and final states^ without study or even knowledge of Ihe 
{>erhiips dozens of intermediate stages, Was in ihe end a prindple too powertiJ to tie 
overlooked. In the siody of many impartanL problems this principle short-circuited iin- 
mense complexities of chemicai-rsiciion-rate theor>% Those complnxities are called to 
nimd again as one looks with admkalbn at the complicationB being unravpled step by 
step today in the theory* of thennonuclear reactions in stars,^ Ciearly there is no sub¬ 
stitute for thb undertaking insofar as one is concerned with uiideratandin^ the evolution 
□f actual stars, in the actually avaikble time scale. However, one is permitted to a&k 
other quEslions^ too; and among them this question of prmdpk: Granted. Indefinitely 
tong lime, and Endefinitely effective means to catalyze thermonuclear reactions, and 

f ;ranled cKaclly .1 hy drogen atoms to sUrl with, w^hat will be the final output of energy 
rqm the system? 

In temts of the energy principle, one translates this question to the fonn: Whstt is the 
difiference between the entirgy of the inltml and the energy- of the final state? lllls 
formulation leads directly to the issue in this seclion: tJ the final sSute of matter? 

Here we speak of matter as one conceives of it within the frajueworfc of standard nuclear 
physics? that is to 5a>% looking stpart Cuotil chap^ id) from the issues opetied up by gravi¬ 
tational collapse. 

In asking for the final state of 4in d.-biir\'on system, first shar|)eo the question^ by 
defining more clearly whul is meant by an “J-bary^on 5>-5tcm/^ 

SYMUKTRY ArrAlNST -I ^ —.1 

When we deal with [lq .l-baryon system, we understand the number .1 to have sign 
as well as magnitude^ Thus a negative A implies a s^'stem built out of axitiprolorif^ and 
antincutruns. Wc accept the obsen^cd JSYTnmetry befw^een anlipardcles and particles as 

* Fer * r«itflte<smpreben 4 jve fcvtew,!se< and 5 i 4 irim«iD {19*62 ),Sm alaoSkbwmrKschild 

Uurblditer C19S0; artd ^Fpftcr F-or the tJtm pcoc?B£ m GntxiciU' 

iLiid Stnibiherfr (194T1. 

R.l 
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implying complete syimnctr)' bclwccn Ei> stems with poiitjw .1 and systems with nega- 
live A c%'f^n when A is vury 

tLttiTIdcAL WEUTIIAIJTV 

W't shall attso undeniiind the Lertn ‘ban-on'' io imply ekciricjil nviitriility; that is, a 
ban on is cither a neutron,, oir u pfolon-plus-electron, or anv hvptTon derived from a neu¬ 
tron by iiny of the standarel tmnsiomiationa of elementar>--pariiclc physics, acconipnltd 
b>' wlmtev^r electronic muonic or meskisattllite is required for consblcncy wilh iJbc taw 
of conservation of charge. 

Is such eJeclrical ntulndity really maintained when pro^itutidnid fields are as ]njwer- 
fill, 

g ( 7X 1,4X cm)*-- j^th/jbcv^ ,cibi) 

as they are calculated lo in a neutron star? This gra^-itationiil imJI is Convent rated al¬ 
most exclusively ujjon the nudd. However in the outer reaches of the star the matcriiil 
is held up prsclically entirety by the pre&surc of the electrons. Will nnt the protons and 
electrons be entirely separated from each other by the counter vailing action of these 
two forces? No! Ku'dkJiJhin^ (I952J has pointed out that the star will be endowed with 
^ electric ticiil that points radially fjiitward. It tmosmits to the protons the sustaining 
inrluencc of the electron pressure. This field is greuicHt in the outermost region, of the 
object, 1‘here an cnlirr Fe*" nucleus haa to be unstained by the ei^isttc force^i coming 
from s^Hiinsething of the order of only one elcitron per alonlp responsible for lattice bind¬ 
ing. Even in that extreme case I he ciikulated dcc.trio fields 

E ^ mft If / ^6()n0 V/cm ^ [>b2:' 

IS negligible both in its direct effects and in its contribution to the tnerp^y dcnsiiy of the 
system. That the electrical potential at the center of the neutron star is of the order of 
(6fKXl V' 'cm)(l(]‘ cfTfc) 15 no source of concern; physics has to do after all with 

fields, ni'A rjotenlials! Therefore electrical neutrsdily w'ill be (tssumied In all Bnalysisof the 
local nuclear physics^ 

OKFlNlTtON ffp NT-UraiN'O NKtJrRAT.ITV 

\ot only electricai neutrality but also '^neuirino neutraJit>” will be taken to be m- 
eluded in the term "fiiuil state of an bbaryon sysicin." In other wonis, the system will 
be taken to be labile wilh resfitcl to the emtssion of neutrinos or antiaeLitrinoB, whether 
this system is an Isolaletl baryor^ or a nucleus^ or a collecrion nf barynns as great as a 
Eicutrnji star. There exiit of course some beta-decay proc(f?i^it which have very’ long half- 
lives. Of whatever length the half-life of any such process may be, the term “final state” 
will he taken to iinply that all beta-transformations have gone to coiupletfon. Exiimlned 
more cloistlyp Ihta assumption consists of tw^o parts. First, It lanlly lakes space itself Lo 
be '^iieutrino-neutraF^ second^ il ^issumes thi; system lu in ncufrino equilihriiim with 
space, We shall cspliciily adopl thr idealiaation in which the neutrino field pervading 
all space is taken to be in thcmiody'namic equiHbrimn at absolute aero Icmperallire and 
10 huve a Fermi energy of zero. Weinberg (jwrJl njid ZcFtiovich Cl%2) have esamined 
some of the physical consequences fqr beta-decay proccsi^cs which have v^iy low energy 
release if this Fermi energy is not equal to KCro - Ihat is, if the universe contains a sur¬ 
plus of neutrinos of one kind—but no efforts lo detect such effects have succeeded,® 
How^e\Tr^ the absoq'ition of from a plutonium plant has been deteclvtl (Reincs 

and Cowman 195ii, 1959; Cowman, litini^, Harrison, Kruse, Jind ^fcGuire 195b; Carter, 

^ t'rofeswr L. kjnrtly commuaicasetJ perwnaLlj’ ki June, lUfrl, ihe iiull rftFulu (a oF 

jnenU caTTL-n] un al the UnivemUy of Intiiana designeiJ td ilclect luch cfFctts. 
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UcineSn ^S'jij^ner, and WyiniLn 1^5^). Tbercforc^ vtq know ihal effects such us Weinberg 
lists disi^u&sH lie escii]>gd ai' one surfciiinfisi the .l-huiw'nn systemrt under stud>‘ 

wiih m ideal membnitae lo ncutrimwi imd artifteially pumpsti up ihr f- t:mii 

energy- of this radiation to soine substtmtla] le.veL In this accofding as one pmnps 
in neutrinos or antineutrinos, one can in prindplE push the belLiHequilibriuin of pucleiir 
iimuer in tilt; direct [on ui pr oleins or iicmrriti^tr iVv an visible means a nm^T visible daunRc 
can thus be produced in Something ^ ^ubstunitiii as a Solid sphere of Fe^. Moreover, 
just 115 one can produce cm Earth temperatures of 10^ ^ K. for short times in substantial 
Lunnuntfi [il mutter, so in u star cullapsinK p ^ lO*' P 1*^^' g/crii* via 

inverse btta-processcs of the type 

p —^ M -|- ? p ^ I B JI 

fine hits for a time sim effccitve chiuige in the Fermi energy of the neutrino sea over a still 
largtr amount sd nuiierial. It is quite bcytprul present lechnology to achieve such effects 
tm Earth. N evert he less, the very' conceivabllily of chariKing the Fermi energy of the neu¬ 
trino sen reminds one anew of a point of printiple: To specify the stale of themin- 
dynamical equilibrium of matter it is not enough to give the tempera lure and the preSr- 
sure. s Inc must also si>e<;ify the Fernd energy E, of ihe neutrino sea,^ We are interested 
here in an .1 -baryon system which is not ilscif undergoing collapse or the tied ron-caplurt^ 
reaction l lSi), and which also ia far away from any other sy^Stem that might undergo 
foLla|>se, 'ITerefore, we ^halt jissuine xero density both for neutrinos and for anlineu- 
Irinos in the space where the . Idiaryon system ib located;or more hriirhypii ^ero Fem^i 
energy, = 0, W'e specify in addition that the .t-bary^on sy^Slem is in hctn"CqiiilibrLUm 
with w surroundirig SpSice of thi^ kind. We anmuiarlfie the two ideas of (1} zero tempera¬ 
ture sold energy for I he nctitrinejs of ?^aciv and (2) bcta-cquElihrium with thht spacc,^ in 
the one term, "‘a neutriiiQ-QcuLral system/^ 

In the present state of ignorance about the ultimate constitution of elementary jutr- 
Ikits, it is ncct.'iSaiy to fa; Open to the iw^sibilily of smne error concealed in the concept 
of a neutrino-neutral sysitni. Not the slighttftt indicaiion hsts ever Iteen found that a 
proton 15 unstable with resj>ect to such a complete iniagEnary transformation as 

p I? ^ Hh b ri“ 10 ? « (i sii 

Nor is ihcrc an>- reason ^vhaUsurver to believe that such n process ever doc^ or ever might 
take place. Nevertheless ^ juiy discussion which deals with an issue so fund amenta I 
as grftvilHLioiiii] tnlEapse has to lie open to the possihiLily thjtt the law' oF barynn enn- 
sermlion may fad under *uch comltiion.s td csiren^c deoiiity, Moreo^^r, if (be law of 
bary'on conservation fails sU all, then there Ls some finite nan-jcr<s probability thal a 
ban'on will break dow'n ^:Knitaneousty in a special kind of radioactive transformation in 
which neutrino emifaton Ls only one of the many conceivable quicomes. In this event 
biiryans admit tw'o quite different of neutrino transfonTiitl ions; bcta^^tcay^ w-htre: 

ihe rate is reasonable and the concept nf cquifibrium niitkes sense; and baryon disintegra¬ 
tion, with si triLnsjouliition inhibited, not by any approach to Lhermodynamical equi- 
llbriinii, but by the fanlHSiic snudlnejts of the sfiomatsttni^tmnsfonualiori raU- itself. One 
Is reminded of a stick of dyiuimite. It can be W'armed up. It can. then be allowed to cool 
down into appatenl them^odynanilc equilibrium with its surroundings. It gives up its 
hear. Yet while givisjg buck this energy it keeps hiddet^ I he much g reciter stockpile of 
energy lalctiL wEthiti it. Do elemi-nlary^ titles have a hidden interni-il slorc of iitrfi- 
analogous to the mrr^y k'niiiceaktl in the dynamili?? Whatever the answer to this 
question, we shall overlook this possibility' here and shall assume that the Concept of ‘^a 
neutrino-neutral J-baryon sy'stem^^ in its eleniEnlary formulation makes sense, 

* Tht further detail, see, c.^., t\'heeler (t'Jd2j^ pp- 



ari t;R.vvrrAii<jN: theory axd gelwitatioxal cullapsk 

To uisc Ike terra “swulrinoiicatral'^ does mi imply ikii the sj'stcra gives ti(T no ncii- 
triiios or antineiitrinos. <)n the contrary, as pfEssiinea are raised, and electrons are 
crushed into combinatioa with protons acrordiug lo the reaction (lS3)p neutrinos are 
necessarily cmiited. As a part ion of matter deep In a star is iiiiiLgiiied to be K|uceaEd 
from one pressure, pi, to a higher pressure, pi, the rate at which that ooUcction of 
ban-ons gives off neutrinos depends upon the rate at which the pressure is raEsed. If 
the pressure change is very fast, She beta-decay will lag far behEod. In consequence ihe 
density' will came To its equibbrium value only aflcr some delay. Morefijvcr, the energy' 
excess in the Inverse beta-decay will be substmtial. Consequently, the neutrinos them- 
aelves will cany' away a rignificant part of the work of compresaton. Similaily, io a riipid 
defompression^ the antineutrioas given off will Cftn^- away appreciable energy, I’he 
existence of a ratenronnecied energy excess in bcta-Efecay affects the dimity-pressure 
relation in a cycle of comprtaaion and decompression ttfttr the manner of other'hystpreals 
phenomena (Fig, 17). Howev'er, in the preseni eonsidtralions of changes from one ncar- 



— PRESSUftE —^ 

Feu. 17.—Eijuililjriuai relation Ijplwetn pitssurt tinti iJrmity eutnportd atKl ctailriui^ rclaiJEjn 
when chaEu;eii{)C€ar in thut nauEriivJ 4utfl of energy etisrii^ftlLfia btifr^mc IntpstUmt 

{ bi^tcripaft-car wj, 


equilibrium configuration lo ftnolher, the time Kvuilable for the tninsfonnation will be 
taken to btf very' long. Accordingly a v&ry’ slight energy cxccjss in the reaction (1S3) will 
be sufficient lo gjuarantee that the ratio of neutmns to pmtons keeps in step with the 
changing pressure. In such slow' changes it is appropriate to neglect any output of rrnrgy 
in ihe form of neulrinos or antineutritios, important though one knows neutrino processes 
to be in Lhe case of mpid changes/ Naturally the net of neutrinos emitted is 

indepeadent of the rate^ and is completely hxed by the initial and final conditions. 

A last idea implicit in the motion of the “Grtal stEUe of m .l-baty-on sy'Stcm” h ascro 
excitation: no heiil^ no iattke vibmlionp no electrotiic excitation, no nuclear excitation. 
In other words, wt* idealize the matter as being at the absolute zero of icmpcratufc, T 
0, and endowed w'ith asero entropy, J = 0, All of the foregoing idesis together mim- 
marizc in the phrase ^'cold mat ter, catalyzed lo the end point of thermonuclear evolu¬ 
tion/^ 

TJEE riSiA-L ST.^TF; A TS 

It niitj* be useful lo specify still tnofe eoncrctfrly the final stale ol an .l-baryon sy-Btem 
in the case when .-I is smalt, e\'en at the expense of looking at old chapters out of elemen¬ 
tary' nuclear phy-sial Nat only nuclear physics enlem, however. After nuclear forces 

* tkimiiw 4tsct Schiinbcrjl [ for n twpU r&rifw ivzi., e.g., Chia (IflMl. 
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have had Their fifty, electronii; &r dimical forces, come on the scene; and then 

finiilly jira\'itiilicniftl fcarces havt: to tic Corttlj<k[Vdthey have any effect. lire magni- 
ludes of the contrihuticins from these three kinds of inieractlons diiler by many powers 
of ten. Therefore it muiy seein tii first sight quite out of place even to look at all three 
energies togclher at the Same lime. However, itic energies that wre so nearly negligible 
when -I is smidl eventuiklly conic to dominate when A ts Therefore, il helps in 

seeing the sdiuatian aa & w^hole to look at some of the relevant numbers for all three tori' 
Iribu lions even in I he SMnah A dojiiain. 

For .1 values Ivss than aboui W+ nuclear forces arc must fully SftlEsfied by putting all 
of ihe into a single nucleus. There are onlv two exceptions to this rule, one al 

J * S, the other at A - For the niinnti] rase {with A < QtlJ then, the solution of the 
problem Is sicTiplc; (11 t>nc looks up in a i-wblc of nuclear nuisses that nucleur species with 
the given A wMch has the lowest mass tfor-t ■ T c.g., a hydrogen atom rather than a 
nculroti). {3j Tile nuclear charge now being hxed, one looks up the lotvest electroti slate 
of an atom CDniaining this tumiber of tiecirons (l#.Siia for hydrogen). (A) One looks up 
the nuclear spin and magnetic moment. He Couples the nucleus to the electronic aysteni 
in such a way as to achieve the htperfine stale of low's^L tmergv' {f " 1 for 11)- Tills is 
Che absolutely luwtii state of the J-har\'oii syaiem. 

AV ASIDE OV J = 5, -1=9, AND- ELUCTTUATIOS'S IM LltlCiMlLTICV 

The two special cases deserv^c some disaifi^on because of ihe interesting |v>ints of 
prindpk which they nLise, Tlie ksw^est state of the _-l = 5 system consists of a licliuin 
atom and a hydrogen atom. Nuclear forces being satiated, one might think qf electronir 
binding as condfig nexi cm tlu; list in detcnniiung the answer to the original qu«tbn: 

ii Iht^ iitfSf^ukly siak nrf the S-bary-'on system? In other words, one 

might be tempted to ask ftJt the binding of the two atoms in the iow-est electronic stale 
of the HeH molecule. But in this system the van dcr Waals force k loo wt^afc, and falls off 
with distance too rapidly, to give any boundi state at all.' IL Would be a mistake to con¬ 
clude that there is thcreftrre no bound slate, The correct conclusion would seem lo be 
that there Is hinding^ a fafita-^lically weak binding, hut nevenhrfesa a binding. Tliis 
UindLng is produceti, not by the van der Waaifi potential at alitor it falls off with dis- 
tance too liuil lo have any significant volume average—but by the gnivitational inter¬ 
action of the two atoms. To dclcrminc tire Hohr radius imd the energy oE the bound 
suite, a[)ply the elementary quantum mechanics of the hydrogen atom. Replace the 
eteilron m:i-ss by the reduced mass of the H and He; 

m—^^ = 'lasi 

Rirplacc the Coulomb-coupling constant by the gravitational-coupling cnnstani 

Thus finrl 

( Biihr radius) * ( h-/m 1.1 X cm = 1 - 2 X 10* h — yr 

ami 

( Binding energy ) ^ m e*/ (P^ /1-J 

- J.2X lO^'^g cmVsec*- 2.0 X It)"'' eV . 

* For the cstlmiitian nif i^aji dcr Woala forcH and ol ibc ciitkxl iLrcnKlh neeJed. to produce one bound 
stAie ill othrr situiLtiutis, itt^ ^. 5.1 KLhara (3^53, 145S); Kt alai:i ai&'Uz^i’ini uf xht taw uf fnlUafF -uf the 
van tiff W'Pialii fcKPse al ¥rK= di^umce* hy HWler Cniiinir and Etjldar (IW), t^ftsipnir (PAtKj, 

^:kpaTiAy tkxjiu^n (lV6U|,[LDd Lif&hiLt (31^54 uid 1955i]:, 
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riiu cntrsy (1871 is Simall to b« intcr^ting in its but ii is ven,’ iiitere:Si' 

ih )5 for ibt point o/ principle which iL raises. The gra^italional Jiekl is nn aspect of 
geometry, Liccordiiig to Einstem’s theory* ^'hisi geon>etry, like till fields, accordin^ to ihe 
flU4intyin principle, must unrtei^o characteristic tluctuarions. A simple esiimale 
that the magniludi. y/ these^^ucimUions in the effective gravitatiomil potential in a region 
of extension L (see^, e.g., Wheeler llW>2], pp. 77 O—hig or small —is af ihe s*tm€ ttrder aj 
the f^ttkniiai ffftUfjl ui ikis iimisf dhtancf by a ttf fhi t^lurn'k 

frtajjf, 

M* = ihe/ay-^^ 2.2 X lO-"^ g . IIKISI 

In other woEtls^ the static gravitational potenllal created by the Ife atom al the location 
of the H atom, and supposedly responstbie for the binding energy’ (1M7.h is acluiiliy 
snuiller in n ratio 

= fi.4X 

thiL-n \hi:^ JfuiimiitfHS. 'rherrforc it is nut at all dciir whether the calculcition CIS/) of 
the binding energy has any This point of principle is not important for any cal- 

cuklion of ihe^yjij/ energy of ibe .1 = 5 g^ stem. However, it does recall—along with the 
lower limit in Table ItJ Co the mjisses for which the ctaasical idea of u collapw barrier 
makes sense—the many ways in which the quant uni principle finds itself linked up 
with L'lementmy'-particle phyaics and general reliichity when one discusses gravita¬ 
li ona I CollsipM. 

The situalicin for A * S (final state two helium aloTTis) is so similar to that for .1 ■ 3 
that It does not require a special discijasion. 

iabte J ] sutmnjiriaeti the energetics, in tlie low region, up to A = lOOf^ (=18 
It lists ihe lowest state only for sdecied A vatiies in ihe range \ to UMIW. Alstj given in 
each case for comparison with the lowest energy’ state is an altemaiivc energy state, 
selcclcd for il5 general interest or for its illustrative value. At A values up to IfifJS, and 
even at .1 values grejilcr by many powers of HI, nucleiir forces comyiJetely dominate ihe 
binding. Apart from the eiicepHonal casts .4 “ S and .*1 = K, where the state of lowesK 
energy corsists of tu'o nuclei bound together fantasiicalty weakly by gravitaEion, the low- 
vs[ state fiir ,4 ic^ lhan abfmt W consists of a single nucleus. For larger ri values the pre¬ 
ferred pLrLilion is two nuclei; for still larger three nuclei, and sr^on, Tite values of 
nuclear muksses, molecular binding energies, and Solid-stale cohesive energies used in the 
Const run ion of the table were taken from Gray ()'>57). .According to the numbers given 
[here, N-i'“ is cakutiited (o have a ^jacking fraction —8.3S X m comparid lo 
—8.45 X for Fe^; however^ it is assunuti here and in the disrusston of the (e.v(p 
I ha I Fe^ is aclually the nucleus with the tightest binding. The packing fntetion tabn- 
laEcti htfre is dtlin^ by Jf jt (in mass unitj, on the (F scale) = (I -\- J) . 1 , with / = 
/'nurini.r d*/nkjriii 1 ^I it.-nerg^ rtleabcs -Lire calculstlcd frotn 

'mMtVAAL 

line miniinmn in the packing fraction curve occura near *t = 56. It will be assurntd 
here and hereaficr to occur ejcactly at .4 = 56. In other words, require that mrxieat 
amounEs of matter (grams or kilograms^ gravitational energies still negligible!) l>c ert- 
aitfl out of empty space in the cheapest possible waVp Let only a specified supply of 
cdeclromagntEic or ijthi?.r non-uuiterbU energy l>e sivailible. Then i he great ke number of 
bary ons compariblc with this supply of energy will lie crttitwl by employing n cycle of 
transformaliuna equivalent Id Ehe rraiCtian 

(Energy)^ (Fe^) + fanti-Fe^), 

If the matter ia subik:qtiently wanteil in some oiher fomt, such as hytlrcgcn or oxygen, 
EiddltionaJ energy must be supplier!. Thus the basic unis of nias&-cnerg>" per bar^’on is 
the quiintily referred to earlier in the te-vi, 

Mf - uf Fe alum) - 1.65*i X 10 g . 
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^J^WEST KVJiilClY Statk D¥ . 5 -BARTOX SVIiTEM FOR .i ^ I(KW 


.1 

5i*tc 

.f^MlllpM 

r«hMy«k 


/ifWtk . !§••*■*' 

/•■■■■. 

lif-: blteRtAlb«~^lm«*47 

1 .. 

W 

Pf* 

+ J11.4 xm * 
+89.9 Xiq-' 


. . _ . ^ - r - ! : 

' -■ '■ ■■ 

. . 

0.7p MeV (^■dECa.yJi 

1. 

H* 

+^3.9 XTO * 




- 4XKr" 

[jhWiiikl 


\mf 

+H.1 4 X10-‘ 

-J4I1X10-" 


- 8 xm " 


i 44 MeV 


Ht* 

+ 9 




- lOXIO^ 

tdfiwmi 


(H'h 

+73.9 Xj(r* 



- 17 xin-*» 

“ 4Xia-* 

28 3 MtV {fuu4til 


rHis^ii 

+ 9 QflXlO-* 



- t .4xio “ 

- lOXiO-' 

(.ijiroil 


Ik* 

+ 9.H4XHr^ 

■ - ■■*- - - - ■ * 

r... .. 


- S9xin"* 

0 in MeV msMDtl) 

lb . 


1) qpxicr-* 




- 31X10* 

LtiKeii 


(ir)ii 

+H0 9 xio-* 



- 1 iKiij-" 


184 AleV ^‘■‘flPhtienwli&n”) 

40* . . .. 


- t WXIO-' 




- f.ixin - 

Lawtsl 


K* 

- 5.87X10^ 

.. . . =. .. 



- blXlO"* 

l . JMcV 

5b. .. .. 

V\^ 

- li+sxio^ 

! 



- 77X111-* 

LdTiEal 



+81 4 Xlft-' 

j -iioxlQ-'i 

-0 J X10-” 

- hi xiio~“ 


468 MeV tfUriJPtL} 

m .. 

Sc^ 

-- 7.2AXlr^ 




- 9fixi(r* 

fjoweit 


(A-?, 

- b.22XlO-* 

- 27xia-si 

-- 

- JWI xio-^ 

- 61X10-* 

7.7 MeV 1 fuwMCi} 

w . 

I'CPS*' 

- 7 

- sxitr^i 


- 2SII XIO^ 

- «ixiir* 

l^OWfSSt 


iti* 

- 7 43XIQ-* 

. 

... 


- 106X10-* 

l.5.Mi;V(l-riss(fiinl 

I6H . 


- H 45Xlfl“* 

1 . ^ 1 1 - r ■ r r - t F - F 

-1 XlO-'^i 

• - 510 

- 77Xlir** 



Kr*" 

- 0.90X10"^ 

■ ~ l l-*^ + r 



- I6SX10-* 

118 MeV (J-liEsxdn) 

m . 


- R,40X113 * 



700 XW" 

- sflxicr* 

l.EWD^t 


L™ 

- S OiXlU"* 

+ 5 40X1*7 * 

■ - i F i- r M + » I-+ ^ f - 

Xl*3'-»'S 

- SW X!Q-<‘ 

i -lUsxio-* 

* -2tMXl0’« 

75 MeV 

80b MeV 

i(m ... 


~ s.45xiir* 


-4 xir^'i 

-low xin-“ 

- 77Xltr* 

Lowesl 



+ 2 71X1*3 * 

- 15X1*1'" 

j -OfliXIO-i' 

- 970 XlO-*‘ 

- ASXlO^ 

1 lOMKI MeV £rwrr»n#erneiii) 


•f«bd-,c*railJ,tHifniBi ll»e«i|ir™t*Ti[i:TiMl ipF fudon, fli vifipriu.- ftRtI Iw RWttra .V Ham* or moleciiSB al tnau nunfltBT A fiSTO 

liaivlil K li^S X SO'"‘J lii cutivt^ is qlJursLc nuni udUs sEii^ W fflOriiClJtJ |ri — l.i i¥'*Nji -- l/i* 

Id cornel af^iraTiiMa*!? f-w iDrtmntle baniliiqR tnrttriwi A aUUM Of imskfllk* l4 j GravttmjJatal Dbrfftr ihtjfi-bW Ilf A niidciM rjScuUtPl iFPra «|«n4wif jijijifiimMiifiii td 

tuniteffl/lnMW of pw MUnm or molecule ta utMrnc Dim tasiuO, ttucWr pWa CeD: ihr ^IaUoiUiJl IBCnDi nl Liv oxlsm, tMA MtV — I SyJ 

U Id eq. (E*t) Wtlf l-pd Hdt! fof J*P iq^Blem vi* dumU of ■ bn «■ Ed cw. Z td -rSrM X I'tt-** ^ 

DEUtlOD pj tAfllltiDdJi. 4. J] let illntdBlK DtdltiHdUjM EKHD /fni ■ briac * ^?H|iDi|Li/ [IPL ~l~ ||. Ptf-nDEH' **'tf vtsCIl BJeOdKT^ pf^ydf^l LTKIUlUlE ITU DOL KVllfl^lle ID Gnjf il'HTl. 
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Other mas^a are than Aji^ bj- a packing fraction (actar_f^. Thh factor b sERiibr 

in its dehniLion and use to the familiar packing factor / used with the or C^* tnasa 

TOil-e, 

M^A^Al + f) = .)(Afo"/l6Kl + /J, mi) 

with one exceptions/ h negative from a little beyond O^* to a little short of HT*, whereas 
/' is jwsitlve for nil kinds of matter other than Fe”, ami zero rally for Howeverj the 
familiar quantity / is listed In Table 31 because of its well^iablbhed status in tie 
liteniture. 

Tfm KEC+TWE OF SCALLOPS IX TIIF^ OVr.R-AT,T, PACKING PKACHDN 

When -I CKceodfi about yt), the stutc of lowest enorjg^- is not one nucleus but two- For 
greater A ^ it h profittible tc» di^nde the system into many distinct nuclei^ provided that 


A-TOTIM. PgiWfi£F^ OF NUCLEONS' 


. RACKING 
rRACTlO#i 

l <3* 


Fig. is,— liOweit energy state of A tm-ryon fur .-I < 550,ftl^aiAing the appruaefe Lu the pAdeing 

rrajrti(»a cf pure Fe*", 

the mass numbers of the individual nuclei do not depart widely from 56, The greatest 
stability is achieved for _l values which are integral multiples, A = h -56, of the optimum 
number. When A differs from such a value^ then the individual nuclei cannot all have 
mass number 56. However, the departures from 56 in the pieces of the system (^“ductna- 
tiuns’') will be smaller and smaller as the total bar^'on number A rises above 56 by more 
and more powers of Ifb Thus one h led to the limit in which the sj'Steni is almost entirely 
solid Fe“^ only a few inclusions of other outlei are net^^ to make up the dMerence be¬ 
tween the actual A yniue and an integrai multiple of 56, 

The approach to the limit of pure bon (Fig, 18} can be analysed semi-qifantitativcly. 
Represent the ^Kicking fruction in the neighl^rhood of the minimum by a smooth para¬ 
bolic cufii'e of the form 

where 4* ia ihe mitss niunber of u pieoe an4 the vdues of tht consunta adopted here are 
/- 8 45X 10-*, 4„i., = 5<t /, = 2.7X10-*. 


J 

B 

OPTIMUM PARTJTIOfti 

OF ± hlUCLEONS 
CSriMBTEB 

FRQW E3(R^ai«lChTAL MASES 
-AWftOdiAATE UNE QF 

BEST FIT 

ehvelofe 

1 




[]i3> 





£jF SIATK UF cold. CATALYZED 


M^^TTLR 


9t 


\jii A rcj^iruwnE th^^ Joul mjisa number. l-«t n Uti; jminbtT uf stipjiraic nuclei iiilo wbiirli 
il is rao^rt profitable to divide the sA stpm for bELr>on flumbt^rs a (iltle less thEin Let A 
be such that it has just become equclly favorable energ^rtically to divide the sy’stirm 
into (w + I) parts- thus^ 


f PackinfS fraction for 
division into parts of 
\ mass number .-I p = /J / tt 


=( 


Padthiii^ fraction for division Ento( w + 1) 
parts of mass Dumber .1^ = A / t H + 1) 


) 


A - [ 2«f« + l)/{2H + l)| + 

'This conciiiion looiLcs the fcallops in Figure IS as halfn-av between ininiiiiLL. The tndi- 
viduul nuclei b^ve mass numbers 




xvhen .1 is disnclcd into n pktrtsi and 

A/(n+l)^A^i.{\ - h2u), iim 

when A is divided into + 1) pHtrls. EvidentSy the Comfwjsilion ap[*rorLclies closer and 
I'towjr to I'V** as n (and --1) becomes larger and krgert So does the packing friiciion. The 
packing fraction at the scallop pestk is 

/urt U ai. — /piin + /i / (H + 1) *. ti Ml 


NEW TYPE OF PTCSianiCTTV ’t'Ok ^4 or OKOER or AND Moke 

According Id this broad aniilysist the packing f me linn for ihc dptimum structure of 
the .J-barjon system will show the scallop-shaped pattern of Fiipjre IS, with iho maKfit- 
jude nf the rises abovT/nj,^ poirig inversely as the square of .4. In acluality this ideali^d 
patLeru will ml hold exactly at the peaks of She ^’allops, owing to the small flnctualim 
of ihc packing fractions of actual nuclei about the gencrtil irend indicated b>* the para¬ 
bolic formula '(192). For this reason there will be a scatit^irtg as one changes .4 gnaduallv 
in the neighborhocHl ot a scalloped peak^ s^nneliines divisiad into poparts being favored, 
somethnea into n -f 1. Consequently the scalloped-shaiJed pattern will be well defined 
only if the number of parts, H, 15 not too large. As the number of parts gels larger and 
larger the size of this region of fluctustlions gets larger and k^er compared to the 
whole width of one scmllop, 4.1 = At the same time, the size of ihe fluctuations 
of the packing fracikn throughout a scall^ zone ce^'S any longer to fab off with Lhc 
tiw' wliicli one can deduce from iht foregoing analysis, 

/( A ) + P, ( A } / .1= ("intermediate .1" ). 

where /*iC4) is a function which is periodic In .1 with period A_1 ■= = 56. Instead, 

the partkulitri ties of the pitcking fractions of ihe very few* nucki which lie closest to the 
bottom of the picking fmetion '"eurve” doitiinaie the whole distusi&lon from iJiis pomi 
onward. The packing fraction for the Sj-^tem no longer follows equation (197) but in¬ 
stead varief according to ihe formula 

/( .4 + )/A (*W 

Here P}[.4) is a ticw periodic (unction of A ^ again w'ilh period 4.-I « *1 m\n = 56. In iUns- 
trsVtlon of this argumentp consider Table 12 for the optimum way to put A baryons inlo 
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individual nuclei when A is aruund 56«W, iTip inble is schematic only, No preteftSt is 
made to iiaving sufEaentiy precise data on packingt; fractions to pick the crilienl few 
nuclei near the bottoTii of the packing fraction curve; hence the numbers "57," “SO/' 
“64/^ etc*, are to be regarded as illustrutivt only. The conclusion to be drawn frcH« the 
table is unafTcctcd by this uncertainty. The optiTTium purtition of *'l = (,Sbw -|- A.f) 
biifjoiM into separate nuclei follows this pattern to *4 ^ 10* or more: (1) («-«]) 
nuclei of Fe“, (2) h, pattern which is a complicated function of 4,4—hut a periodic func¬ 
tion of A,4, with period A*l = 

As illustrated in Table 12, (he sequence of nuclei r-ejwats itself cycle :Jler cj'cie. Only 
at the beginmng and end of each ca w docs one have absolutely pure El^ here in 
the cycle there is a scuttering of other nuclei. In consequence the packing fraction varies 
avith ,1 as indkatod by equatiim iI9S), The "impurity'' nutlet are always liniilod tn 
number to a handful. Therefore, as .1 beconi« larger-^U'", lU*, cld.~it becomes 

TABLE 12 


OaTlSlUM I’ARTln«^ w .t Bakvuxm 
INTO iNtUVtnUAL Ntrcitt 
flJR .1 ->“56000 (tirnEJfATlC,) 


Commcnccmt?n( of a period; 


*1 

KXMlXSri 

5rTf)i;n. 

W6XS6,1 X57 


ixm 

sftorp.i 

•mxSft, 1X59 

5ria^ . 

ixwi 

. . 

W<)XS6, i Xfjl 

. . . 

*mx5fi, ixiil 


1X57, lXf.2 

■kCiIXJS . . _ 

ixm 

Etc. .. .. .. 

. 

\ rvi:u- pcHihJ 

,'i = .. 

1001 x.'^i 


KXMlX-Vi, 1X.57 
lilUt)X56, 1 X53 

.. 

Etc...,. —... - 

.. . 


more and more ajmmpriate to regard the cumjKMiitiort of matter of niinimuin energy 
content as essentially IfXI per cent pure Fe®". 

TITt; LONO~RAKC£ mKCStS BKCiTtr TO Ar^EtT JJXJAt IXrSPTTIONfi 
WHEN A "•' 10*“ ("COMPfeEStSlOs") 

For the . Uvjijues considerwl so far, nuclear energies are of course cni^rmously larger 
in order of magnitude than energies of electroftic binding. The electronic or "ch’eraEcal" 
energies in turn are of enommuslv hirger order of magnitude than the energies of gravita- 
tianal Cohesion. However, the eWtronic energies have a saturation character whereas 
the gravitational energy mounts with the number of attracting nucleons. The . I-value 
eventually comes at which these gravitational energies are of I he same order of magni¬ 
tude as chemical energies. How great is this chemical energj'; and how high must A be 
to make thegmeitatioltal energy equally large? The packing fniclion sissociatwi with the 
solid body forces in Fe*" is 

, _ (‘J 4,6 k cal mole)(4.18 X 1 O'* erg/ kcal) 

' “ (55 9S g/m'ole>( 8, (I'J X 1 (>*“ «g/g j " 


-7.UX10-". HSOf 
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Th\: j^raviluUunal tmrgy of ii sphere of unifEmvi density^ nmss :W jmirl rudius /f is 

Divide by Me- ta obtain tht correspolidiflp fmckillt* frJiction. Also expreSi^ (he ,t-c|ejsend- 
cut terms directly in icrtns t>f ^1; thns, 

and 

R = i Mf ^f 4irp/ i) IL-* ^ (.T.4 sit/^wp) 

In this vvity fiiid 

-f(C7Af f'iE) = 

* -aAKifi.ls/*((T742X I.Oj^JX | IJ-s-je)’] 

The (tr^ivitiLtkinal piicking jus aiU:uUiti'^i from cquiuion (2[Ji) liecomes of the sjuiie Ejrder 
as th(; L-ohesive packing for 

.1 - 3.S(» X 1 USB, 

A/ - 4 J 4 X 1g - (ai Earth ) / 1 4,4 , ytt>4i 

R = 2,3A X 1 etn = (Raditts of liarth) / 2.74 , 

For v:duc5 of the ban‘on number of thit^ order and niore^ gmvitutiotlal pressures squeeze 
05litter Lo signiheanlly more than normal density. 

At A is a dedsivn point. Here the force of |;raviUlii>n bepns to contnbiiBc as 

much (0 the enenfy as do thcekstic forctfs; and when-4 reaches ^10*\ Iht gravilationiil 
forces contribmc as much as do nuclear forces^ Moreover, the gravitntioiml forces intro¬ 
duce a long-range element into the oierg^' analysis which is completed difFerent in char¬ 
acter from the short-range indueni.e uf the nuclear and^cksti<;_ forces. The two kinds of 
forces have to be treated for practical purfXises in entijneJy diffcTiml ways. The short- 
range forces are ctc*crit>efi by an equation of state connecting the local density with the 
local pressum as induced by the bng-rangc forces. The long-range forces are treated by 
the general relalivity equation of hydro3t<ttic equilihrium. The foundations of that 
Einstcinian cquation and its- cnnsequcjiciis have already been e]iaraiii-cd, Nqv,' the jioinl 
has coTue to cuuilyze the fotitldalions of the idea of an oqtinlloTi of state (this chapter) and 
the detaits of the deri\'ation of the HW equati-on of state (chap. ^). 

FR\^K INT WHtUU l?LOW OJ BARTONS AND PLOW OF FXFRGV BOTH VATJISlt 

We arrive at tht idea of an equation of state by dividing up an .f-baryoo ^stem twills 
t^ery Ltrge) into parts. Each pnrt is small enough so that conditions do not change 
significantly thrrjugh its initrior (chsenge in dt-iisily/dtiiisity « 1). At the same time the 
parts are large enough to conLpiin many bafjons, and to allow one to define a nuniber 
density of baiy^ons and an energy density, iis follow 

If shoE^ks were running back and forth through the interior^ and radial bn were scream- 
ing through I he matter at an energv- density Cfinijiarable to that of the mailer tts^lfT the 
molions could be so cluiotic that there would be no imlursl reference s^ icem with respect 
lo which to describe the matter In a simple w ay. lluwever, iittenlion has been fcKUScd 
here on a particular questicjn: Wliat is the ground state of an 4-baiymii ayslcra w>hcJi ,4 la 
large? The sj^stem is clcclncally neutr^ilH It is neutrino’flculnih all betEi-decay has come 
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trj ius end point. And llse aystem ia al>^|ytc zero tEinpcralura^ endnw^ with jtcrij 
entropy^ To demLindi thiU the syatcni be in Lhe final aEate aa ro dcfinixl (not |Kissibk for 
> -t„it is not to rtsquire that velocities in iht sj-stein shnll be zero. Ai hi^^h 

pressure the Fermi ™erg> may be in ihc rthUivijnk doiuain^ and the individtial |mr- 
ikles may be movii^ at nearly the speed of light. Howevtr, the hypotijtsis that the 
.l-barj-ijfi 5>iitem is in its lowest state does imply Theorem 2fi. 

Tirnoniiu 26. .ymifitm in tkf sy^vlem iU (here exist any rcfa^ii'c ma/ionj oui a/ ivk^k rme 

raw rmrfiy, tjtheiTi^ise the system could be brought inlo w stale of si ill lower 

cnerg>'! 

From Theorent 26 follows Theorem 27, 

TltEOEuiU 27^ Far eitek partimi a/ ihe meiHum and /wr mck aitmimi of iime: ikere exuin 
nainrni /.nffttim frame u^ifk resped ie i^htck io ike maiitr in ifmi nf^hm vt ikat 

t!mf: miturid in ike sense ihaf iL'iih resped ie ikis fro me tkejt^iw if fraryemj and the Jlmif 
of energy both I'anisk a/ Ihni piticf. and ikut iipte. 

VVt think of an idealized hollow tube which has been thrust Ihrough the material at 
the given point. It serves as the shaft in which a small-scale lattice work of clocks and 
measuring rods can rise freely. ITiat reference sy-stem comes to momenlaiy' rest with 
rii^pecl to the portion of tnalter under study eui^ then falls back toward the center of 
attraction, In this local Lorentz reference framt at the summit of its tlight there is a 
well-defined meaning to speaking of the proper votume of the specified nearby region, as 
Well Sts of the number of Dan ons in it. The quoiient of these two quantities defines iht 
number density 

(Kumber of Imryons per unit of volume) = n , iaosj 

This quantity varies smoothly with position throughout any ^stem which will be of 
inlcrKit here. ilorODvcr, gmntcd the mw' of couserviiiion of bar^ona, one concludes Shsii 
the quantity 

A “ n ri{proper volume) 

has a wcll-defineti value for the system, independent of litnCr 

rjit tT.St\CE|eJAL CUAHAt.TF.H Of EQUATION OF STAIK 

The division of the system inlo parts biis as its consequence that rime am at;icril>c to 
each part not only a ncmiber of baiyons tt d {proj>er voltmicl but also an nmounl of mass- 
energ}' 

d (mass-energy ) — pdi proE.Kir volume). taw 

TiTKotiEM 28. TbedtHsiiy ptf mass^energy of cotdf^ca^aly^ mailer defined by eiiuaiifjn {lt}7) 
depends only oH the. nnmSer densiiy of baryons, n, according to a Huftmdi /utP, 

p = p f ). fJ0&> 

[f this were not so, otherwise identical subsyMteni-^, dA, of the same total system (or of 
different toLaJ sj^stem^), w^hen confined to \ht iamt clement of proper volume 4l\ 
w^Duld have differenl mas5-enej|;ics. Hut there is no know'n conservation law which 
would forbid the transformation from the state of higher energy^ to tht state of low^er 
energy. The law of conservation of number is automaticalfy satisfied by the trans¬ 

formation: dA -^dA. Iniiial iind final statufi arc electrically neutral and nL-uirliui- 
ntuEral. I'hercforCt w ith enough time^ the transformation must take pkice. In thus way 
one arri\TS at the unique cQnhguraLion of lowest energy, aero temperature^ and zero 
entropy—and the unique equation of state (ZWS)- 
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rUKSSUliE BUT KO BUb^ABIxSG STliF.S3 

Tile title of rciTKJitlng excludes rhe esristeme tif in (he ay stem. JiiiiigiiiE: the 
opposiic. Concdvi! of the .LhiLryan :LS rigidp a&iEipuble of AUpporlitig Rhenr, ;in4 

having sh^i^ btitld inLQ It dependent upon the hiatory of its construction. Then one 
has to admit I he possibility of a different "lowest eEier|i|>' aute'^for an -i-bai^'Cin system, 
according els these shear stresses have ont or another value. Bui a syslinTi with inlcmul 
shears is not really in iis lowest state. Whether a system behaves as a Solid or a liquid, 
whether rocks flow, stud whether iron yields are governed by the timeac^ale available for 
rclasation. On the induhnitcly btig lime scale assumed in the pres^m diFCUssion of 
qustmns of princEpie, evm^ substance behiives a^ a fluid. Thcrufoft: 

Theorem 29, In pmHcr ihf sUiie limesi off-diagufnil wmpt^- 

u^nfs 0 / I/ie slr^s fmsor mnisft und fke diagmuil compim4:n.h‘ Imit <t rymiWPH I'tifdVp Ihc 

Moreover like p, depends only on the nuEnber density of baryons, according to a 
universal law, 

p=p{H). (209? 

rrntEi: wavs to i.;[s^L oj^ekatujxal iti-AhT.vt; Tt> TitE liXERCV density 

Wlial procedure makea rnosi sense (or evaluating the rtemsity cjf inass^nergy deja^nds 
UfHon the circumfltanres. In case (l] the forces are weak and the rrtctiu free paths of ihe 
pirticles are long. The eueTpr>' la alrntist ejcclusively kinetic. It is obtabed by adding up 
the miifis-Emergies of the individual partklcs as dclc^rmine^i, e,g,p by their velocities 
and rest niusses 

prfF * ^/traa5a-erle^g>^} — 1 — 

it lU k' 

In this s:iini' siiTipEc {ruse ihe pressure ts g^ivcn b>' ihe (»sprcasion 
pdv^ v] {B,fc^i*6V3>a 

k 

In the oppEmle ease (2), the forces are strong and the mean free paths short. Thus there 
IS a ctjnsiderable Lime in which the same baiy^ons move tortuoiLsIy about in the same 
small element of volume. It is appropriate here {aa also in case [I]) to Lhink of that ele¬ 
ment of volume indofled in walls. The inclosure is lifted out of the system and allowed to 
expand slowly and adiabatically. The contents are catalyzed at evtr>^ step of the way to 
the nudear state of lowest energv\ Uliimaiely an unlimited volume is achiisved. 'JTe 
matter is dispersed in this volume as a dust made of particles of iron. During the ex- 
pansion both the pressure and specifit volume per baryo^l^ 

V = dV/dA = l/n t 

remain wel] dehneci and in prindpte measurable. Consequenlty the mass-energy- per 
ban on in the compressed state can be cvahiated froin the work done in the expansion 

pf K = f mufls-eitetg)^ per bi'Lr>'on } = Mji + / p («)(1 /n }* niJ) 

How does it come about that baryon number makes so important an ap^xju ranee in I tie 
rtnaly^ of energy Because^ in an e>fpfLnsjqn conducted wdthout benefit of wallSp the 
baryons provide markers by which to identify ihe molion of the medium. They tel! what 
Eiew volume (Mter expansion) is to be identified with what old volume (before expan- 
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mm). fJhiy by fnlltiwing the chiui^e in volume does one have a wEl]^J^:fiued nu-iins lu 
Liviilualc Iht work doitc luul the tihiin^e m ihc [ien^tLy of iiiaia-ejicrf^y. 

Different kinds of nuirkers, prrjtcjns and i-lecIronSr for txampfe, mlj^ht be imagincrl to 
l^ive dilTtreni pictures ftsr ihc movement of the boundaries of thk volume. In principle 
ihrru is such u rlifTcrti^c^j. F<>r example, tf oneuimplnes himself as carr^'inR -out iidtrLt>:ih- 
ciilly the triinsfonnat.ion from a dwarf star tn a neiilron sUBf, then he is in rflect stowly 
s^vitchlng on an electric field of the onJerof MKXI V cm (tq. [182]). Associated with such 
a field is nil cscess id X If)“ elect ron^/cm^ at the surface. There are of ihe order of 
■^■S X free* electrons .‘cm*’ in the iron nfti-r the surface. Accordingly, Ihe adiitbattc 

trLinsfomiatinn to hi^h dcnsiLies has movc^l the protons inward more than the electrons. 
However^ the ailculaled riifTerence In displacement is only^ of the order of .! X IH" 
t-m^/8 X ll?“ 4 X ttH* rrUp as compared lo the many km of inw^ird motion 

nf hMtfi kinds of piirtides in shrinking from a dw-urf star to a lieu Iron St nr a ncpligtblc 
iJilTcrunce! 

.As there is n rlifftrcnce in The motions marked out by protons and electrons, sii there is a 
difference in the volume change as indicaUri by protons and by neutrons in a .shrinking or 
^rowing mar of [lear-nLiclear density. Such a sysleni is parliy stellar and partly nuclear 
in character. The inner |mrt is eRectively one giant nucleus. The outer shell k iron, made 
up rif w^cll-.si?panitcd and distinct nuclei. Kisewhere there is a gradation between 
the two e.xtreniEs, In the inner part ihcre is the nucIcLirr force *quivrilcnt of an electric 
held. Jt has to do with ihe rektive disphicemeiit of the neutrons and protons. Again the 
c^ruiated iimouni of this relnlfvt displacement is n-egb^hle. 

U follows from this analysis That one kind of purLiclc ssas r<xkI m another in marking 
□ul volume rhange. Howet'er, in the course of some of the changes of interest, electrons 
combine with protons \o make neuirons. Therefore, neither eluclrona nor protons nor 
neutrons individually—w'hich can be created und destroyed—^L^c us con^^enient as 
bary ons. for following the motion of the medium. Hence the ctnphasis rjn the average 
volume p+’T barv'oti or ihe numfrt:r density of baryons, jj, in the formulation of the Eqiia* 
tion of stale, ^ ^(w). 

To determine p one can sum up the real plus kinetic energies of ihe (Jarticles when 
they arc nearly free; or in the general ease erne can evahintc the enurg)' change in ex¬ 
pansion to infinite dlSulion; Of one cnn follow a (bird procedure, based on general rela- 
rivity; [t J investigate the local geometry; (2) tneasurc its curvature; (d) employ ihe fun* 
daiTH'titfil relaiion uf ec{Ufltion (2) between cumiiurc: and dcnsily; thus (-tj finri the 
density of mass energy, p, for the given nuiiilicr density of biin ons, as desired, 

LIMIT .\TTON OS CU«V tUf tJKKSlTY XT WmCH TIIE CONCEPT OF 

RQC■AT10^^ nr 3TATF- MAKES SiKptSK 

'fbe concept of eciuiition of .state, now defined and given operstl ional sign!ticanet, losts 
its meaning when space is loo strongly curved; that k, when the local components of the 
Riemann curvature tensor^ or the locid component.*^ of the tide-prtHiuciiig forte, or the 
of the gravitational field are too large. A stronger reslricrion might at first 
sighi stem indicait^l; that the gravitational field itself must not be loo grewl. Two 
reasons auggt?sl themselves for this preliminary reuetion: first, the jxtssible inrluence of a 
strong gravitational field upon the proper!ics of space;iiiccond^ iht possible inlluerLCe of a 
strong gravitalintial field up^jn the properties of matter. 

.Any foiM'cm thiil spiiCc itself might l>e flfTectfti hy a strong gravitatiDnal field iscoun^ 
tered by a general consideration. Einstein’s principle of equivLilem'e states that the gravi¬ 
tational field apfiareni itr any point can be annulktl by looking at wliiit got's un ihcre 
frciui ;mapp!tF|priaU:1y nmviiig fronieof reference: a local inertial or Lorentzframr (small- 
scale liuticc work of'meter sitcks and clocks fsilling freely in an ide^Ltiyj^d hullow- pipe 
thrust through the s;3'stem’). The local physics in such a reference frame difTcrs nnl ut 
all from physks in flat space. Therefore the equation of state derived from consid- 
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cr^Lion^ of llat-spstcc E>hy 5 !ts apptj^ imrHrdijttdy to a spechien of TiiaUer localed an 
the local Loren tz frame. _Vrjw for the m-ond point j Ts I here any difference between this 
af»c:dmcn jjid the surrouTldinfi mtittcr? The compariiw^n is carried out at the instant when 
the specimen ts imsiofintarilv [it rest with refiite^'i to the System. Moreover, the specimen 
has the sajtl& barv'on density' as the immcdiatety neighborinj^ tiiaitcr. Any differenre 
arisen from this circumstance' that the matter in the system is being" ucceleraied outward 
with respect to the ItMZSil Uirtniz frame by ihe different in I af pressure between the red ter 
of the s>'sttjn and the surface. The specimen in the tube experiences no such ucccleration. 
(t h under the same prfintrfo^ the SiifTounding matter, but under zero pressure ^radi^nt, 
Elow_important is the accclerrition causod by tlie pre^^;ure gradient? Ts it great enough to 
pul in question the policy' of using the sjinto equation of state for tiie "iicccltnited'' 
matter [isLi-itinrtj-iTy in ihe star) as for ihv ‘'unacceleriUed" specimen (located on the 
Lorentz frame)? Xo, this accclerution Is not nomialJy enough to tnake a difference. 
Even in the extreme case of a neutron .star this iiCCtlcration is only -- cni/siM^^^ fiq. 

In contrasl, the A-electron in a plutonium atom experiences an accelcniiiont 

- t 4 -X 10 - 6 X 11 U 1 cm/sec^ , i?i*> 

withoul ceasing to follow elenienlary'physical law, Altareiiverj w’fihin ii nucleus the ac- 
ederatJons run lo still hlj?htr orders'ot magnitude r 

I ^ -pi/f ^ (1 ()£ft cm/sec)^/ 1 0-f" cm-- 1 0*^ ^ 


with no known problem thereby iicing created. 

tn accordance witl^ this Oldcr-of-magnitude imaly.sis wc negStet the effect of the ao 
celenttion and annly^se the tqiliition of slate as if w^ti^ always dealing w'iEh phvsirs 
in a local L^renl;? frame. Jn this sense there is a clean ^-pwiration between tw^o kinds of 
issues. Tlinsfi of ont kfitd have lo do with the Con^ititution of mailer and are Ifxal. 
Those of ihe other kind have to do with the production of gravitational htlds fry this 
ruiUler, Tht\^ iirc non-local ("graviTiitioriiil action iit u distance”; deierminwl by solving 
FJnstein^s field equations)^ Tlie Lssues of ihc firsi kind can be Lreaied entirely within ihe 
fratnewatk of special relativityr Otnenll relativity comes in only in the issues of the 
second kind. 

The helpful separaLion bciween local and non-EocHl issues breaks down w'hen there is 
loo much difference from ptsint lo point in the IcM^al I/?rtntz frames required to annul 
the gravitationiil lieUl, ITis breakdown occurs when the inhomogeneity in the gravita- 
tiqnid field is greal, or when—in Xewloiliari language—the local "tide-produ^drtg foKc’* 
13 targe. In reialivity taj^uage the corresponding quantity is ihc Hicrnann curvature 
lensgr. Both the Xc'wtonia.n and ihe Einsicinian quantities have the otder of magnitude 
at tiiu Echw'arzschiEd ctKirdinatt r outside of a ma^s Af* (<TtO » 6 'Af{g)/c^. Inside 
the masSh at points where the density p is of the order of ihc average density or hip her, 
the rypTcaJ component of the Riemann curv^allire lensor is of the same order ns Ihc 
typical component of the Ki:t*ci clirHifature tensor which in lum- -according to Eiiuii(ciii^& 
field equaiions—i* rif ihe same order as iliu density itself^ as Lranabited to geonietrital 
units: " fG/c 4 )p Thl^ ctirv^aturc or lide-prtKlucing fori'C would sfem 

to ha Vi; no effect insofar as the particles responsible for ^energy and prtissurc have w'ell- 
dehned positions. However,^ with a piirticlc of mass wig) or is associated a char* 

ttcteristic localLEability dkliincc i mf frcduced ("mnpUjjt wavelength). Referred to this 
dislunce the inhomugeneity in ihc effective grnviiaiional potential—and therefore the 
CUEJSiequenl fracliunal dLslnrlmnce in the ina.^^;-eiirrgy of the particle—is of the ortWr 
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This nieitsure of riLslurbance will be siiiaU comparLd to unity for Hit iiujat cjitical par^ 
tklesp plccLroriSp when ihe rttnsUy is resTricied by ji limiL of thr order 

< ( w! £'//x)^^'cm"* 

or 

^=fcVG)^-< la"F^/cm^ ^11?'J 

a condlHon that ordinarily will be satisficfl! 

Only when iryinj^ lo trigger iht gnivitatianid callapsc of Ftome of outlier or less 
(Table 10 and the bsl part d( chap, viii) does one come to a calcntLiiird desistly ai the lop 
of llie collapM barrier of the order of the crilictil lifnil (217) or more. Then the idea of an 
equation of slule bcgisis tr> lose sense. The physics of paasiige from the nomial state lo 
ihe collapsed State uitdcr these condition-s would seem to require a c^^^qfJer t>‘pe pf 
iinalysiA in w^hicli quiuituin considerations show up much more pen'asively than they did 
in chaplet viii. 

There is anothcTurgunKUt that new considcnilions art needed 10-deal with a situation 
as extreme as that conkcmplated in equation (217). The culcnlated masfiH:ncfg>^ al the 
point of pa^Siige over the barrier, 

M p { fi/m ^ r f c / /fPH h / c )" 

iJi*i 

~ ( fsc/G)/m ^ { 10"^ k)'/ f I g) ^ 10^ g j 

Eft no greater in ortler of inagnitude than ihe mass of a large A ret it ice iftland. However, 
this ma^iS is so narrowly localized that it creates an tnormous gravitiitioh ficUl in il5 im- 
mediale vicinityT 

jf {GAf ) / C^C)^ ^ tkc/ Pt)/ [ft / m ^ m c ■/ fi ^ i 0” cm/sec* * 

Thus gr^vitulLonal Accelcrarions haw at last mourned m the magnitude of intriinudear 
accelerations (eq. 12151). Unrler these conditiarLs it is out of the qui'stinn lo ssy that the 
equal ion nf stale can be calculnlcd Hfl if the gravilalionAl field w^erc not ihertl The 
phiTftics of 'local'^ forces and of *'[ong-rangc'* forces art no longer separable. It is remsirk- 
able that gravitalional accelerations fiecome ccfTnpanihlt lo afcderariciniS in a nucleus 
for the sasuc conditions at which the nidius of cur\-ature of space becomes compamble lo 
the Compton wa^'dength of an electron. This drcnamstance is a double indication ihat 
physucs of a new kind comes in wlien the density limit of g./cni^ a surpassed, 

4N aside; DNTVEESE SlLMti^IV CUIlVED AG VTEWEP FltOW fASt PAJtTlCUv 

Spiice curved up nearly Into closure, and the radius of curvature of ihi^ space of the 
siime onler ns ihe Compion wavelength: this is the cxtretnie which, contemplalcd tong 
enough, one may hope, can lead into new w'nya of thinking about the: relation between 
geometry and particles. To achieve such conditions two allemative idealized experiments 
suggest themselves^ neither of them tcchnologtcally fensible, (1) Curve space the requb 
site amountp fiwer the requisite region, by putting g of nvisa^nerg)' into a region 

with an extension of the order of 4 X pn. The diffiailLiEs of this task arc only too 
dear from Figure tb and the associatid fliscuiision in the text, Or (2) take space as it is 
and make its r 4 dius of curvature ap^ar lo ihc electron as short as the Compton wave- 
lenglh by imp^itiing lo U a sufFicEenlty great energy'. For an order^jf-magTsitude estimate 
of this energ> p lake space to have a radius of curvature of the order of (10^“ light- 
years) X cm/light-year) — 10®^ cm. To bring this down to the Compton wave¬ 
length, the LortnU contraction factor must be of the order of [4 X 
cm) ---1/(2 X Therefore the electron should have a masa-cntrgj' of the order of 

- tlX 10““) X (10 ^g) - 2XHH'g. 


am 
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An energy ol this nui^nitudt will beset frts by the ihettnutiucleiif combustion of 4X10^ 
tons of aeuter'mni^ so ihiit thiir supplying of the energy^ presents no problem of principle^ 
To pm Lhnt energj^ into the eitjetran is another miitter. If the enlire universe I 3 reduced in 
thickness^ to a Compton wavelength | then any Eiirth-botind accelerutor is seen by tht 
electron ns an unbelievably small fraction of the Compton wavelength! Thus there is a 
fundiimentiil question of printiplc as to whether one nan spetUt sensibly of the process of 
4 tccrferath>n under such conditions. Agalitst sjjeaking of and energies dose lo the 

limit (22(1} no such objection of principle is evident. Tliis accepted, then the limiting 
energy given by L^quatioii (220) w'ould Seem to mark the point beyond which the principle 
of Tjjrentjf covjiriance, as normally fonnulatEid for electnjng, must break down. AH refer¬ 
ence f r:m>es are no longer equivalent when an elec( ron is going so hist that it can feel (he 
Curvatiure of Space. It is not possible at ihb point Id Say that ihephy^sici in the tangent 
flat space is the same as the physics in the acLital curved space, 

THE FtraJCTIUK pfw) AS A TlIKlUAGDVN'AMit: l^OtllNTJAL 

So much for the condition.^ of extreme utiTATittirc where (he c:oncept of an equation of 
state breaks down. Now for the case of greater immediate interest, w^here all the condi- 
Tions lire flatbed for speaking of the number denaiiy of baryons, n, and the density of 
masa-energA, p » ji(Hb of cold matter catalyxed to the end point of thermonudear 
evolution. (Throughout thbsection we shall use geoincLrized units but omlL the aatmfits 
for notatjonul convenience,) 

The function serves in effect ats a potentiuJ from whiuh to fkrivt the other 
quantities, of inierii^t: the pressure and the chemical potential. The pressure is obtained 
by compuring Ehe change in energi^- In a xmall expinsion with the change in volume; 




« {Pressiirp) 


Jf energy per particlE} 
d i volume per particle) 


» — J [ ^/ n 3 / tf [ 1 /ji) = M dp/dn — p . 


fill) 


The chemical potential ^(ii) is dehned for the present purpose as the maas-energy 
w'hkh is adtdrd to the Bystem by brinijing in one more particle from infinity. The energy 
consists of two parts. Of those iho titst is the work r^uired to ready a space for the 
particle in the already existing medium by pushing aside matter at the pressure p: 


(Work) * ( Pressure) [volume 3 ■ J>/n * i 222 ] 

The second part is the mass-Energj-^ p/n^ of the particle which is inserted into this slot* 
Hlius oEic baa the result that the cheniical poteniial k 

t‘=‘{p+p)/n^ 


.\s un aJtmialive way La evaluate the chenikaJ poientialp note that the uddiliort of dn 
paritcles to a unit volume increases the massnenergy in thus volume by the junuunt df, 
whence 

^ = dp/dn , *2t*i 

The agreement of equations (223) and (224) h guarunteed by equation (221) far the 
pressure. The product ot the chemical potential by the relativistic generalkatJon, of 
the gravstuLionul potentiai gives the injection energy which^ according to Theorem 4, is 
constant throughout the interior of m equilibrium configunition. In the tif 

urs iilcal Fermi gas the chemical potenLiaf is identical with the Fermi energy. 


AtTr.RXATTVT. CimiCES FOR THE THEKMODYKAWIC POTENTIAL 

The quautities p and p. ore ui some sense camplemenLary to p and They csifi eqtudly 
well serve tia the primary variiibles in describing the comiilions in the mediutn. llore- 
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over, the '^polcnlial*^ p ™ pi^) is aa cornprehmsive in Its ffuinmarudiiiE lowers as ifie 
‘■potmiia]'" ^ « p(fi). To lead into llie use of ^ = ^(jm) m ft ''“polentkl, consider the 
chanst in pressure in a small ult^aiion of eordi lions: 

dp - iindp/dn-- p} ^ n{d^p/dn^)dn = n[dp/dn)dH = * tus) 

This relation one ihe tneiins lo derive the density of bsm’ons and of mass-enei^- 
from the fiificlion ^(# 1 ): thus 

tip/dp [jj*) 

(analogous to eq, t224j) and 

— pdp/dp~ p- — d(p/p)/dll/p) fiiYi 

(amilDgaus to cq, [221]). 

In addition to the options of taking p(a) as the storting point, or using pfp) as the 
basic potential, one could deduce every thing from a knowl^ge of the pressurt as u ftuii:- 
tion of the detisily of mass-energy, p » p\p)^ Thtia the chemical potential is 

11 = It, esp Jttdii/nit= II, (■3cpjr^J^/( j»+ p}, <jiii 

where p, is the chemical potmtiaL of a bary on at inhnite dilution, M, = ^ fflfFeS'') (see 
Table 2). Similarly the number density of biiryom is 

II “Hi e*p J'da/H^ »i, esp^ dp/(p+ p), «« 

where "1" denotes some standard state of veiy’ great dtlLition. Any reference to this 
state can be eliminated at the e^Epense of a slight complication in the formula. Write 

p^plCKpf dp/p 

and divide this equation into the preceding equation. Go to the limit where the state "1“" 
has infinite dilution. Here one has tim f^i/wi) " Thus find the desired fominla for f#; 

.Note that the product with ^ from equiuion (228) and h from equation (231)^ gives 
-f p), as expected (tq, [225]), 

BARYON NLTMRER AS DEDUCED FROM PRFSSITO; AS‘D DEKStTY UF.4SUMEMTfcS:TS 
ITie content of fomula (2A!) is snmmnri^^ed in lliwrern XK 

Tkeoiiem jo. Up to the fixed normalising factor ptf can d^iermi^t numbtr oj 
barytmj in the cold, catalyzed matter contained in a specified voimtie V by w'ay of 
fK 4 !Ujpr^aUs limiied eWiwniii/y It* lAr prr.'fmr^msdy iorTtldfim during adiahik 
dccftmprrssiffn. 

Equation (231) is remarkable not only because it tnakes the distinction between 
amount of mptkr {as measured by the number of bnryotis) and amount of fFkuf (as 
measured by inertia or gravitatiotiai aiLraction), It iS also remarkable because it tx^ 
presses the quantity having to do wUh the microscopic parttculiile si me Eure of maUtr, 
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in tcrmft of tneasurcnicilis on two quantitif?*, p and which are so lar as anything canid 
Vitll be from probing into I hat pfiTticuLute sfrnctiire. 

How is this concliiEion to bt rteoncilftl wilh Hondi^s ('1%4) a-tenl cornment ihal '^afly 
a!tempi to dwluce piifticic number from a rpiati\istic integral over a static eonfigura- 
t ion is doomet] to failiuTc^'? in reaching that condusion one considered two configura- 
lions. The two systems were idenlicnl not only in total mn^p but also in distribution uf 
ptEisure and density, YeL tJiey dsfifer^i bec:ttise they nroM by contraction from coTifigii- 
riiEions of complete dissoeiatbn which contiiincd difltr^^nt tiiimbers of baryons. The final 
apparent identity of the iwo systems came about because energ}' was allowed to escape 
during the contraction in the one csiae, but not in the other^ 

In agreement W‘iih ihiiF reasonmg one knows vciy well that the relation belw'een 
density and pressure differs between hot nialter and cold matter^ It also differs between 
niuttLT that is^ and matter that is not, catalyzed to the end point of themionuclear evo- 
luiion. However^ in the derivaibn of 1'heorem 30 attenlioti fucu^ eKcludvely on inat- 
iLT which is set caialyised, and which cold, and which is neutrino-nrulral, and which is 
given lime lo adjust lo changes in pressure (see Fig. 17), l-tidcr ftimiiUiytts ihp 
ew^rfy required impress d moU of burymis utfimk dhpcfsitm fo u faflkit 

iifttnify k miqHcly deiermimd by ike physics of maUer as a shffdard and unttersal Jum- 
iu>n Iff ihat densily. Then equation (231} supplies a rationai means lo evnitiale this 
purticlc dco&iiy. FurLhermorc, the inlcgml of this particle density with respect to propet 
volume then gives tie total baryon number *4, us it entered, for example, into the 
variational analysis of chapter iii. Thus the conceptual advantage is apparent qf dealing 
wilh matter which Is boih Cifdd and cafalyztd lo the end point of themnoniidear reaciiona. 

7 -LAW IS THh: RKLAXrVlSTlC ASB SON-HJELATUISTIC DOM.4IKS: 

COMPARtSON A^TD COKTlLASt 

Alwut tie detailed course of the universal equation of slate a great deal is known at 
low densities und ver\' little at supranuclear densities. However^ at any dp^sity^ low or 
highp^ it is appropriate lo describe the dependence of p upon u over a limited region by a 
" 7 -liiW,” Here the Vnilue of 7 Is defined by the logarithmic deri%Tillve 

y=d]n p/d In n . 

When one expresses the same rctation between p and ;i in integral farm, he requires In 
addition lo y a con.qtanl qf proportionality. Tl is conveniently laken to have the dimen¬ 
sion uf a lengih^ (hus, ovvr n. limited range of 11 , 

(C/ €^)pi g/cm*) ^ (cm-") - L-3f FJn p , raiaj 

In the Same range the pressure is given, according to equalkti (221), by the formulap 

p* = (f- [ i p* ^ f2J43 

There k an Impurtant dialinclinn hetw^een 7 -law'S as Employed in the relattvisilc and 
noji-reliitivistic domains, in non-rehitlvistic theory- not the total niOJC^energy p, but only 

(he pan 

e = ^ — 1134.^ EJiSj 

ox'er and abesve the rest mass, cqmes into discussion as the dependent variable. .As for 
the independenl xiiriabie, one Is not accitstomed to dblinguish between nundjer deasity 
PI ami mass density p cxcepl insofar as the standard mass ^j is used to transform from the 
une tu [3ke olher. I'hus one w'rites 
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Here the Mterisk on the exporieiit dktlnKyiJiliea the mjti-relnUviatic y ffum the rebiltvia- 
tic one, Express^ in the relativistic of the equatian p « pOOp equation (236) 

reads 

p « PiM(aan 
to be compared cind cotiinfSled with 

P =t:anstiint 

The pressure raJcalated from equation (237) is 

p = nd p/ Jb — p = constant* { y* — I )h^* = f 7* — I )* t 

to be distlog^hed from equation (234) despite their superhcklly idt^ilcal form, 

A additional paints of Comparifioa and contraat t^lween the relativistic zind the 
non-rclativistk formulations of the equation of state are to be noted. Go back lo the 
rebtivUtk formula (221), or (dTOpping asterisks for iiotationni conveflicnce) 


dp/ (p + pi ^ dn/n , tia) 

and approximate: 

ifp/p — pdp/fp -+. K . ^ dn/n . 

4ig 

Intcgmle to tiiui 

iti( fi/nj — ln{ p/if) - J>rf{3/p)+♦ * * . (a«J 

Note that (p/ti).Li«ri*nd = pm. Thai have 

p ^ exp[ - Jpdi\/p }+.. 4s irm 

or, to the same order of approximation, 

i 1/p)* Ii4#j 

Assume that one knows the Newtoomn eoergj^ density e as a function of p, so that it can 
serve as a "polenliar’^ for I he non-relalivistic equation of statr. Then one obtains at 
once from (244) first the pressure 

(to be contrasted with the accurate eq. [221]) and—^^to the same level of approximation— 

p —pi - (^ + Bpi + e)/B — ^Mip + t}/p — ptdt/dp 


(to be compared with the relativiaiic relation p = 4p/dn), Wlien one wishes to know 
the chemical potential in the non-relallvistic domsdh starting, not from a knowledge of 
the eDerg;>' density 4 as a (unction of p, but from a knowledge trf the pressure as a function 
of Pj he can use ihe Newtoman formula 

M — - pj d p / p , CS4T3 

derived from eqimtions (244) and (246), and to be compitred wills the relativistic equa¬ 
tion (22S)p 

7 ONE OH CHEATER FOR STABILITY AGAINST THE COLLAPSE OF HATTER 

\ATtat limitations on the equation of stale cun one deduce from ^cneml prlnriplcs, 
without entering into the mkroscopic physics behind the pressure-density relation? Two, 
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The flrsl liiis Lo do effectiveh- vrith u lower limit on y* Lhfc second, with un. upper limii. 
The one cancems stability agsilnst coLEapse; the other, CBUsolity. 

The equatiofi of state of van dcr Waitts fori;cfi one to consider el presstiie-volniDe rela¬ 
tion of the form show n in Fi^re 19, The section of the axrvt where Dressure 
with decteasing vplunie ^gnifies instability, A weighted piston e:Eactly balanced on a 
cj'linder-fuU of sudi a substance may be adjusted to equihbriiijn, but the cqudibriinii Is 
unstable; Nor is it only ihe tollcction of matter as a whole which U unstable against the 
dighlcst up of down encurEion of the piston frorn the equilibrium point. Each clemenlarj" 
porLiDii of the medinm is sirtiiUrly uhslable with respect lo expansion of contraetion 
away from Its equilibrium volume. This insubifily is noliheation that the niedium wiU 



fl —» 


Fio. 19 — IVssm fruJn "iltaLy tk form" iif equalliaa ai ilatc ta the true phyrical farm of ihc oquAlIoli 
of alatc in h mmt m trtnpftifsn. Ahirvt: Siajadiol juignrneflt that net A unrf B 

ihduM be the for the Enojytk and for iht true nf TrMipcHptJan of tile ^amc 

rBft 3 Krning to the ^ — p{ti] h^uhitiDn. of the equjltmn of slate. The &bpc dp/du (whjEia may be Written 
aitematJvBly a* ihech-cmjcatjMtieatkl ^ nraa tlie ratio -h pl/w j murit havp thr Mine values *t .4 HEwl B 
U the Stmighi Unt cDanKtlo^ A anO £ C'c^l^dltion of 

de%'elap two phases. Uf these, one In the e-xample of von der Waals is gaseous; the other, 
liquidr In ccnsequeoce the actual equation of stale follows, not the dashed line , but 
the stmight line. The height af this line is such that the work done in the compression 
from A lo B at const ant pressure is identical with the work w^hich w^oidd have been done 
had one fallowed the unstable ideal equalion of state. 

This familiar consideration abnut the pressure during a change of stale b readily 
translated into a stalemenl as to how p as a function of n (lower portion of Fig. 

\9i. Rather than go chrough the mathematics, one C4in follow Che phy^cs, usiiif wards 
that have in mind the exsinple of van der Woals, Throughoul the region where the two 

K hoses are in equilibrium with each Other^ the energy' to inject a male of rnaterial must 
e the sEune whether that mole b in the form of gas or in the form of liquid. Therefore the 
slope ^ = dp/dti b constant throughout the region of iht thange of phase, and agrees with 
the slope nt each end fioint; 

(dp/dn)A^ {dp/du}/^^ Iprf—pA )/(tin - 3 * 
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Here equiiiii^D iiiTSflunts tu two impticU equul ions to det^miicif I he two points of 
Iran sh ion, wtifl ntt. tluw' to solve graphically by applying a stmight edge to the 
curve of the equation of slate is evident ai once from the low'er portion qf Fjji;ufe 1 *). H 
is also clear why marter Lit a number density between Ha and ha coa^jlatt-s into matter 
at the mimlwr density m j and mailer at the number density n/t^ In tbiS way it lowera the 
mass-energy per unit volume from the higher sTilue of the dashed curv'e to the value indi¬ 
cated by the straight 11 ne. In other words, the dashed line does not rej-jresenf I he iibs^)lute- 
ly lowest energy state, whertan I fie full Hnciloi-s. Therefore, the full line describes the 
true •equuliun of State and the dashed line docs not. 

The characteristic feature that dislini^ishes the allowed equation of state from the 
unphysical one oin be staled in at least sb: equivalent ways. First, iheslotje iifver 
dtcrcitscs with incrcastng w. Setrund^ the derivEtlive, isncv^-er n-^dtivc. lliirdi the 

chemical potenlial ('‘injection energy''^) never decreases with increasing n. Fourth, the 
derivative tiji/dn is nev^r negailvc. Fifth, the derivative 

dfi/dM ■ Hif“p/rfH^ ™ nd^/ dii a #oj 

h never ne^tive. Sixth, the pressure never darcases with increasing densiiy, 

(.Jnc am imagine h curve for p(ii) which starts off from the [jfanl- .1 as does the dashed 
curve in the dillg^;tm^ first turning up, then starting to sum down^ but I hen departing 
from the curv'c in th^r dkignmi in the following sense: It nirv'cr turns up again. Its slope 
continues to decrease, decreasing more and more slowdy^ but always nemainSng positive. 
In this case it k impossihle to tind any point B nor to draw any straight line AB w'hich 
satisfies the condilitm of t^mgency ( 24 ^), Then the muteriai is unstable against coagula¬ 
tion into two phases, one of ordinary matter, the other Df a completely cuUnpsed medium. 
Mtl^co\'cr^ this collaijst Is a niia^’oplc collapse; il has nolhing whatsoever directly to 
do with any long-range forces, Curvature of Space, or gni.vitational collapse. If gravit;i- 
tional collapse leads to a cotlapB^ sysirm^ then I he quite dkllncl kind of collapse c<m- 
aidered here may be Said to lead to Collapsed m*jtfcT. There h not the slighlc^t evidence 
to iiuiicate that matter undergoes any such microscopic collapse. 

This analysii of stability can be summarized In Theorem 31 + 

31 . Edhtr fltuWcr is msfable etdkpe, tfr fschi ptfsiim 

canstants n^ and ^,4 > sui‘.k ikaf ific rfcii^rfy fl/ n > satisfies 

the inequatify 

^ ^ ^ 

Here «j repreaenta the highest particle density at which unc has reliable information 
about the function p = and and = (fip/dn}^ > Pm represent ihe value and 

slope at tbit point. The theorem says that the stniightdine extrapolation fresm the 
point A represents h lower Imu lo the curv^^ for the equation of state. From Theorem 31 
follows Thcorrm 32 , 

Ttintaat:!! 32 , af mrirascafitk €atiapsf^ tfmi the asympiodc valw p/ lag- 

uriihmic derit'O^ht fre kss ihan titiiiy; 

-din If/d In ii > 1 . fMii 

This tlle^^^em has already been used in conjunction with the contour dingrstm of 
Figure 13 in chapter vtii, Fn this way one could prove for ev-^ery baiy on number A 
greater ihiiti .Tiuatuiift. the existence i?f a contlnttuus seriuenceof configuritllutis lending 
lo gntvitational colhipsc {’rhwjreni,^ 24 iind 2 >]. For this fiurpose it was vilal Io hove a 
tmver limit on Tpi-r-tii^tgUr. 
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7 TWO OR. LKSS ¥Ok ro^ST^lT-NC,rt WlTlJ CAV^AUTV 

CtJnliTJir) lu whitl ont Lhoughlp nu Hjp^r llmU on the stifTni^ of matlcr^ 

nrj bound lo required in chapter yiil to establish the theorem about 

gniT^mtional cotLiipfie, If matter h difficult to compress, then much cnergj' must l>c 
punipeti into it in iA€^impIhkitt^ the Compreasioii. Com^uetilly I he ban ons have el 
greater timss than thev would have had otherwise, Hiis greater mass only assisis the 
collapse when the cniicial compreasioii is reached, Is’everihelesa, ii is still of interesL to 
look at ihc upper ]cmil on 

The jijKTil of sound, tncasurcd in units n( the speed of light, is 

^ {dp^/dp^V ^ , i2A2} 

and in the as.rmptcnic limit is — 1)'^* Re^^ult (252) b well known in 

Newioniait lht*in . Curtis (19M1) has proved Lhal the same formula is n consequeticc of 
EinStein^S general rcladvity , If the speed of sound from A to B exceeded the speed of 
light in one La rent?, reference sj-sEem, then another Ijorentx reference system could be 
found in which the jicuustic wave rtiiched fi bfMc it started frmn -I, But thb eflein 
Would violate the principle w'hich one knows under the name of cauSutily. Therefore J 

TiiEOKrM AA, Tkf tatur trf y canntfi exceed 

It is to be noted that the 7 under discussion here b the y in the relativisLic fonii 
of the equation uf slate, nut the 7’*' of the non-relaiiviatic formula! ion 

It has been urged as plausible by one of ub"'’— and by others—that p* < p*/A is a 
more apjirijprmEe ELs-ympiotic limit on the pressure iy = |) thitn the limit p* < p* 
given by the am^ilUy condition_nnd 7 « 2. The stronger limit would insure that the 
trace of the stress-energy tensor in a tacal Lorentz syTaienip 

T/ = p* “ 

h never negsitiye, and only ^-^^niahes for the spedul EUiSt uf pure radiation.Haw^evermin a 
valuable contribution Zei'dovich (1%I) has supplied a counterexample ; u simple ideal- 

* S«! t^liccLcj: I lM&4i ,p. 3Q2. In the cider JiturmEiue {EdditLRtoin i i^lsu Curtn |1^5U| !> the Cbcuf;kl 11 

ci:ci-»k.irui]]y expje^stHJ tliKt the iratc’ ttl the tenaer, 

T = r,*+ +7’,’ + = p* - 3 , 


musom lllE narticic fiEnsU'. Fcri^ii idc&J I'crmi Ck^nrlnifickhArY ( 1 ^ 35 ) fnrmuUE {»ce cqr;, | 27 S]- 
127 SJ bekitv 1 g-lve 

f 9 jnh {// 2 ) — (2 ) (g«nerj|])' 


Sjf* = 2t(( j'm/ e*){fflTc /ky U P/ 48) 

I J csf>{ f/2) 


{irniatl 0 
(tnrj?e t)} 


Thr hi^h linull} iv\ thu ejp'Tt:B«e!n //2.I h altc^Elhcr dLtfervnl {mm thAt ter the paxlklc 

flEniity ,5^ -t J. Thm-fcirc thert h m Ur thmk cf ibe ihice, T, of the strtj&^enefm' Rt 
pmvioioRAay direct rneasurc wbatevEr of the jurtkle decuiLy, 

Both in earUef dlscuAidcda xtirl tocUiy tbr (idnLixeilj ccnec|jL r>f ''iticrfmprettddbilitv'" la cf cxHirtic undcr- 
sLiMd to mmn —hy dqfinitiftn —ft pfirHdedamiy which it not subject to lieln^ Inereaied. However. ii filed 
parLiclE dsnaity uid a £xed value cf T arc evidently very different ideas. 1‘hiia oaiE wit] eol upboid today 
the idew- ihftt mftttet CurTefp[Ttidi= to T » tcmatatil'' tior the view that ihE CuEtls Equa¬ 
tion of atatc p* —-h uirres^ndi tn incotispfeefflhle niftller^ Whatever thb of itale 

does m^itJ rq3rcsen Ej it describemidelLliicd siLuallnn uf iciLereal in its own right, Uia Lnlc^raElon o| the 

equations of hydrt«tuiLC equilibriuni {or this equation of atatc h LnilnicUw. espedally fet ihe way In 
which Etcenhrma th£ ■aiistEiK'e oE a limiting configuraben in which the [pressure gctae Eoln^lnUy at the 
ceM^lr. Tl W^Ould Ik LnLereslEng to Bee piecifle Inteemtlons Enadr for Ihia equalion of state d{ Cnrds for 
JesfiiT vftiuw ol tbu cciLtra! jipenHure- Onp w+mid Tike u> know ■Mrhethrif the equilibrium eanfi|fiiraliLi<na 
change from stable lo URStable when tbe cenlrat preosLire iirsL EXCEcdg a ceFloln critical value oF 
mfiivLiyt as one cjcpccr^ on physical grounds. 
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ircsl phvsicHj motltl fc^r an equiationuf stuie witli ilie prtjjierty that p'* agrees asymptoti¬ 
cally fi* jHif ifi thK limit of very hlj^h density. 

Tiel'dnvich puts (orwiird bis analysis, tiot with the aim of giving ii del ailed account of 
the cqinilinn nf slate r>f real matter at high densities, but rather as a pure niDdeh illustmt- 
ing a point of principle. As such it is ne vert helm most iniert^ltngp because St i hr<iw^ new 
light on ooncems often expressed about ihe schcaUed '^^hsrd’-core'^iiiiodcl of 1 he nucleon- 
nucleon interaction, and its bearing on the compressibility of matter aE very high 
density. 

THE SOFT ''HAEJJ COHE"' 

'fhe of ten-used terminology *'hard core” would seem at first sight to rule out any 
sepanition between the tw'o nuclcons which is less I hart some chflfactfristic distance fr. 
This idea is clear enough for stationary^ centers. Yet statianaiy centers one docs not 
have even when^ as here, the medium under discussion is deprived erf all excitation and 
maintained at absolute jtero tcmpefalurc. There h acro-poinl mol Son, Moreover, ihc 
jiero-pflint kinetic energy^ goes up indchnitcly with ccnnpacEion. In a medium so com¬ 
pressed, a nucleon of high Toamentum collides with another nucleon, also of high niiO“ 
inentum. After the Collision the parlitles are moving in new direct ions with new velcK:i- 
In w hich of the four obvious Lorcniz frames is the distance i to be measured? And 
if tio one choice of frame is compatible with the symmetry' bclw-eeo the parTicleSj as is 
normally the case, Lhcti what covamnt way is there to describe the esdusion distance? 
And how can any definition of exclusion distance be compatible with causdlly and I he 
i^impte demand that infornuttion should not propagate from, one place to another with 
a speed in excess of the speed of light? Xo satisfactory' un_wer to these questions htts 
ever been given.' Moreover, xicwing the tnedium in the lai^c, one sees sttll iinother objec¬ 
tion to the idea of the hard core; Hard core means incompressibility; and incompressibil¬ 
ity means a speed ni sound in excess of the speed of light, in violation of causahty^; ergo, 
no hard co^e^ 

Zerdo%ich finds a model to describe baryon-baryon repulsion which is cotiipatlble 
with special relativity. The model conaiders the interaction to be mediiitcd by' a vector 
field which resembl^ the visclor field of electronutgnetisTri except in two points: Its 
quanUi have a non- 5 jero rest mass;, and the charge on the sources is not +Cp but aSiwrtys 
In consequence the jvotential energy' of interaction of two of these baryon chatgies is 

( rnJcxpf — rij/<l 

where the range d is 

a = /jE/'(rest mass of quantum of the vector field ) * c * 

When the baryon density is so high that there are nuinv bary onB within the nmge ihen, 
ZerdovSeh shows, eltmnitaiy' statistical Considerations apply. The potential energy of 
interaction per unit of volume becomes 

{C/ cS)(RV2)/{sVr) - l^Gl 

For an otherwise idea] Fermi gas compressed to a relativbilc Fermi energy the kinetic 
cnerg)' rist* as a lesser power of the barynn densiEv: 

Therefore the potential-enjerg>' term domuuttcs at great compressions. The totaJ density 
of mass-energy in the model follows on afiv-mptotic 7-1 aw with y = 2, Therefore the prea- 

^ i\n LEivrSti^tlan of an Mcmi haril-tirrc Ftmii Eil the hJ^ll^dcnKaty timit hAt\ been cirdriJ aul, huL 
mX yel pultlisherl In Sejaemlwr^ 1964, acccurling to x kind fteriani! crtinmuajcaskia of I.. GnuUm at that 
Unse. 



EQUATION OF STATE OF COLD, CATALYZED MATTER 107 

sure p* is asymptotically equal to p*. The speed of sound approaches inddlmtely close 
to the speed of light, not the (qxed of !jght)/3' The fuaterial baa the rigidity 

permitted by the principle of causalit}^ ThJa example shows that the limit -y ** 2 is in 
principle an acki€Vifbk liimt. 

So much for genenil oonsidcrutions about the equation of state; now for the pressure- 
density relationship empJoj'ed in the detailed calculations. 
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’I’HE HARRISON-WHEELER EQUATION 
chapter 10 OF STATE 


EQUATION IN FORM OF TA6I.E OF VAtUFS A Nil AN AI-KTIC AJ. FITS TO THEM 

This equalian of ilat^ has been presented in graphical form by Hamsan^ WiikaEio^ 
and WTie^ler (1958), and by WTieeler (1962, 1964)* The same publicatinns reparsed 
gcnenkl-relaLivitv cstlciiliilidrif; of cquilibrtatn CdnAguruliuns based on this ptc^nre- 
density relalioD^ as well as Succesiive steps in the aimYsis of the results—^now hruuglil 
up to date and sumrnariKed here in chapters vi anif viu and AppendiK A. Neither 
Harrisun's 1957 tabic of pressure lor 47 viilucs of the density, nor his 1957 aimlytlcal fits 
tn these numbers, nor the derivation have been rqKirted heretofore. The anaiytical fits 
present the pressure-density rehition in the most compact form and are tiierefoTe given 
lirstj then the tables then the derivation. 

Regime I, p from 7.86 to 1.00 X 10* g/cm’ * 

'i 23eii 

fCg/cmsec“) 3.0271 X I 44^151' - 1.50.119X 10''* 

Regime II, p from LOO X t 0* to 3+22 X ! 0^* g - cm" ^ 

fZS9> 

^fg/cmaecS) - 2,4616X 1 + 25Sft.8p-«^)-^ *. 

Regime TIL p from J.22X 10“ to 4.6J X I 0^^ g/cm", 

j&(g/ctnsec^J = 3+1 U4X 10^'p*'M t+ 0+0031 822pt^*)*. 

Regime IV, p from 4.63 X 10*^ g/cm^ to infinity , 

^{g/emseej - 2.99S9X 10™p*^^t<>.120SX 10“+ 
appraithing for p > 5 X 10^* jj/ctii* I he limiting form 

/^oss f c*/3 )p ^ lej? 

I1ie fomula tisied in one r^ion joins onto that listed for the ntxi region to about four 
atgnLhcant figures at the point of transition. There arc no ^ridlls dbeantinuities in the 
derivatives at each point of join. Equations (258)-(261) were employed in the 1937 inte- 
gnttitms of the general relativity equation of hydrostatic equilibrium (M- WJ. In the 
1964 integratiuns (B. K. H.) a table of pre^tme for 47 valu^ of the deitsity, analogous 
to Table 15 of primary' values and obtained from that table by graphical interpolation, 
was used directly in the eSectTonic computer. Interpolation was made between one point 
and Ihc next cissuming a cansEanl logarithmic dcrivallvi: between; thus, 

log p - log pj _ log log j, 

log p - log Pj log pj^i — tog pj ' 

The result oblamed from the integrations of the TC>V ctiuEilion (11) usiTig Table 1.1 
Were essentially identical to thusu obtained using equations (258)-(261). 

ItlS 



TABLE U 


PKi^s^uitE POM 47 Values of the (B, K. H.)* 


^(l/<in ifr-N 




■kBi "0 

1 (ctuk 

<1.01E9 

7 86 

£S.aJE -41 

s.ttsE -je 

4.7JEZ4 

0 

5 0^E9. 

7 a* 

4 I9E -40 

J.8S£-i8 

4 71E24 

1 501-67 

1 OIEIO 

7 m 

s. JJE -40 

5 86E -28 

4 76E24 

3 67E -67 

i^.OVEKI 

8.06 

4 19E "39 

j.>»gE -211 

4 JjaEZ4 

9 131-66 

I.DIE11 

8 l .'S 

S 37E ~3& 

6.aSE -21! 

4 4t£24 

2.351^65 

1 2IE12!. . . 

1. ICiEl 

1 .IJOE -.37 

8 611-28 

b.V!?E14 

2 ItK-AJ 

1 40EII 

1 E4EI 

1. lEkE -3$ 

1.33E-27 

9 901Z4 

1 92E -ft? 

1 4IE1.^ . 

3,6£)El 

3 64E-J6 

1.93E-27 

1 57125 

9 631 -62 

1. T0EJ4 

4 AT El 

1 40K-35 

3 35E ^27 

2.72E21 

2 921 -61. 

S 4&Ei4 

8.aiEl 

0 WE-AiS 

6.551-27 

5 12125 

8,64E -61 

5 m'A^ 

2 T2E2 

4 81E -M 

l.STE 

1 

S.OOE -50 

7 J3EJ& 

7 06Ei 

,V97E-il 

5.21E -26 

4.1SE25 

1 23E~59 

S 90EI7 

I IAEA 

|,57E-JI 

8 541^26 

6 91126 

Z 121 -.59 

$61FAJ, 

ZOtE^ 

amae-m 

1,S3E -2S 

1 24K2T 

3 B3E - W 

i.iaFJd 

A 

2.J5E-31 

3 70E ^23 

1 OOE27 

8 TIE -56 

2 45E19 

1.&6E4 

7Q7K-30 

1 2JE - 24 

9.98127 

2 . 44E —Sil 

4 10E2f) . 

S.J0E4 

J.JSfE -2C 

O. leiK -24 

5 00128 

S,79E -sa 

4 4§K2I . . 

A JlEA 

i.6aE-20 

2 46E- 2J 

3 USJE29 

1 491 -57 

2 »(JE22 . . 

] .OULti 

2,J1K-JT 

7 42E -23 

6 02129 

5 40E -S7 

1 21E2.n 

1.41Efi 

l.CWE-26 

1 TVE -2i 

1 45130 

1.DIE -56 

- .. 

S.<X)ECii 

7 40E -25 

a 94E -21 

4 82150 

2 281-56 

&.5dE24 . 

4.61157 

5.37E -25 

3 42E -21 

2.77E31 

S JOK-.W 

1 21E2St 

7.S6E7 

1 (SGE -14 

5 6lE-2i 

4 55131 

6.32E-56 

.1 ISK2& 

1 02E9 

2 53E-23 

7.S9E -20 

9 15^2 

1 441-55 

1.741117 

3.15E9 

1.441-22 

1 ME -19 

1 90133 

2 091-55 

2,22E2S . 

7 3^E10 

i.m:-2i 

i 1.72E^18 

i 39E34 

4IIE-SS 

S 

&.93EI0 

7 02E -21 

' S UE-IK 

4 I5E54 

5 751-55 

2.Uiil!2B . 

1 41EU 

t 68E-2t3 

l.C7aE-l7 

8.47EJ4 

7.05K-55 

J 55E2^ 

],74E!t 

2,931 -20 

1 29E - IT 

1.04EJ5 

7.541 -55 

5.95H29 

3 22Etl 

4.91E -3U 

1 2.Jfll-l7 

1.93Ei5 

9 191 "53 

53E2V . . 

6.79EII 

7 ME -20 

a.B4E-l" 

4 05K5S 

1 08.1 -54 


1 UEi2 

1 031-19 

B.74E-IT 

rOJEAA 

1 171^54 

2.28E3C 

2 a7£l3 

l.miE -lU 

1 ME-15 

1 24E35 

1 251 -54 

■i.i4£3t} 1 

2 79EI2 

2.75E-19 

i.07E-I5 

1 C6K35 

1.301-54 

5.2;SE30 

.1.8^EI2 

4 321-19 

2.8aE-16 

IJlEMi 

1 361-54 

6.82E30 . . j 

■1 <i3El2 

S ^UiE^39 

3 441-15 

2.76E35 

1 391 -54 

1 90EJI 

! 8 7JEI2 

t.57E-18 

5 481 -15 

5.L9E35 ' 

1.551-54 


2 70E18 

l.OOE-17 

2.DOE -la 

1 60K37 

2 051 -54 


1 4^EI4 


1 tOE -14 

8 65E37 

3 981- 54 

2tWE34 

U47E14 

1.73E-IS 

4.801-14 

3 65E38 

B.45E "54 

1 otjEJ? , 

Z.51E15 

1.3rE-14 

1 851 -13 

1 32E1U 

1 761-53 

J 12E26 

2 ICiEliS 

2.391-y 

1.50E - 12 

9 161^9 

5 161^53 

5.fp1E5^. 

2 44E17 

4 liSE -12 

1 siE~n 

6 S5E40 

1 4|E -53 

l.ilOftt 

5 05E17 

l.ilOE-ll 

8.75E-11 

t 22141 

L84E-52 


1 52EI8 

3.20E-n 

M3E -10 

2.O0E4I 

2 66E-S2 

l.ZlEJ^f. 

4 47E18 

l.OOE -10 

3 121-10 

6.58141 

3 731 -52 

A . sapy 

1 55FJ9 

3.71E -10 

t 15R - 9 

1 72142 

5 431-sa 


* A ^utLly abdiAj 1.43 X ]4l~^ W tiiCHl in l4i« itAj/k H SME —22 ILd fnllow ronputfr [^nilUitfr {E - ftbJ 

Vi ilftmfclfl? lJT^iaph.v. tte LoavMDii fp^toffc C/tr - Hj-a cm/i X (A * tftVVlIV i, IrolificbMiii, 

Wff MKl tnfeiiiilr Epjtu i]ciah;r p- tuMt jmtmVH $ (P |3HJ af iiiw qua^tUkt ijul /•, a-iimljfit 

lU boj^u. ■, m,! i:m£fi]|«Ud, 4fiirf tbr•cOfllEru^litM] uT Llie raiul die tmhlw Tkiiiiji - iV^djMp J' 

^th^r - X IITM r AI3 ol Ihc lira tie irnttr viIdh In Lha tubk-fttt pfiwiiy ^LHkvJaEnl by E. K. H. h be* 

law> wvpt iLope auu-kfli Uy Ml Lbt^ iBEerlul&li«l Irom a tiff- kfl pint iii *mkw uT J uer ceql of iwj. EqDp.tlaiP 

i, 23Sii-lJ6tMfr mw ^nnvvnltJlL thtm ihc Leh4c is Ittuit iiiiiiTen[iJ.r*k-ijlft>lla[M. 






no GRAVITATION THEORY AND GRAVITATIONAL COLLAPSE 
Hiurisaii five'll’ ihe folia wing siiiiilytic lit to B'itli n in cm”'' ftiid p 

H = 6.022S X I0“p( I + 7*748A X I -V* . ijS4j 

'rhus w varies linearly with p at low d^nBiiLOi and wkh the i power of p at high deoBities, 

DKHIVATIO-^: aEClOK UP TO ATMO^trnzHK^ 

Inifrna/i&nal Critic^ gives inlomiiliotf on the votunie eompre&sibiiiiy of irorij 

expresi^d up to 10* atiti in the form 

k=£i — 2bfi^ ^2*iej 

with 

a ^ 0.606 X I atm-i i - 2.2 X 1 0^” atm'* . <«7] 

Integration gives 

pCg/cm*) ■ 7.86 —. fia^j 

with ^ri I ftlm — X 10^ fi/'fin S4ic% and the denfllty miming from 7.S6 to a 

little over 8 g/cm^ 


TEYKMAKj ftlETROPOLIS, A^'I> TELLER FROM U g-'cEl* TO 10* g/'ctn* 

Fe>Tiraaii, MetropoliSr tind I'eller (1940) consider densitits of iron high enough so thnl 
the spociftcilles of the normal solid-stute fott^ are ovemomc (^ > lO** g/ctn see*, p > 15 
g/tm*). Then they can apply the Fenni'Thomas stattitic^ atom model, ivith the Dirac 
exchange cDirections, to on individual iron atom located In a cell, idealised as spherical, 
and characterised by a radius 

ii- { 9^71 28Z> M*( AV„ ff ) , (^^91 

Here X h Fermi’s dimensionttiss radluia parameter* The electrical potential at the distance 
r from the nudena la tvritten as (Ze/r}Hp^}i with ^{x) tiikEn to satisfy' the equation 

rf 3 t* - I ( f + /»/ x\^ } * . liTOJ 

^ Thj» ftmay^cal c^e^aci reproduc6« to than 1 p«r ethi the H^V value el nifif} far all vaIua 
cl p, U15 weU ^[hL to describe toe prcsiLue-deii^ly niatioii near the wond. and locni! linp€>rtim|. ClA3V) 
crititaJ point, and al higber prn&urcft. .4l loWrt pnrE^sarcs, hn^icvcr (p < 10^ wbal cntmL&m Ibe 

predjetkin of critical poiat* i» the BJnnJl dll^ereiKe betimn p and a dilTeraicc whJcb iiieuaret tbr 
'work of compression. This di^erence, as by tlu HIV wuadon d atloTn lor the e^focts 
aUMl l^tb crushing of ebcctions otilo nuclei near the hnl {LH^¥\V1 erf liul point. The onal^^tkal dptnaiced 
(2&4J, dejpite it* Ijjer cent hemt ol errcir, does ml idbw for iheae and therefore doB not nrcdict 
the cdfitcnce d thisRi^t mtiml polnl. Fnr a ELmilar reason OppoahElEncr and VoIkoR {14^^) did not see 
the hm critioLl podnL 

*/jfjfTHuJioienl C^^wiul Tahfa (New York: McCraw-lEll Book Co,, 192A>, S« 47-4#. U> Have not 
taken inLu account ibc folicFwinB publications which have appeared since the present work w^as dime, 
jinni*riSy l>«anw tlil» reronti af preaiumpkyi no critical ijart in uuf 4iiutlyiii of ei|UtSllirium coufigtitTi^ 
lions: the paper by Entypeff (196^) on ^“EquatLons ol StaU^ of Matter at trluia-High Presum^^; Mc- 
f^rcn and ftiarsh (I960) (cquatiooi of state for nineteen elements, including Fc)^ Birch {1963); Tak-cba- 
shE and Ba«ietE I.IW) (rtw«}^teifnj«niture Ri«ajiiir«ment[i on iron: itarttng with bmo pi^urt;, 
g/on*, T.IU CmV^^l^i a-latlice, body-eentered cubu:; with increasing pressure ipadum decTEase m 
Vijluni«; at 130 kb Eltm suEers phase change tu lattice, bexagoaiat cioee-packed, with vnlunte alteratiuil 
erf —OiO ± O.OJ croVtnoJef t! kb, &.1U cm-*/Tnc4f, ± O.Ol^ «/cra*); Boyd und liinflund (I9b,l, 

p. 135) (Tncltinx of iron mt high pmsurcl, ^Wa express our appieciatinn tn Dr. Howard Vnung oi Du Print 
Central Research^ ^V^Lmington, Debware for bringing tbese Imt three tef^ences to mir attentli?ti.) 
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Here ■ Li liic Dirac corrEctign (knowti). The integruuofi starts with (KO) = 1. Different 
choices are indide for ihc sttining slope. For tach, equaiton tZ70) ts integrated nunierical- 
ly out to tte cell boimdaiT' x » Xj, There the potentinl gradient [if'Jx)/*] is 

cvulu 4 Uc<'l. That aolutioD for which this gradient vanishes is accepted. Frcmi it Fey ninaii 
el aL eroluatc A ^'pressure cgrnection factor,'’ 


Denote by PuMatm the pressure which one would expect (rtitu tie elBclrons if they acted 
AS a Fennl gai iinifannJy dust.iributed through the cell volumet thus, 


Pr* Sw 

“ 15« \ J 


{2x} ifl 


25ft 

15t* x/ S* ‘ 


1271^ 


The pressure is 
and Ihc density k 


P C JTfl.) IIIJeg-ni p 

56^p 26_5hM^_ 

^ “ 4iJP/5 3 t* Xn.* 


(ITJ) 

^i74j 


In ihe nmgc from fy st IUiJe morti thBii 8 g/an* fcq^ to js IS g/'an* (iK|i I27S]), the 
pftsisure was obtiiried by g[niphic£Ll interpolation, 


CRANPRA&ElillAJl ¥K.OiA tfl* K/Cm* TO g/cm^ 

A* Ihc density reiiches the order of 10* g/cni*, the ''pressiifc correction factor'" FtJfJ 
of equation (171) ^pproaties so close to 1 that the efecTrana Lottstitutc efTecti^'elv up 
idcail Fermi gas. Momjver, the Fenui Tnomflaliirn^ py, is still in the non'relicitmstic 
doinam (pr imc/6)h Howtrvcfj the point is appeoarhing where rehitiviatic effects wiU 
have to be consider^* Therefore it is ?^pprofHTate to use C'hnndni^khar'Fi (IW* 

formula for an Meid degencrsiie cleti ton Kn*, which is valid i&r relaiivisUc as well 
AS non-re^lativisrie: Fermi coef^ies, Ttis not possible to esepres^ pressure m terms of density, 
or density in lentis of pTessurCt io clueed form; but both allow | hemscK'^ to be express™ 
in closed form in terms of the Fermi c£icrg> ; or, moPe snnpIvp in terms of a pJirameter /, 
denned by 


( Rest energy plus \ 
Fermi kinetic eiicrg>-/ 


feoshC //4J {general Ji 
Krxpli/ 43(btige O 


-ar 


{Fermi momentunO 


f Hifthf ^/ 4) (general) 
jwr J {^/4){small 0 
[ i expfV4)tl4iri?e f) 


The number denaii v' nf bary ons is 

ft - (d/Z){8Fffi*£V^A*) 


sinh^ (^/4 Hgeneral) 

64(small 0 

I exp ( 3^/4) (large 1) 


The niiiaa density ts 

A = + ffl (* I 


(mnh t — t)(general) 
/^/dCsmaJlf) 

4 exp/(large i] 


^2f$) 




ClT?] 
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The pressure is 

fi = mcHTmU*/ llh*) 


f^Enh f — 8 !siiih( i/2) + JJKg^eral} 
^/l6(J(smaU0 
I esp ^{iHrge 0 




lilt Chnrtdrasckhar equutiun eontiniacs la iipply,, with lixed Z = 30, J ^ tinlU ihe 
I’ermi kinetic energy of the elecirom rises to u Vrtlye of I he order of 1 Then ( he ncu- 
iroD-protDji equilibrium is ]nished by inverse bt^tsi rttictiona town'ini a signifiEEiidy de- 
Z 1 ruLlo. The Fermi etierj^' reaches iwt^ when ihe number density of det^trons is 

jja = ( iy^/w^){m 3,U3 X ^ ^a7fll 

corresptindiiig to si mass densty of Fe^ equal to UHi X 10^ 1^''''™*- 


SkKfARArtlD NUdUil IJJ nKTA-£:Qt!lJ-LBKJtm WIlJI A BJILATIVISTTC KM^CTPON GAS: 

^Kf' TO X 10 ^ g/cin" 

I1ic effect of the ins^erse beta reactions was considered quabtaLively by Landau 
(U>32) and by Op^peniieiineT and Serber 11 was considered in more detail by van 

All>!Kia CFW>, IfW-f) in cotmeclion whh the origin id dieheav^ dcmeiKs, and by Schatz- 
man i|l*?5S) and by Auiuck and Alathur (19^9) in connection with the theory^ of the 
first criiiciil point in the curve of equilibriifni mass as a fund ion uf central density, 11 has 
also been conHidericd bv &Ut;ieter (iWCh Happily^ as vun Albada had pointed 

out in 19-i7i and as wo found in ihr more detailed 1958 investigation reported here^ es¬ 
sentially pji^ Pi3ic/€0r physics is rcifuired for iki Irrulrntni of ihe prtstiti rrjsijBc, k-cts 
to knm nii^ktir massfi ood h apply ihr most dewrnixAry pmtdples of swiyikal m^ckaHic.i 
to obiaiti ikc r^imiium of ilafc. 

llic qualitative siluaLion is easily otitliniKl. If it were not for the electrostatic repulsion 
between pro Lons, nucleons would aggregate into nuclei of unKmited size. In actunlity^ 
however* ihc Coulondi tnergy is stj greitt in h hcaw nucleus thal It undergotts llssioti. If 
Coulomb forces idono were rckwTint^ ihe lowest packing fractions would be found for the 
lowest - Uvalues. If nuclear forces alone counted, the packing fraction would go down in- 
ddmitely with mitfroxing J* When thi- iwq canhicting efletts are consider^ tO|fether 
and ihr lotsil pat king Is mininiixed, then A has a yidiie as low os 56. 'the balance changes 
when the electron pressure is raised to relativistic viiluen, The nucleLis contains a higher 
proporiidn of neutrons to proioim ronsequenily the Coukunliforct^plav u smaller role, 
Cireaicr rein h given to the nwttical tendency of ihe S|>«diically nutli?onU' attract [on lo 
favor agglomeriLtion into syratenis containing large numbers of bEuy oot. 

At 4 iny one electron pr^sure there is one nucleus which {W hds the requisite neutron 
(o proton futb tu Ije in Ijelm^uilibrlurn with the electrons ami (2) has the nioftl favor¬ 
able psurking fratiion Canlpiilibic with tht neulren-proton ratio. For !oW' pressure this 
nucleus is nFe^* As the electron presaure is raised the mass goes up. At a certain stage of 
the compression the best bound nucleus is calculated to lie at or near Here, at a 

density X the iieutron-pFOton ratio has rtsidied a critkai IcvtL Any fur¬ 

ther augmentEiLioD leads Lo what has been called ^''neutron drip,"* Not nuclei of one 
sfx-ciia alont are present (with still larger niafs number), but nuclei of one sfrfcies pluy 
fret* neulrorus. One Iuls wimt Ls tn effect a hen-phos^ sysiem* 

With fieri her incrc^ifcof the electron pressure the (Z^ -iJ-vEiluesof the favored nucleus 
move bi^'Otul the line of neutron drfp, to highEr and higher ,-t-values, and to higher and 

* IVt-over Whti^fcir ^ 1958 j' f^r a tiriiT plvt of the Ifne (iii ayutnm lirip iji dhs (Z, A i-pljin^and 
UraiiilE, Fullfr, WjlIuiiiu, Werner^ and IVhc^ier u^M). Fw rclatt^ ksuh iee uncpiKirt-Mi^i'cr Bud Tetlfr 
ftW). 

'StK 5Ai|Ktf^ (1^^) hiT cotliifkm-diini cFti ih^ Eikm ifaal Ihr ncutninj mLnht nggrr^^lc int^i (Lrops-^ 
nnij for pbusible I arlkd.lirin(i that I his wiU nnl tAkt plftcc- 
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higher neuiran-to-iirotoii ratios. At a sufficiently high pre^ure one calculates, for m- 
ainpte. to be the favored nucleus, (>f course, the favored nucleus is evaporating 

ueiitrons; but at the same titnc Eicw neutrDna are condensing on it front Ihc surrounding 
□cutroQ gas. Ecjuilibriura is preserved, tn the esampie the conditions have become so 
extrane i> ^ 4 X g/cm*) that at Inst more of the firessure is being provided by 
neutrons than by cIccItods. Moreover, only a minor fraction of the nticlcoits is present 
in the form of nCd'*'. The neutron gas so dominates the situation that one can say that 
the m^ium has iti eifect become one vast nucleus, with a lower-than-normtil nuetcar 
density. 

.So much for the qualitative situation; now for the quantitative analysis, substantiul 
parts of which will sulready be found in the papers of viin Albada (1^46,1947), Many tlif- 
rerent nuclei come into consideration, from F*?*onward, AS thenreasure is raised. There¬ 
fore it is reasonahie to represent nuclear masses by a semi-empirical mass fortnuhi. We 
emphiyed a formula of the usual tj^ie with the constants of Green (1955); 

f0,5 

ti = 0.092064, iB = 0.t)l0l2{] , ipi= f),OOOS40 , 

(2iaj 

fr,= 0.10178, it =0.000763, 3/. = 1.008982[M (0‘“)/16 J- 

Beta-equilibrium is obiamed when the atom with {Z — 1) protons and mstss number A 
hii 3 the same mass-energy as the atom with the siinie moss number, with charge and 
with one more electron. In the normal beta-decay this electron comes off with ^e lowest 
possible energy. This energy^ puts the electron into the Inst and most weakly bound state 
iq the atom. The nuiM-energy’ of this elect ton U already indnded, along with the masses 
of the other {Z — !) electrons, in the usual mass value for a free atom- In the present case, 
however, the lowest state avaibble to the electron lies at the top of the Fermi wa. Call 
the energy' of this State 

Ef = C Rest plus kinetic energy at top gf Fermi sea) = «r*+ «(ac* - '«'! 

ThU represents a promotion of energy of — (Hf® = afat’ over that required in normal 
beta-decay. Therefore one condition on the equilibrium is 

.4) /1)-t-wjc . '«*> 

Hereafter we take the mass equivalent, Wa, of the kinetic energy- to be expressed in the 
familtnr unit Jfi =■ Af(ty*)/lfi. In die statistical approximation, this first requirement 
for cquiilbriuni takes the form 

-wjf ««) 

w'hen expressed in terms of mass vdue*. Wiien expressed in terms of packing fnictions, 
denned by H — .1.171(1 -|-/), this condition becomes 

dJ/aZ^ - . (M4} 

In addition to equilibritim with respect to changes in Z one has to condder equilibrium 
with respect to changes in A. Ut (Z, 4-1) and {Z, .4 j be the two nuclei (with Z/A- 
vilues governed by eq. (284)) which Ik closest to the bottom of the padting-fracUon 
curve. In other words, let these tw'o nuclear species be in equilibriuin with respect to the 
bi’iryoa-t^ni&erviiig renctioT! 

{ x4 — I )Aloms of lypelZf ^4 ) 5 = *4 AtomJi of lypu (Z, A — 1), 


12 * 5 ) 
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Ylmu is tio Concern aboui chLirge con!t<:rvarioii m ibis reaction, bL'Catiisc ihc iitonis arc 
ncUtraL Thus, na the resection, slowly j^ocs to the right the totalized nuclc^ar charge rises 
from [A — 1)2 to .42, boi at thesame time Z eleetrans nre slowiv injected into the lowest 
Qcihlkd slates in atoms tsf lyptt (Z,.] — 1The niasa-energicsof tnesc electrons arc akradv 
included in the standard atomic mass viiluifs- Nol so when the electron gas is under higli 
pressure. Then the additioiml mass of the kinetic energies of these 2 electrons nmat 
be understood to be inserted on the right-hand aide ql the reaction equation r llius find its 
I lie second condition lor equlllbrimn 

{A-\)Af{Z, AMiZ, 4-lH-Zffljf . asej 

In the continuum approximation cm|doyed In lhr‘statistical trealmeni of atomic masses^ 
this r&quirement lakes the form 


Equations (284) and (2fi7) constitute two equations to the solv&i for the two unknown.^, 
2 and A, for each value of the Fermi kinetic cneim% mx. 

There is a simple way to suTontarize the equilibrium conditions. Define a T?fln.EifioM- 
tffectite packing fracti^^ 


F 


( All of the mass associated with one bnr>'onV ,,. 
at the lop of the Fermi distribution /■ " 


^f+(Z/AKmx/M,}. 


usa) 


(This cannot be used in calculating rwrrgy any more than a Lagrange function directly 
gives ener^v.) 'rhen equations (284) and (287) an: &quivalent to extremlzing F with re¬ 
spect to adjustmcDt both of Z ond of A. 

The computaLian of the equation of state proceeds in the following way, {!) Pick an 
.I-value between d = 55flFKi A = 122. (2) CaltiilaieZ Irom the requiretnenl 

A{Bf/dA)+Z{Bf/dZi = n iaae, 


(a linear conibination of cqs, [2S4J and [2S7]}. In terms of the serai-empirical mass fdrmu- 
Ln wilh the constiints of equation (28Q)^ this condition gives an equalfon for 2: 

z^(h/ihy^Ay^ 

(locus of the minimum in the packing fraction carve h ihe (2, A)-plane as the electron 
pressure is changed), (3) Calculate the Fermi kinetic cnctg)" mx of the electrons needed 
to stahili^ the atom (2, .4) against beta-decay: 

fljff ■M|= 

Also Cfikulatt the packing fraction /, (4) Knowing the Fermi energ>" of the electrons, 
evaluate the parameter I defined by 


«jr ■ m Icosh(^/4) — I ]. 

(5) Find the pressure (all eleclfontc tn origin) from cqUatiun (278)^ the number density of 
baryons^ n, from cqunlion (276), and the mass density, p. from 

p - w^.f i4/2)jVfi( 1 4-/5 + (iTifi^^V sinh^ f. 4)* (a^j) 


HLGIKL OF S^TABI1JZ1’J3 STIttTSiON* DRIP 

The analysis proceeds in this way until the neuiron-proton ratio reaches a limit, the line 
of neutron drip in Ihe (2^ .4 J-plane. Here a nucleus is unstable againsl loss of a Ttcutron. A 
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neuEToti aiTnosphere forms. As the ttKEron prciS^ure is furtht^r IticrtJELiitd, the nmitron- 
protein mtici rises stil] higher by a double process: ihe .■l-vsiliie of the dominant rtickiir 
species rises; and |he density of the neutron sLttiiosjjhere go^ up. In consequence there 
nre tiov^' two coniribiitors to the pn^f^urc^ which becomes 

P^P* + Pn . 

Each coniribution is given by an iLffprcssion of the foms (278). The piiramElcr f empiayed 
to specify the Fermi energy and momeitLum of the elect mns is replaced in the Case of the 
neutrons by a corfesp<>ndEiig parameter F* For iheae particles one ^Titea 

(Rest cnerj^y piu^. Fernij kinetic energy) — i if* + if ) c* » Mb s* cosh (T/ 4) - [2*5j 

The ncutroTi presivure stabiti^es a nucleus th^ti would not ordinarily he aiable. Or put 
the same point in other words. The nucleus in question, though much heavier than He^ 
is like HeMn this respect; it undergoes a decay process siinilar to the breakup 

How'cvet, there are sufficiently many neutmns present that reactions going to the right 
are balanced by equally many rearEionS going lo the left. Thus there is a well-defined way 
tci talk of a nucleus (Z, A) which lies bi^ytmd the line of neutron drip. Moreover!, ihis 
riucicus exlrcmtEes the effective packing fraction F of equation (288)^ with nespcct to 
small adjusimenis of Z and A, as before. In coFJsequence alt of the preceding analysis 
appliefi (eqs, [2811-[2fl2l), with the exception of the final stepj the evaluation of pressure^ 
b^inon der 3 ,sity, and nuiss density (eq. |2t>J|). All three quantities have lo be ,supple- 
mented with coniribuliotis from the neutroas. 

The Fermi energy' of the neutrons must be such as lo supply the necesaaiy' atabilEza- 
tson; thu*! 

i/{2, A )^Af{Z,A-\) + \fn + Mk . 

Thi^ condition Can be WTitttn in the continuum apprajiiniation as 

or 

^tAl+ f+ A{^f/dA) =Afi{l A-fn+MK/Mi) 

Of— in view of equation (287)—as 

/ + (Z/ .4 )(m^/M| 3 » A + {if^ /M.> - /* + { 1 + /J 2 ilnh^( f /S). liDO) 

In deurmtning thr equation uF sUte in the iwo-pbase re^on we supplcrmrEil (1), 
il). fi), (4) as described previously (cd. cqs, [38^1-[292]) by these: (S) DcLermine the 
energy pckrameter T of the neutrons from equal [on (6) Calculate ihe neutron pres¬ 
sure ^ftfrom ifqUHtion ( 278.1 wilh ihe neutropic if, and T fubsiituted for the electronic *i 
and /. xAdd to the electron pressure lo obtain the tottil pressure f2W). {71 Evaluate the 
number density of banr^ons as the sum of two eontributions, one from hound nucleons^ 
the other from fret ntutroa^.The Hr^i coniribution is (A/Z) ihnrns tht mirnbcr density oj 
tlccCTons B., It is reasotiabk here OS before lo ihink of this number densiry as being uni¬ 
form—ihe aame Inside nuclei as outside. In ton trust lo ihe free eSeclrons, the free neu- 
irons art; localed, noi e\Tr>^"here but only miLside the nucleus. Their contribution lo 
the number density of bary*ons is therefore nol ri*, but 

f, (Volume occupied by nuclei) 7 h, /\ 

"•1‘-—J-H'-t—'V- 

Here (4Tr raV3) volume per bai^'on in standard nuckar matter. However^ for the 
Condi lio ns under discussi on here, the volume inside nuclei is still small enough compared 
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to Uie volsinif oytstdc? that tliia cprreciioR is n^lyctcd^ The total ntuiiber of fckarynna per 
unit volume is calojhiled fmni the loimyk iis thus simplified. 

= (ST/3)(.lf,^/AJ*aiQh* {T/4) + i A/Z)(Bw/S)(me/S:}*fmh*[i/A}. 

(8) SinuSsLrly, ihe tniiss density is ftiiitten as 

P Pw H“ CPBOtlajd” PelBoll^nn) Hi| i [^eii 

with 

p, = (rMJ^V4fc'')Csmh T-TU iie^j 

llEgleiiting the volLiliie-Oi:cup5aIotl fLiclor ld the a^cand lenn of equtitiuJi 
I llMc 14 jfives rtprescotiiLivc Dianbers imiii ihe one-phttse r<^gton us well as the two-pha&e 
iTie table gives adso the contrihutioits to nymbtr dctisily of birvona and Lo mass 
densiu-p as colcuLLted from the formulae in the text. In the calciihLiJoi^ r* wjis loken ID 
be L25 X 10 ** cm, corresponding Lo a haryon density of L22 X ltHV™*i somewhal 
lower thiin the value of 1J4 X 10*’* /cm' deduced for ihe €€niral regions of nuclei from the 
Stanford cxperinienLs ofi \i\c scattering of electrons, ilore significanL figures are given in 
tlie table than are ju&tifitd, id order to facilitate inteipolations. The cidcuktloii—based 
m 1 hrt>ijghout this Ubie on the model of “dominant nucleus its equilibrium with eicctrans 
and nru Irons'^—is cut off beyond A — 187 Ln favor of the mcdtl of thrEc ideal FEmii 
gases (u, 1 ?) in e3ec:lrical and beta^quilibrium. At the pressure in question, p => &.6J X 

dynes/cm^ the two models agree not onl} as to density , p ■ 4.S4 X l0^'g/cm“ (com¬ 
pare kiSi two colunms} but also vei^' nearly i\s lo the deriviali«, dp^dp. 

The numbers in the next i<i the lust column of Table 14 show that at a density of 

P ^4,54X10^" g/ cm" (Josj 

the free neutrons have Utken over from the elec crons most of the burden of s^upply ing ihe 
pressure. The principal ftinclion of the electrons k to make the neutrons rmuiw neLLtrons. 
A most modest electron pressure would have been enough to rcrslram thefr^^ neutrons 
from changing to protons. A considerably larger pressure is actually needKl, according 
to the cakuktions, lo restrain btfund neutrons from changing to protons. Were that 
change Co take place, the nuclei would becoiTic much tnotc attractive sites for the con¬ 
densation of neutrons. Then the pressure of the free neutrons would go down or disap¬ 
pear. Deftpite all th^ dc^ik* the end resuLi, from the imnl of ip'iew of the equation of 
state is a jure originating primarily from free neutrons. In other words, so far as the 
pressure-density relation is concemal, one can practically forget the nuclei and aim oat 
forget ihe elecirortfi. Moreover, it ia aU the more appropriate lo drci]j ihe nuclei oul of the 
anrily^ from A " 187 onward by reason of two dcvelupmeriCs. Firsts the nuclei arc ceiI- 
cukted to contain only a ^lall fraction {cf. Table 14) of all baiy^ons. Second, the neu¬ 
tron-proton ratio has become loo e3i franc, and Es too far removed from the region where 
ontr has good mass values, for one any longer lo be able to trust the semi-empirical mass 
formuk as a reliable means of extnipolaLion. 

MlXTTjRK Ol* mFAJ. ELECTRON, PROmS:^ A.'^O Sn-UTRON FFRMT GASES TJiim 

fi = 4.54 X to" g/'em^ TO 10^ g/cm", ato from 10 ^^ g/'em^ 

TO THE HIGHEST PENSITIEB; ALTERSATOTS 

We did wluvl w^ould seem better than to treat the source of the pretiSure jtnd density os a 
pure neiitmn gas from ^ 4.54 X Ifj^’ g^/ctn* onw^ard. We treated it a as niixlure 

of three ideaf Fermi gases—neutrons, protons, and electrons—not Interacting wiih each 
other except insofar as they are required to fulfil the condiiioo of electrical ntiuiraiity^ 


n, = rtp , 





tablt; u 

DOSkllNANT NntXSJUS FOIt SeUSCTEU PltESSUHEJ?' 


4 fit DfUttiiiAiil NuuJvtP. . 4 P . 

Ti 

m 

lU 

l&T 

M!J.Erd tjftlel! 

^ ut docnicanl nucIrUM.. i . 

31.i 

39.1 

41S 

411 4 

Mnivf 

Il5 p&ddng fmcKKin,/, ■ • 

-0 000559 

+1} OU[ifi53 

+0 001552 

+0-00*776 

Nvnr 

Ftrmi kinetic encrio' of 

9 2MeV 

23-6 &fcV 

W.l MeV 

34 4McV 

4 64 MtV 

Fenni kinelk: meixy ^ K^i. . 

Kone 

fl 01 MeV 

J M MeV 

5 14MeV 

3.K4MeV 

Number dcnBty of 

4-03X10“ on-^ 

6.UXl0»'an-> 

1.03X10* cm- 

1 WX10*^™“' 

5 .90X 10“ cm"* 

Numtxr density of nuclei^ 

\ 19XI»"cm-' 

1.57X10« cm-* 

2.42XlO“cm-» 


None 

Votiunc rKXU|tatinii fictor. 

0 sisxfr* 

1.56X ir* 

1 2 ftgXlO-* 

S 94X10 * 

Nune 

Number dcn^ly of fiM . 

' No ws 

ttF cm-* 

0 583X10* cm"* 

1.99X10* cm-* 

2,71X10* tin-* 

Number drntiLy or free f’a. 

None 

Notw 

N*>nc 

Sane 

5 93X10" cm— 

Fret tmrynns/bounjd bAryon# 

0 

0 001 

1,67 

2.H 

4B 

Tnt&L turycfi density...»... 

l.UlXl0**cni"^ 

i OtXiO^on-* 

0,93lXl0*an^* 

2.TlXt0*cm-* 

1*71X10" tin-* 

Electron premurei + p -i-* < + ■» 

1.56X10^ S/cw «c* 

S.!k2XlO*^g/CMicc' 

1 .!8XIO*g/cm aec* 

2.62XlO«i;/cmBtt? 

1 20X lEFir/cmset* 

Neutron pnasurt.,. r.. =,. 
TatuL piMurt... ^. -i-.«. 

1 None 

1(F* g/|^li^ «c® 

O.5l6xL0*£/cm s«c» 

4 00X10" R/cni«c* 

6-62X10" e/™- 

: 1.56xl0^^/cm sec* 

S S2Xl(^ J5./CJ1I MX? 

L7OXl0*8/cins«? 

6.62X10* E^on sec* 

6 62X10* g/cm 

Mnu dcikiity {nuclaK ■h « 

l.67XtO*iEcm-* 

i.lSXlO>'gCfn-» 

O,5fl0Xl0“s™* 

1.20X10“ E cm'* 

None 

Maea density (ff's).... ^ 

None 

ICF g cm"* 

0 975X10*" E cm"* 

3 54X10"" gem"* 

4-54X10“ s ctn-" 

Total mnsa density., k. . 

1.67X10“ gem^* 

1 56X10“ gem* 

4 54X10^ g cm-* 

4 54X10“ gem'* 


^ Tti^K cQUUik:lid by K- S> 

>* Tbi fr## H i.lf X JO** l/™ 

* Tht frrt li X IV 
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1 l» CRAVITATlf JN Trili:( >RY AND LJRAVlTATrS WAL OJLLAl^St 

Hcrtr the siTiibn] E imptles rraL cncrj^y iiliis kinclii: cnergx, We friuncl ihnt ihis model, 
which we hiid rtn^mrilly intfO^Jus^ed \6 describe matter at^densilits three times imckaf 
X |3 X tJr tEF R/rm^) and higher^ g:tv^ al^o down at deDsilies "^7t> |ime« 
flliutllcr I han nuclear le\Tls. al 4.34 X li prcssnre-densily correUi ioti identical 

to that obtained by use of the ^emi-ejripiricttJ mass formula as indicaed in Table 14. AlstJ 
tlie derivative very nearly agreed betw^een the I wo models at thispoinD Therefore 
ur this as a ssmp^e Mrtiw.r lo Ihr prtxstfrf-^lcfisify rela^ 

tiaii /rr.'flx 4J'4 X 10''“^ nude^tr in additimi to using it iv predid pres.'iurri a{ 

Huclcar and supratmdoir Irf'dsr 

Al higher detisiLies it is no longer passible todcdifcet the etiuation of stale from simple 
sirpiTTients of themiodyncanical equilibrium, plus mass values cfitimatcf! from the semi- 
empirical maHA fornitibu Tfie sobs Lance becomes one giant nutieus. Compression to 
higher densilics meatlrs compression of this nucleus. All of nuclear physks coTiits into 
pDy. T 0 estimate the pressure-density relation b detaiJ is out of the quekion at this time 
w'hen it is diihcult even fu give a ihcort^Eicat account good to 5t1 per cent of the absolute 
binding tnergy of nuetp-ar matter at density i Salpeler Skymie 

Cameroti (1957^ 1959fl, &) and Hoyle ^1946^ have given some considemtion to tlic equa¬ 
tion of Slate at densities ntnging fmm nuclear kveb (J X g cni^) to W nr 100 timEfs 
that nmii'nUude. bkyrmc'S equation {Hkymie lOa*;- Dmieron gjves p = 7,^ X 

10^* IJj./cm iH.*c^al ^ = lO^^g/em* and p = h.4 X 10^’ g/on scc^* at p = UT*’ pvw^, and in 
l)ctwu‘en a nearly constant value of 2/:^ for I he logiirilhinic derivative rf In p.'d In p. The 
calcuktwJ speed nf sound af the higher of these densities is fhita {dp 'dpp"^ = (2.9 X 
b.4 X 4 J times lha sp^ed of light, Tht: obvious convict with causjitity indi- 

aitcs some of the difficulty bdeacribing repulsive nuclear interactions by an tiementan 
insiiivlaniti$ii action at a distance (set discussion at end of chii|». ijt). lief ore ihe canfliet 
with euussillty had become appa^*5nL^ Ciimeron had employed Skyrme's equation 

of stale in the general relati^aty equation of hy drostatic cquilibriinn tocakubte the l/fV 
critical pointy hndiiig M = lOl W — 8.1 X UP cm, po = 4 X jL-'em* (cf. 

Figs. 

At high delisilies, and therefore high Fermi energies, a new kind of effect develops. 
NiJcleona are promoted to hv’pcrons,^ Also, more and more hypernnic slates fitonw ac¬ 
cessible Qs the Fermi energy fists. One- can suppose that this increEUW in the number of 
acc^ihle hyt^tonic states, makes it possible to accommodiite more baiyons than could 
be tiried into 1 he some vDltime iii the same Fermi energy If only tlie proton and neiUron 
states w'erc livailable. In other words, for a given and very high bury an density this effect 
mighi be thought great!v to lower the pressure. Fallowing thb line of reasoning in all 
strictnt's^, and trtalbg the vEirious states os and independent idex^J Fennl giisi'^, 

Ambartisumyan and Saakyan [VXA'l} arrive ill an asymptotic equation of state of the 
form constant or p'*P*JIS. fine cannot deny the c:oiim%'abitity of an 

asymplolEC -jr Ji-S Jow a* j4, and this value mii\ even lie corrtet. MuWever^ it is not obvlflus 
that haryons on evade the action of the Fauli prifLciplt by changing fr^mi a neutron to a 
A-hyptTon or a i-h^yieron. It h not clear that these stiitK are neiirly independent as 
that proposilion would require. ;\i ordinary nuclear densitic'^^ h dries not save neutrents 
jtnd pn>rorLS for the requirernents of the excluslori principle to agglomerate ituo alpha- 

ptirisflt?! 

In uitr aikukitions of an Lqualion of stale (Tbibk 14 auij cqs. [25Sf-[2611) at densities 
three times nntrlear and higher (10^* ^.''on^ and up) w^e have iissiimed for sinplicily (iirid 
becatisc we founrl m rlct'isive indication favoring nrty alternative procedure) (1) that ihv 

•'I’heiw. efTetEn hdVt bwn cLmaacIrrcd hy Cani*Trin {IflST, Vy^( 2 ,h‘\ i tiv Aditk^rUUittyait nn4 Sjink- 
yan (19£iU) ■ and hy U'hccli^r 
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pressure oin be cnlcula^ted as if it oriHinated eitdusively from etw:troii5+ protnos, and 
ntLjln>nH, cvtui iil the very ht^htal denaities; and (2) ihe ctmLributitms of the nucleon- 
nuctetijn themselves to (he prefiswre are negiigitile at these denakies compared 

to the cootribytiohs of the zeto-poinl kint^k mtr^m of the isirtides (see ec). I25bj for 
the alLemative assumption that the '“soft hard core’' dominates). 

Spedhcaliy^ our model nsaiimed that nuclear matter at very high deii&ilies t-an be 
treated for the purpose of a preasura EakuhtliDD d 5 if it wert an ideal mixture of three 
idea] Fermi ga.ses, electroTWT protons, and neutroTLs in statistical equilibnym at absolute 
jcen) teinpcmture. Three conditians govern the equilibrium. 

L Electrieul neulraUty demands that the number denaties of electrons imd protons 
be eqyah 


Bui the number density is given by (%it 5h^) times the cube of the Femii mcmientunu 
Coisefpiently the Femii momentJt of these two partidei must agree: 

p^*=prwn 


or 


m r sinh 1 1 ^/ 4 ) = Mf c altlh { r / 4 K 




Here T is the energy p^itimtcter for the protons. At ver>' high energies the Femi energy 
is given by f/rr. TTie rest m^LHS drop^i usit. 'Fherefore the Fermi energies of eloctroflS atid 
protons come into agreement at ver^^ high compressions on the present eSernentar^- 
model. 

2. Thu sy stem must be fietitriinj-ntutml; that is, beta-equitibrnira must obtain; or 

£]Ib 4-£f;p ^ Ejtp* j 

vrtiere E includes^ in every case the rest energy. In icmis of the energy* parameter T of 
the neutrons liiis equation lakes the form 

m c(ieh{^/4 ) + MpC- coshf t/ 4 ) = M*e" cofthfr/4)* 


The sum of the pressures of the three kinds of [jartkles must balance the exlenuil 
pressure; or 

P = ^ ^ ■*■ ‘^0 ^ ~ ^ 

rjtai 

+ ^jyJ^( 5 inh r- a Sinh ^ + 3r), 


The three conditions (510)^ (512^(315) for the three unkniwn energy piLrameiersL 
and T we dealt with parametrically^ os follows: ( 1 ) A f-vftlue is chosen, (2) Then the 
energy parameter for the protons is found from cquatlun (210), Lind (2] the energy pa- 
mmeter for the neutrons is found from equation (512), (4) The pressure is calculated 
from equation (313), (5) The nioss density h calculated from 


P = 




4A' 


4 ft* 


(ainh r — r) + 


4fts 


(sinhT' —D, '***» 


(.6) The nuniber denatU' of barj'ons [s compulcd frorn 


8fA/*6* - ,,t , 

—jAi-4 + ^A^ *^'^'’ 4* 


w = 


fJISI 




TAfii-ti is—srHH.£ ^>xFiiissitiss FM EQtr^Tfnx OF State of cold, catalvzep M attmii' 


Whetv ^miMnn U Kiile^Ui 


PmhirE tm Tcrap of l>«ai[^ 


1. Fe^* at ^t(^F fgjcm* (Fref 
^tcirctt giu, nofi-Tekltvi«< 
tic) 


I. Fe“ :il ^'ctn* (fm 
tUcifOK sfts, relitiviMicJ 


3. Afltil>'l]capprDX)iiuiliiMi tn 

CbiiiicIritHhij {oimubi 
iw ideal n^dtroa gis emd 
to J pur cphiI la in ana 
rebtivifttic rcpnn aad 
naympmticAlJy tarnszi in 
ngfniL 

4. Idofllspwct^mpQSttjofnoi 
tltrOB (or amy oiw ftnnbll M 
at rclatmtlic cncn^ 
(Bpccd of «iynd=c,'3'J*) 

5. Muimum pncGsarc coq- 
fdivAhle for Ihii^bly com- 
prettird mailer fspeed o< 
«QuntN i) 

d. OppOBilc litiuling coH oj 
preuurc (dubt; idcoli- 
zaliofi <rf Frtediiwina urn- 
verse} 

7*. Sinuple analytic exprea^iori 
TpdudB^ Id o=pp at zerd 
pressure anil Id fonti 4 at 
tifl^ pcEseure 

3, Simple aniUylkcKpressaoti 

redudnR tq at wro 

prwurc and lo form 5 at 

nJgfa prefisure 


GMn 


tbr cqulim dI Male- h fcniPPIl W pdl-llJabb It dfUftlii CfffflL 7M tt'em* U|F ueJi 


Moled br TUtimkk ia N -BwalviUa at mh? pnft |i g tlw 

vmimQf ok EHlie-IbcsttDtiatraailu^iatliii llwryi 

} Wbfcd, ihfe IVPIturq UK h repbM bra of Ibp;# liftd Fetmi IOHA—dectnnu, ptinan, 

fcftrf J *l ta fcMlgMfc rd^ivMii; ggreii pliM Wturiic^J ■! ioz Eiiua* bki- 

■SW ^ Ibon t* tJtrfi Vlatli iiE tpartkla l^ve DHinlier 

■ mp » HfV fekd « 9^/9 jlur nmimw d|bt than tl* voiliutta la iiliMiq turice 

Fini^ emBKF nf pfMn*l>. TIim ao etua iwdUit -h (* 

> In ta K 1|IWU4 an Uv iMq nl thaie rrapraiibtii uil f * lo tcnni 

lawaM 11^lUaibr [KTiiiilt^ n«qnn gM.la InoaEurta Ia muiiiup-iiAaiiaf 


ilif Vtoul 

•frla tonii 
iihffii£ri. 


PiEantn in Teriqi iff 

liriuJty ^ Uui>^EaHar 

thiiiaitjF of En. Tcfiai 

4£ l>c!ii4ty 

i «ir f3k' 2bpY* 

^ 15mA'^8r 36nJ 

, 8ir /3A*26 f*V* 
p **f‘'+i0n,c*A*(i8r 56/ 

t 2 rtf/JA* 

, 2r /3A* 26|iV'* 

+ 56"; 

Write 

. ,1 8irCJ//4A/fVl 
4 3 f* t 3* J 1 

[ Stifve jc^ Hh — y“ = [j, for r 

Then f* = ip*/3Hx\ y^) 

, GMnf. ,/ ill \Win\W> 

lp‘ = p‘/3 

p* =• /,**«*•'t 

]P* = P* 


1 

P* " «;£*• 
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This h how the nunihers were calcukted which apjieir in Tatblt IJ from p ^ 4.54 X 10’'^ 
p cm* iu the hinjhcst den^itie^. 

At ver>' high dpnstlles ihe model gtviss i'cnmi nnd mDnieala for eketrona m\d 

protons which are eqoni to each ocher and equal to Imif thtr Fermi energy and momen¬ 
tum, cespectivdy, of ei neulmn (d. eq, |5I2(.K In conaequEftice, the cakukled number 
dcnisick^ of the ihree kinds of particles slnnd to each osher aivn^ptotically in the mlio 
1:1 ;S. Thbi and other limiting Situations nnd jdlemative^ are suminniizcd in 
I'iible ]5t which giVE$ siniplt expressions for the “um\TrSal equation of state*' of cold+ 
ticuLrino-ncutral nialtcr catalysed to the end ^Hkint of thermonuclear esvoliilionr 

This ends the surnmaiy-', readme by regime, of I he methods used in L'alcularlng the 
pressure^ensily reialion of Table IJ. That numerical cqiUiritjn of state, summarised in 
the amih'Ucal fits nf ectuations (2S8j-f261), was used in die 195? (M, WO and 1%4 
( IE K. H.) calctdalions of equilibriutit configurations whidi are presented in Figurp 5"7 
and pAppendbt A. We do not know how to make any imprtntmmi in this equation ol 
suit which will be al the sanie time and rdiabU. Ilow^cver, we do offer a 

of the equation of state which is appropriate for cukulations^that are 
wilhng To overlook the first critical point in the critical mass diagram (the critical poini 
w'hich Ims to do wdtb the crushing of electrons onto nuclei)* ITiis sinipllfiDd equation of 
state idealises the mtdium (o be a neutron gas. It differs frcmi the rather complicated 
but exact tjquation of Ehandrasekhar (cf . I,'q5, [276]-t378l) which describes the full ran^e 
of behaiidor, non-rfdathfistic and relativbltk:, in Lhis respect' It gives a pressure which i-s 
too trjw by [he factor (7 per cent error) m the non-relativLsTic dcniain, but is 
todcally correct in the reiitiviftlic domain. 'I'o obijiin this fopiuliq ufie notes that the 
relation between number density and density ui nuiss-energy' in the extreme relftlEvistic 
f|om;dn is (eq. (5fs]: hinittog fo-rm of eqs, [276H27S]) 

l>*(cm-*) -= (3* M 

with /-* eqiiiil to the Plunck length of Table 2, In the apposite limiting tmse of dispersed 
granules of IV* the appropriate formiik is 

with of ituiss of Fe^“) given in Tiibk 2. From two different sides steps have been 

taken to get a sbipler equation to cover the entire region (Zcrdovich [19^1]+ cq. IfirS|; 
W heeler eq* |127|E We combine the features of both approaches and w^ritt 

P ^ I fi i + 13»/*rV 1 ft 1 ^ 

This is ihv suggested approximiaLton for dealing with cquilsbrIuTU configurjitiDiis when 
one is willing to look apart from electron crush and concentrate on the equilibrium con¬ 
figurations with central densitieSi of Id'^* g- cm* or more. 

In the non-rehitivistic domain equation (318) gi\w 

and 

V16) (/.* 

as compared to the correct fonmula (cf- appropriate limiring cases of eqs, I27fi] and [2781) 
for !in ideal cold neutron gas b the low-prc-Sfii^re limili 

M an alteniative to equation fJlfi) with its seitihthcoretical background one can em¬ 
ploy ifie fartTiuli'i p = p(??) given in equation (264b It has no such simple derivation its 
equatian {318). It is obtained from equation (318) by chitngbig the exponents und con- 
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fitants, The3« numbers are selected to %iv^ the best fit achievable by mi expression of this 
form to the vstlues for p = p(n) of Table IJ in the domain p departs froni close 

proportionality to ri. The values in Table IJ are biiSssd on itn aimiv^ of the situation 
more detailed ihiiii that which led to equation (318). Therefore, equation (264) La 
prefemble lo equation f3lS) for compiitaliomil workr 

The theory and detdift of ihe equation of stale have been reviewed in the Jiist Uvo 
chapters; the theory and detink of equilibririm corirtfiuratioiiSp in chapi trs vi ntid vii. Out 
of the combined anjilysk it is a|jprupnate to pick out one or I wo representative |>oinL 5 
in Table 16. They recall ihe original objective—to \md the low^cst energy state uf 4 UT 


TABLE 16 

FEATITILESOF EOUILSBtElL/y CONTJCUn AXIOMS 
Vim SeLECTTED ?(A‘AL11E3" 


14Ml PfumlJdfR Hufi, kodJui, 
oni] CEBtntl Ppnfcitjf 

A fram 1 lo^ in^ 

M from 1.6 X g to ’^lcr'« g 
iC from lOr'^ on cm 

at ftrat ilndtualmg, then settling down to 
7.S5 g/cm" 


.4 to X 

M from --10' g to -^5.3 X lO'*g 
A/foiii--lJ K 10^^ on to ^2.5 X 10^ cm 
p^doae to LSS g/dm* ejtcypt near upper limit ol 
this regime, where increaws slightly 


.1 fmm ^3.2 X 10*^ to -.7 X 10“ 

M from X 10“*g to J X 30“ g 
R from ^Z.S X 10^ cm up In X 10* Cm 
Sind back down tci X 10^ cm 
idij from a little more than 8 ^^■•' 011 * up (□ 

4.5 X lO^* g/cm^ 


.4 freKTT 7.3 X 10“ dow'n to 2.2 X 10^^ up Ia 
8 X then oscllladous of Liecreising am¬ 
plitude a-pprottchiiig 5 X tO^ 

M ffx>m \.2 X lo” g dowm to 0.4 X 10” up 
to 1J X 10” g^ then oftciUalions of decreas¬ 
ing umplilude apfiroaching 0.8 X 10" g 
R nsuihc}; maximum of 3X10* cm, mmimunn 
of 5 X 10* then uKilktcs with deerKSE- 
ing amplitude apprikuching 6 X 10*™ 
from 4.5 X lO^^ g/cm* to dj 


^ U-EnUul-SlAlc 

fndividualiiftic collection of atoms^ all Fe“ only 
if A 1?^ an incegrul multiple of 56^ othemke 
individual ma.^ numbers fluctuate about Sh 
by an amumit which is the smaller the greater 
A ia. Theac ttomi held Eogrther hy chemtcal 
forces 

uf practJrally pure Fi:“ held together pri¬ 
marily by cticmical forctis, 6,6 X 10“*=* erg/ 
atom Or TA X 10'“ crg/g or S.S X 10" erg/ 
cm*. Central pressure touted by gmviiaiion- 
ai foicea, pn “ (2-p-/3) h negligible by 

comparLioii lor smEll radius R bui gtruwit m 
and compares with energy density of 
ehcmicaL forces at upper hmiL of Lhk regime 

Pressure of grnvllatlonal forces squeezes down 
atomic volume at center of gysteiOt raising 
ek'd ton ic energy, until at upper limit of this 
rvgiTnc, electrons gain relativistic energies, 
Combine with, more loosely bound nuclear 
protons to form ncutror^, alter equilibrium 
nuclear conslilution step-by-step aw-ay from 
Ft** lo Y”*p on line of neutron drip 

Nculron gis forms beyond Y-'^. With increas- 
itif* Central density this gas carries more and 
more of the pressure. For all A between 
(soffle tOii5)_ and AMtu^ 1.4 K 10^^ 
there exists a potentinl energy harrier which 
must eitbtr be /anHrinf (fantsuiMjaiilly \nw 
proSstbilityJ ut (by i^upplying 

eiatrgy lo the system through [mplorion or 
o-Lherw'isc) to inkiatE! collapse 


■■t great LT than ,-J«i. 1,4 X No equilibrium coiifiguration 

No Ijsirrier against collapiie 
No eM^npe from collapse 

■ tlieK lealiimi of flu r<i4iljjn^nitk>HI^ bf '^riiflfbdBrB f-oi- cnjdl, latklyjEil: matMi- cte- [^rrfurnl frim tb^- ul Ullt uE 

Lnii chflcvlH- «cuj Ibe puniErw aI iiitiLffrilkiJIi iM tllr jenpruJ irqiuiMH af li^diiiiljfur MpqkJfhrii^FB ]n clliE4. vl 

I hii Afipcadii: A- 


TIIE HATtRJSON-WTCEELER EQUATION OF STATE 


m 


/l'bnr)'Dti jsystcn]^n.n.d the 'A'ajuing which has emerged frotn the mvestigitLion up to this 
point: iiuHe of these ooofiguratloTis represeota the truly lowest energy state of on A- 
boryoti syatcm. For tktU, it is necessary to look at 
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chafikr 71 GRAVITATIONAL GOLLAPSE-TO WHAT? 


CmVA,TmE NEASL^ TO tLOSl/BF- HW. THISME OF THE A?iALYgIfi 

Ciarviiture, curvaiure, curvEUur^! Ctirvature is the key to tht sintics of gravitatLaTiaJ 
collapse, ta Lhe dyfinmics of infall, and lu ih«^ qttanitim world of collapse ai^d posl- 
colliipse phenomenolog>\ 

CurviitLLre at a uiomenl of lirtie sytiimetn:, eictendm^ over a %Nshimc snOkimtly close 
to V„ 4 ii = (rfldEUS of oirvTilure)* (Fig. 15 and chap, vtii) makes, an arbitrarily large 
DUTnber of ban-oiis mELni/est to the outside world an arbiLrarOv smalt sanount of niass- 
energv'. 

L’urvalure evolving classical!y with lime according to cUkSsiail theorv from a moment 
of time s>Tnmelfy reaches in a finite proper intlJTVa! an infinite magnuude—ihemib of 
all concern about Lhe issue of gmviltttioniil i^oUapse, 

Mnallvj cur\'aLure the intensive quantity—and J-geometrj , g, the cxlcn^ve object 
and lhe carrier of ciirviUure -do fwf. e%^olve deterministically with time and do noi reach 
Infinite valuer. This is the mesiage of quantum physics^ howe\'tir far one is today from 
unraveling its consequences. One is not permitted to say that the .3-geotneLr>^ has thiSp 
thatj or the other fotni. One speaks instead of the probability amptitude ^ g) 

for thiiip thart, or the other g, One dtjes not fomusi an outcome for gravitatiouid cob 
lapse any more than one predicEs the anylc of emergence of an electron from a collision 
With a hydrogen atoiut iTisteact seeks in both cases to CAlcubte lhe probability dis¬ 
tribution of ou I comes. 

This final ^tion of the report takes up those two of these three topics that have not 
been dealt with so far* Tt reviews the e^TiluLiDn of curvature with time up to the stage 
where the system becomes strongly quantum in character. Thtn it analyses the possible 
oiitcom.e3. it ends witli the conaqsion that gta’v^italionaJ cQUapse Um infiscapable phe-^ 
nomenon, not in large-acale physics alone, but also in elemeRtary'-particte physics; that 
matter has Its own low but charActcristic and nQn-;sero radioactEVe decay rate fur spon¬ 
taneous transfomatiori to the collapsed state. 

Inescapable? Inescapable unl^ tpffut h wrong w'ith the prbdpie^ of analysis that 
ha%T been adopted? The decisive point in the resiscmiiig is i he idea that jwafj-ewergy 
cMTPej according to the simple eitrmentary law of equation (2), a principle osairiple 
as the law div £ " 4irp in elcctrqsLaiics. 'JTtis gniutcd, a distribution of matter which is 
iJiiifom in density and whidt is sutTiciently extensive cannot fail lo curve space up arbi¬ 
trarily close to closure I it cannot fait to manifeat to the outside un arbitrarily small 
gravitatioiml pull. Curvature realiy cornea into its own in the subject of gravitational 
collc^^se. Except for the prediction of Einstein's theory about the CKpansion and recoti- 
tractlau of the universe, jUl the other applications of g^;neml relativity (precession of 
perihelion, re^hift, bending of light, gravitationiil nidiation) as nomially envisaged 
have to du with small departures from .\oL so here. Collapse produces geom¬ 

etries almost as far as can be from fiultiess. Any jierturbatJon-thcoreitc expansion in 
powers of the departure from flatness is out of place. U one Intends to abandon relativity, 
here b the place to do so. Otherwise he ik on the way into a new' world of physics, botii 
classical Eind quantum. Here we go f 


m 
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713A3L HYMfcqiTItV COI-UVPSE FKOM INFJNJrK RECTNCII-ED 

Ijct 13 first {:Xdmidc the d)’niimic!i of collap&e, Alread)' u.t the sIeltI an issue oi prinopJe 
presents iteckf. The getHnetrj- will develop infinite curvature aa time ndvanceSp according 
to doj&sit^ theo^J^ Ycl it suricd static. The initbtl conditions were taken lo he timt- 
symmetric (chaps. ii-vHi). Therefore the enllrE past m the timavreversed ima^ of the 
future. ckssicat geomeLrodyTiamics predicts physicalfy impos^bLe condidoiis at 

a finite titne in the future, it must "therefore predict equally violent curvatures at a fijiitE 
time back in the past. Then how could the system even have got started ofl in the first 

E lace on its way to explosmnr the instant of resik and rtiniiploaijQn? And thErefore^ why 
other to deal with a problem Ibat can never arise? 



fwk, 20 .—A mehoq which b time 11 ,'mnicidc {solid curve fin elective ii) 4 lLL^ iif t^otiT^diliiyn i 
fiu^ction of tima) cbt&iEiad Imiti bei BtiBly^of the eguitleDS af ntedon that with fo^utSons which dire 
time ^ mtiKtric. In the Lnniidon «HW nt the MimmU of the harrier lUfltkin denrU siLAhdy fnim time 
lymmetry. Boweyer, the bchmyicir near point of eiifDilibrimB li m ftanfllira {R » nq # ^h al) 
that no iaittcti of pdndpk atbe in. the AAstyi^, 

A closer took (Fig^ 20) shows that there are two way's into colhipse in one of theprind- 
pal CB,%es d imereit < A < Here a barrier—the ^'collapae hejner’’— 

separates the normal position of equilibrium from the collapsing state* The tc^ of the 
bs^er corresponds to a coufigiiratioii of unstable equilibrium. When the systetD has 
slighlly le^ than this critical energy (E = t) and a lesser than critic^ the 
cakuliited dynnmics is expansion, roomenimj^ rest just short of the summit, and rcim- 
plodcin. Small displacements x to the left of the sununit ntc catinectcd vritb the time I 
by an equation familiar from elementary mechanics^ 

[dx/dlY ^ “* d- aV ^ (Jill 


with a solution of the form 


X - ^ * 
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GRAVrrATIt>N THRGRV AND GRAVrTATlONAL COLLAPSE 


When ihe syslati hiis slightly more than the criticaki fneri^y {E = Eu + #), itnpj^ksbn ittl 
the Way from s. conditinjn uf inlinite dilution is a pf^ihb mtatiuii, 1'h^^ vtlotity of fjiissige 
over the suLnuTLit ta very low. It k givcii for small x. by un cLjUiiLion of ihc form 

, rjj4? 

nith the soluLion 

X * (i^''=/2a) — IT-"') . [j?S? 

The coudilions of motSorii on the way in after p;i.S5inK the suntmit differ from ih^j^se in <he 
case E = Eii — f by nJi anioiuit ihaL can be made as small tts one jitiviscs (for all s 
greater than somt frxod Xa > 0) by making t sufficiently siiinll, llicrefort:: 

TJtii;nRj':it Tkf Hmc’Symmc^ric mnH^f njfrr ike miymmf ftf time .'rymmeiry^, givc.s a?i 
nrbifrarUy ^otyd rnprexeniaiifiii of cvll&pse fnfm iafimiy, 

More genera]ly, it is not necessarily le^jitiinate to object on prbcEp]? lo n tnoiiciii+ 
which ends in puzzling physicfLl conditions, on the ground that it nbo starts from n fog. 
For eaitmple, the ntyslery surrounding the carlsesr minuic^ of Lhc universe Ls no bar to 
the study of it's subsci^uent djTianiics! 


t;t:oMiiTkic btscRTFrrojj of collapse of iinjun of dust; tijk Fkii-tiMAKSr 

Only in one idealized aise does one have an exact solution fur cxprinsion to tin install i 
of time ssminietry' and reeonlniClion: the case of a clciud of dust of uniform density^ Here 
there is no presauirc to complicate the prohleju (*■!,.* fb .-I always greater ihiin^vlmritl). 
How the otdEus of ihe cloud of dust changes with imic, and wEth ii Ihc dcnsily and the 
geometry,, has been iinaly^ftd by differtmt investigatoii? (Tolmfin 1934: fJppfmheinier 
and Snyder Kltiti 1%1 : Beckedorfl 1962;. Bia’kcflorff and Afisner Most use¬ 

ful for the present purpose is rm Jkpprtmch close to tliut of ToEman and of UeeJeedorff and 
iVlEsneCp with minimum emphask ttn the coordinates^ and inaxiinnmi altenlion to the 
geometry itself. The geonu lry inside the cloud of dusl kidentksd so ihat in Friedmann’s 
sphericLii universe.* The radius of curvature st^ at the moment of time synuiietn- k cort- 
neeled with the densii)- pn*{i=m-^) = (ff/c?)^(g,--cm^) ut that instani by the'rcluSion 
{billed on the fundamental cr|. [2] of generid rektivity) 

flu = f3/Bjr 


lhc radius vanes with lime according to the equation of a Cj-'cluidj in pummctric foiTti| 


fi = (a^/2)(l + cos n) P 
i — [aD.‘2)(T? + sin rf }, 




The 4-geQnietry Is de^^.:rjbed by the formula 

d.r — + /fx* + sin” X ^ ^ H ^^ 2 aJ 


for I he proper distance between each point and its Immediate neighliom.'’ In the com- 
plcte Frsedmann universe the h^pcrspherical angle x from (> to 2ir. tlere il runs from 
X = D (center of the cloud of du^t) to x = xa (surface of the cloud; proper circumference 
2 t^ = 2jrfl sin x^^)■ time goes iirip each point keeps its hypersphericiil coorditinlcs Xv 

^ and keeps its place mi the hjqjerephere, Hie motion of the particles relative to 

■ For pj| ttluriiinaHug izLumaicEiuijy' cin Tulrnaa'i api>nmrli fliad Hiniificmnt aildjtii.kaal Cijncluslwas stx 
Zet'duvicb 

* Kirt' an int^mtin^ tcviei^ of this IjcifMc, see ^I’dcivich f 

" F4jr D ttvifiiv a£ to hnv tlu^itsMrf inromuitjoji relates to the ^ver-all e^mttry. stt, r.a.i Marckc and 
hKlcr (S9Wy 
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ciich other h most canvcnicnily vrsuiilkerf in ^cmis of I he l^-s|shere Ijcinp first blown up 
and then ritflaterlr The qnuniiTy i meii-sures the prcjpcr iime^ after the phase of the max- 
imuin, an sensed by nny of these particles, 'I'he inten'id of time, di^ (ctn), is connected 
with the incmncni of the time pa^tTnctG^^ dy^r hy the rtlation 

di = a{i!)dn . fJia? 

In contrast to the dust partictes, a phottm mos-es from pUice lo place on the h\"per5phi;rt\ 
When the photon is travdinjif riidialh' outward irem the center of the cloud of duit, 
9 and ^ stjiy constitnl, Euid x incri'ases tn such a miy m to annul the clcincnt of pr(i|>er 
distance ds^ thus, 

= df^ = df/a , raAQ) 

A photon starting at thu point x - t\ in the complete Friednunn universe aiii just miLke 
its way around to the antipodal point x =*= ir in ihtr lime from the phbise of masiiTiunt 
= E)) until fmai colhipse (t? = ir)+ In the atse of the cloud of dust, the same photon 
emerges frtmi rhe maUer at x * 3(e at the earlier \Ttlue of the time |jHiralueter = Xd- 
Thus ntdtd lij^ht ra^-s appear on a (xs t?) diagram rts lines inclined al 45® (left'hand 
lion of Elfi., 21). in such a diiijiram the dynamics of the particles dnep not appear on the 



Fk'k J<Hn betwescti Lhc Fncdmaiii] gfidmctry fntprir>r to a cloud of dust iknd the SchwatJSythild 
Ecoractrv" esierior lo Ll, alunpc Ihf world Line uE Lbc QuiiciTnost pvtidc (,4 BC>J^E)t la iMsth legioiifi Auch 
crwfdJjuilea arc used Xh^t FUETial light mvB hs.vt 4,1*^ Ji-lope, In the mnpr repoa {acetor of angular opening 
XH cut nut q£ the eipanding and rtCOrtUfrCtinH ^.ptmdcji! univerK of Ftieflmatiti] rV'try duil iwrticti^ 
and LTi parUcular the ^>l^l)trmost unc, A-t x* '^heeps iti Couniitiatel, x, Ft Aa the rqinem txaction githera 
5prpl (fitdiUK uf curvature ihtnnldng SExoltling the }vtf al-^| * + cos^ cll here ^ h a defle CO- 

i>rdinftt£ such that 4h^ — ^ 0 fi>r light my^). In the outer Tegioii the cToriHtiEitrf ^ », r ■:?£ KrusfiaL 

riTT emubyed (rfw* — rft*' = U bF ISRht rayaj so oa Id sbow the en tirrty ef t he ipACorime geninetr}% olthmigh 
the ScnwaraHchihL fr,IJ ismeduiaLa iir abo BhoVfn where they ire applicable. A spacelike h^-perSurfatc 
which in the Schwiirjachitd repfie^ntftllnn hAj; fnnitajit I EDoardinate shDWt here ^ a fttmight line whiph 
projects back to the orLljih uf the diagram. Tbe outeflilMt par tidy, d^*™tc the *pjte*Tiuic* oE its 

World lirHP urn? Slr^l bbks a.l the Kruakal rliagram, ifc evidestlly fatUdg invKird as it ages. Mlcr itaKe C 
of its bistory i L can noiojiger fl^rxl retarded isdktlon to a tana way □bscrv'cr. The tiinfpfbiipice Krttnetfj' lit 
Whkh tbia particle mO'ves i« jwrfectJy regalHi- up to ihe iUg^ £, v*hm thif curvature ftnally becumes 
irtflltlt^r /; Spicsslikc slice ibroagh piomelry Ukkan at wnstnnl value oI ttme coordbialr ^ in Fnedmann 
region.and constant value ul I In ^hwarwhUd region. Outside thedusb the d-geometty oti this ^\ici Ift 
h — aiTsW^}, where reprtfferLU tJw nioss-euergv' of the a constant 

o[ the motion. U: Spiceitke slice with Ih-rtB rBiimrhablE pfopcnlcs. p 1 The J-gpometry outside hai 
Schi^iLrEsthilil charaettr, hut with a and smaUer mass-energy the JilTmJice .1/’ — A/n* 

being the geneml-relativity amJogue oiliioclit energy. (2) Use dust cltpud in the Friedmana region haa □ 
density on 11^ but ihia ulr^ty ll evEdently iargir than the density on I. (3} The spaCellke slate II 
in the Friedmann regii^ U ft sector a clnwJ universe, but the byperspherkaJ angle xu v^hlch nrnrlcs the 
boundar)' of this wclnr la rron^er than the always cotiSlltil 
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rlrawing. One ha^ Id remind hiTllfifilf of their motion by recalling that ihc schIp factor a be¬ 
tween angle^ ilx, nncl distance^ adXi is shrinking as the time pa^ieler increasea. A 
piutidc M ike surface ia by no nieHna sULtlonar^ with respect to its neighbors just be¬ 
cause it has the same coordinates x “ X^i ^ successive inatAnta, A, H. C, D, E in 
its tfe-hUtory! 

The particle B^C^ E Uvea at the boundarj' between tW'o geometries and belongs 
to both of them, 

Ttti:ORF,« 35: For pariki^i ai Ike inlerj^ be-iwem hw 4-g€omeirie5 lojoitaw simul^anetnuiy 
ike ge^esic taws af rnotwn apprfipnaie ike iwo sepuraie fstwHc^nVr Lt t$ news^ty cf^iJ 
sufficienl ^otuiUion ik^t ike geomeiries should join imooikly oi ike ifrier/oee. 

The basfe ideas for a proof are given by Lindquist and Wheeler fl&57): see tdfo 
lieckedorff (1W2) and Bcckcdorflf and Misner 

Uf:£?METJlIC DEBCJUPTIOS OF COLLATSIl Ilf CL(JUP U¥ DOST: 

TMlL aUHWXJt2:$LTntJ3 ItfOlON 

The geonietry outride the doud is spherically s\Tiimctric, No radiiinl. energy is flowing 
in or out, by' assumption. ThE^elore^ the mLiss-energy keeps ihc constiiut value 

- (4lr/d)pn* silt^ « i(3/8irpD*)S^ sm* Xi , 

appropriate to the moment of time ^mmelrj, tvtn i hough the radius and the density 
thereafter both change with Ume. liie geometry outside is therefore that of Schwtirjs- 
sehild,'^ with a proper distance from event to event which in Schwarsst'hikrs coorditialt^ 
is given by 

ds^= - tl - 2M*Mdisuk^ + (1 ~ 2.\r/r)-^d^ + + sin^ &d^) . mz) 

In cnnfomial coordinates ^ = p ein ? cos y - p ain i9 sin a = p Cos niore 

simply^ in terms of 9^ and ^ chcniselves—the proper distance takes ihc form 

- -(1 - 72 p)>(l + AfV^pr' 

{S3i] 

+ (i + MVlpYidf^ + Sirf SdiT ). 

Kruskal (see atso Fronsdal [1^^5^]) employs ccNardinatcs a and I'j with 

- T* = iWUr) - 1] esp ir. lM*) 

and 

2ifr/(u* + r®) = tiinh(/ad,/23f*K^d3tneViS:r is dejimd), (jas) 

He defines a funcLioii/cif iv? — t^) through the equation 

P “ y23/*Vr} exp (—r/2M*) * <3jfl> 

* BarkhwlT (19233 pfm'ts ttat every ectitrolly jiymnnUnc; gewmetiy- w-hfch li ffrt nf JnHS3.-i!iKrRyi&ulatk 
and idcntkal up to u wmliaatr UmrufirtmatiDii with tin; Kicainctr^' defiiifd hy the Sctiwirasda^d metric. 
Petrov (1961) pvcB couatcTeiunpleR where grnvitaluinnl ihslclL WmvtE satisfy the c^Hiditirvn o( Sfahmcftl 
aymmet^' but prodtltv siibsUintiaE drpartqrcs from tbe Sizh'n'ArKtfchikI gbniiHrLry. It is not eletj wbst h 
therrUriDn belwcen thaw^hock wavei^fif PelltiiViiJiEl onJiiuuy'jjni vlLtttional radiaticm whSch^ lEbetlectni- 
inoi^tktiLEliatLcin, csniHri'er be^herieaJly ijTnnielri<: Cno way to have amplituiie emstont and fKilBlka 
tinn BTnoothJy varying in UlrectLon over the surface ul a Jinarre), Flowover, all fiirtris of tjanaport {if 
enerj5y, meJudmR racyalirm ttnel slirjcftj, are Tr-scludcd frum the ppesrat ejianiple^ fci 

v^h ilpplbcs. How far thn ^bin^wiiifiil metric, nffvertheltrM, is fnim IJeinf iirppcara trom the 

(lificasflinn \n the texi, in pmd'" Petrov's solutkm has now dlr^'n (HAntotli |1964J^ Komar 

11961] I irt he nuthinB more than the l^hwAmiifJsild Bulutloti c^proBed in lerma- of noD-anftbiic a?- 
ordinatrt. 
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In Kniskiirs coordlinaies the proper disltirtce Uom point to point h givtn by 
^ p{ — th^ + dli^) + SElrf ^ 

()f spci^il interest is the ^^-geometry at the moment of b"ine symimetWp » \\ or 
F = 0, ITic nature of this geometry shows most dearly in tiie conformal coordinates. The 
proper drcurrifercnce of a circle with the coordinate p is 

2 TTT = 2Tfp( 1 + J/ ^ 

This quantity ia big for large p, but also again for sttittll p- Tiie inininiuni i-ulue, obtained 
for I? M*/2^ is—after division by 2ir — 

r^in ^ 2if*. 

The geometry oonsbis of two nearly Kudidean sr^acra conncf^tcd by a throat.^ ITiis 
geometry' is lilustmtcd in Figure 15 and in the insert in Figure 11. f>nc and the safue 
iripiet of numbers t, 0, ip (with r > = 2M*} corftspcpnds to few points in the 3- 

geomcliy*, one on the “upper^* qussi-Eudideim space, the other on the “lawcr"^ portion. 
Despite tiiis disadvantage, the r caordmaLe of SchwarEschild has one imporiarit ad* 
vantage, \Yhcii multiplica by 2v it gives directly the proper drcinnferentc which is run 
through in ii rotation (a mathcmalical mther thaii a physical eperation^ because the 
successive diftplacemenls rdO are spaceUkc, not tinielike). For this reason the diagrams in 
Figures 11 and IJ are so constructed that r appears as distance from an axis of roUtion, 
To obtain proi)er distance in a rotation it is correct to eynluate fdfi but not correct 
CD cairulatc the pnsduci Ne\^crthclcss p is a useful coordinate in this sense] U tells 
whether the point in question is on the lower [pfronii 0 to or upper from M*/2 

to n*) qu^i"Euclid«m ^acc^ as well as telling iitdireetly I he proper distance nfO in a nim- 
tion, through the formula 

r= p+ M* + 

The idEntiiy in diameter of the parts of She J-geometry above and below the throat 
shows through the possibility of labeling points with a new coordinate, 

p' - 

symmetrically' related to 

f = + M* + , (34JJ 

but such that p* on the upper part of the geometry^ h fejj than M*/2. 

The mirror relationsbtp of the upper and lower portions of the ^‘hTOetsurface of lime 
symmetry” shows still more dearly wdien one uses the Rniskat coordinate « {eqs. [d54j- 
(IjT]). It"is zero at the throat itself. This coordinate has equal magniludea but opposite 
signs for two fiymmclrically related paints on the upper {u poaitive) and lower [u nega- 
live) portions of the hypersurface. 

A TW^OOliCENStONAL MOPKL Pt>lt TUE SCKWARZfiCUItJ^ UkOMETHY 
VLT A aiOMZ^O’ OF TTMF SVMMl'lTJtY 

Imagine a long, thLu'W'allcd lube of soft copper and of subsUmtial diameter. Further, 
picture am inked onto the outer surface of this tube a family of lines parallel to the axis, 
marked ^ — Xf, i* *= ^ ^ = J6tl° == if, JUid in addition a fnmlly of drdes, u = 

_ ,, —2, ^1, 0, It . Iltt tube Is now gripped halfway along its length, at « — 0^ 

and Iio(]b £inds are tbi.i'ed out with the help of ct ppinning tool,almost lo flalneaSrlite ihe bell 

* Fdt m hKire drlftiled iltffcussk^n c^l tMs Rpome-ti^' and iii tirtie devclcpmcnt with dEAgraini, ■« FuElcr 
jLnd WljeeJer a9«E). 
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uf u irtnnjR'L Onu ends up with a LuigiLEtr rtlfwlvl for the hj^sersurfiice in question. Jl has 
□nc defidcnc^'* There is r>iily out angle of rolEitiont In the model, wiieretLs there are 
1w'n^ B and ye, on I he h>'|)crSLirfacc, This use of a two-diriiensioniil nubile] tu represent a 
ihmee-dimcrnsiaDat spaec will serve as introduction for stiti m further step in srheniatiziiig 
ihe Reonietrj', Xow let the enllre .H-goometrv' of Schwarzschild at the luoment of tiTuc 
sjTnmetrj' he represenlcNl by ihc single line w^hicb runs from n = — ® ftiEg r/) to m * 
+ ®^ (iigainjjig rf) with the- throat {r = 2^f*) at u = 0. The (w-o iitigles $ and arc to 
he Fntpplied in one^s imagiiuitSon. as ^iuilarly in ihv motk-l oitc of the Liva angles was Eo be 
pro’thded. 

Referring now lo ihe righE-hiknd poriion of Figure 2t. one tms in the line v = tip that 
fcs, Ln the a^is itacEf+Xi schtrmatic representrition in the furegoinK sense of the d-Rcometr^’ 
ftt 1 he moment of time s| 5 Tnrnetr\', Mor-epretiscly , this lint^ CKlrnding from w = — » to 
li = is a section, = constp ^ * const^ of the 3-geonictii'- To gain some feeling fur 
w^hnt it means to t:hangc ^ or say by malcing ihc chnrige fl —* ft + one can notr ihut 
one has shifted hui attentJau by tlie ]irO|KT dislanre r-jfftp where some values of r are 
marked on the diiigram. It will he i^ceii u « 0 by no meiuis implies r = i], Rather^ f = 
al lha thnwit. As one j^oes lo n,ej*alive Ji-Viilues ('n<n shown on the prtstnl inconi- 
plelc Kruskat diagram), he hods r = r ■ etc., an ever enlarging domam 

r^ower" porsion of i-gcuini:try). 

What about rlit develrjpnn.:nt of the Schwarzachild 3-geomctry wiih lime? The Kmskal 
{n, r)-plane (Fig. 21) is a spiiceiime diagram, flight rays Irjtwling nidially (ft » consEp 

« const!) are described by Hn^ wilh a slope of ±4^°. In cuntrastp a spacelike h\per- 
surface has a slope less iti magnkude than 45®. Therefore, any cur\^e u = T'(Ei) running 
through (he Kruskat diagram with slope beEween -|-44,^>^J<1 , , and — 44.WJ . - de- 
stribuN ii possible spacelike hxper^urfiice, a hypersurf ace which TiiorcovLT posi^csscs 
spherical scinmelrj" (same seel tun for all in Ihc models the Rcomctiy' in question 
mny be typifii^d b}- a tube w^hich has been flared out more at some places than at others, 
perhaps more for pfisitivc u than fur negative iip bui whEi:h sSiH preserves its rolntional 
5)TTimetry\ This symn^eliy is not imi;Hjrtntiit as a tnnUcr of prindple. IJowcvLTp it simpli¬ 
fies the discu^siorif fn- allowing the niic line v — rl'w) to represent an entire 5-gecn^ctry^ 

tin-: NATCTHK t3F TTMM TN C-EN-ERAI- BEhXTmTY 

Time in general relativity has a charactEr to w^hich one ts nrjt iicrusEomed in ela^ijiicitl 
mechanics. In XewIonian theory one hi\s his choii’c of one tiutncriicii! viiUk of the timt: 
coordinate, or another, i^r afiolhcr. Kach is tis appropriate as anothEr for an instant at 
which sti<idi.'iily to observe and record the state of the sv-stem. In geometrtidynaniicsorte 
sctccta instead of a single parameter ; an entire spaceSike h> persuffcicc and asks for the 
phv^ical conditions on if. To sEate the ti^aHer differently, one has ^ace points, and 
at each a selection of ihe time to be miide. The tatality of these selections specihes u 
hy|K:rsur(stcc. That each point should be out uf aiusal Conner (ion wiih its neighbors 
demands that this hv-persurface should in additic^r be sp^ctSike, with ihe angle of slope 
at each point less in absolute mfigTliturlc I him 45"". Conaislcintly with this condEtion, lo 
select some line, or di^ry line, v " is thus to do what is Ihe relativistic gf^otr:di^iiiion 
of picking a lime, some time, any time, in NewtEktiiivn rnvi-hanic&. Nnii-relulivislEc thrary' 
is Said to be successful when it can prtiflicl the state of the system for itny choice of its 
mi€ lime coordimiter SEmilarl^s a problem in genetiil relativity lias been solved when for 
eve-ry cJtoice of a -spacclikc kypersurfac^ one can state what b ihe d-Rcoiuctry (Ehe geo- 
metrodjtiaTnical version of "|he state of ihc s-ystem") upon I hat hypcrsurface. 

ripr FVai-CTfrJX OT TICE; SC^HW^4R^S^:lnLb UErjMRTltV WITit TIUTR 

The initial state gf the geometrodynattiiail systL-tn has already lDcen specified in the 
Schwarzschtld gef^mttr>' by giving the initiai-viiiut: geomiiry on the sfwicelike liyptreyr- 
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Ivn.c r.if timt Sj-minetn-. This j;eQTiittr>' Is tully dtra^^rihdl hy a f-orniislu for the diatance 
bctwem PLich paint iLnd its immediate neighbors an this JArfirH:]imeii&iunid tiiiinifuM: 

d/.T* = (1 - 2M*/rj-^ffr + + sin- 

(1 “h jlf H" ^ 

= -f- r^iit){d&^ + sin- &d^] . 

Hiippity, the "^'evaUjuan af ihc i^aDnietn' with is coiiiplOeiy knawii, Schwarst- 

schiirrs 4 -Ks^mi 1 ry t'<iEisplelcly srjTves Einste5a*^gs field equations and reduces to equations 
(JI3) %vWn “ *1 or t- - 6 . ThttrefoR- my slice through this 4~geomcir>' 

gives at once a .^-^eonietn' i^Tiich "represents ihc sLaSe of the ,^ 3 ‘Slcirci” itt ih\il "tinie;'' 
that 13 ta suVj Upton thru hypergiirfjK'e, In brief, pre^eed as fotlcm^s: {!) Pick a *^timc,” 
□r a fpacclifce hjpiirsurfflce, by selcvtin^ *iny functional dependeace of v upon « wilh 
ftfr/'t/wj < f. ( 2 J Cnkulate from Lhe Schwar^child T-mctfic (332) or (33 h 3) or (337) [he 
3-geoniem" tm ihia hyperaurface^ as 

J.f- - f [«, + l]J# + r(ii))(ii^^ + xiji^ 

(3) Tlien latc has in eqiE^itirm [344) lhe complete description of Lhe cocih^unuicin nf ihe 
3-gcnmetr\' iiL I his "lime.” 

Hovt does it came about lhal so niany tcilbooks! deStTibc \ he genniEflry af lhe Svchwarzr 
jschiJd fioliition ap Because they lirnii nttefilbn to hjpcrsurfaces of one part iculnr 

t\'pe, JL hypersurijicL- represcnlcd in lhe Kruskal dluflntm by a straight line passing 
through the origin; thus, 

r = i'(u) = yu + 

where y is a conslunt , A little inspection of the rclrrlion nf cqiiLiti4?n f33S) between the 
Kruskal cisortliriiLlc^i untl lhe Sd‘h^’iirj 5 schilc| coordinates shows thut a cuivstanL value 
for the ratio ^ = v/u implies a constant valutr for the StJiwarzschild ihnc 

y t/h = tanh f/srjw^43/*) . 

In the SchwarzschtJd coordinates one Sees from equation {3i2) (hai a constant value for 
r&.s, that is, a s^m value for irnplies the same J-geometry on the new hypersurface 
as one hsis upon the initutl h^pcrrsutlJice. 

There are interesting group-Lheoreltcal conscquciif^ for lhe invariance of lhe Kruskal 
diugram under someth eng like a LarentK traiiEformatioia, 

fi » ti' cosh a + H* sinh a a = v* sinh a + m' cosh a , i^+rj 

which follow from this amily^s, but they fire not iminediately rekvitnl hcre,^ iL is more 
useful to note stinplv these points: (I) 'Hiie loctis of iKunta with constant /s^k ts a straight 
Kne through the origin. (2) The larger the Schw^arzschlld time coordinate, the greater 
I his s!o|>e* (3) The starting time ^seu = II t orrespoads^ as seen befort, Lo (ht line of ?-cro 
slope, f — CK (4) An ifidefinitrly birge value of the coordinate corresponds to indefi¬ 
nitely close approach to the hypersurf ace l? ^ lE (45° slope). (5) No matter how close the 
sp^edike hypetsurfs^ce i' = yfi approaches to a unit slope, it tieverlhekss does m>1 have 
lEfiil !ilape. ^h>reavet, howevvr vlose y is to that line can be given a slope of 

by referring it to a Krusfcat coordinate sy’Sttm (pt'^ l*'} which difftiTs from the iiresent 

* Ajii[irii[ ^if tiu wmi liurrratmjfiji Lhi&: Lhal ftice parities itarlln|^ tiui iij^pthcr 

at the thrujii at the phase of jaaxiraiim dutcnduHr and LniveLag in Lhe directinii ii.f increraiing v with the 
msisi varied vt-Lie*, a 11 ^□ tiimui^h idenlicai hk^tonei. They ^sad up after idea Lical lap&tsaf proper lirti^ 
In ijruLJ ajii-hnukch Ux dlhrrant ftointp cm tha Lhie r ■» 0 , but ^abject to lid?pniduckii| mcrwung at 
Ideaticai ratc^ to unlimited viyUT^- 
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Kniiikal frunie by Bufticimlly tar^e ATttiii? of Lhc pELnimeler a. in frKprt^saicii (Mt), \'e1 
the slope of a l\^ht ray has the same unLt value in the nevi- ftitmt, i^/u* =* 1, which it has 
in ihe old fnrnie, t./ii = 1* 

InstnicLive as are these gmti[>LlicarirLical features of ihe Schwaraschild ^-geometry, 
thty art taken in the wro^ spiritj one knows loday^ if they arc liscd ta reason that the 
3-gtomctry is noi dynamic t In describing lo Achlitt':^ the approach of the hare lo the 
tortoise^ one can. use a time coordinate which has the ^Tilue I wJteu the “^wirution is 1 
meter, 2 when the separation is ) meter^ - ^ +1 and w when llse separation ia (J)“ meter, 
f Jn this basis one has to wdt an infinite lime for the hare even to catch up, and lie will 
□ever succeed in overtaking rhe tortoEsc. So with the family of hypersurfaces which have 
juRt been e^^llrrl^ned. They move ahead freely (with increasing values of the slope t/u ^ 
or with increasing values of the Schw^ar? 3 dii|rf time Coordinate in Eome regions of the 
Kruskal diagriim^ but less anil less near the origin^ stud iit the ruigin itself mi at all As 
in speaking to Ach^lks^ so in [Inscribing the deveiopnieEJi of the geometry with limct one 
has artificially restrieted the discussion to a limited jKErlEuri of [he entire history'. 

THK TWO OOSiKLCltb QLtAsMlUCrtlDJ-.AN SPACES nETGRiTET) TO A '‘C\XL>JDi:A” 

The freedom of choke that exists in choosing spacelike hypet^uifaces is nowhere so 
clearly shown^as on the Kruskal diagram itadf, A-S an example^ take that ibe in the (w, v)~ 
plane which is marked r = m* {or in the present notation, r = Its slope being 

evep^where less than 1, El is plainly spacelifce. Thus one has exerdsed that freOfJom of 
choice En the selection of or in the seEection of a spiaCclEke hyperaurTace, to which 

one is rightfully entitled in studying the rlynamics of geometry'. C.>nc has broken lofjse 
from the restriction to the origin {u ■> 0, f o) w'hkh es hidden in the usual Schwara- 
schild Coordbatc system. What then is the .l-genTTietry oh this Ppacelike hypersuifact? 
One immediately has the answer bv subpliluting r » 3/'", and dr = 0, iuto expression 
(332): 

^ +Aiict^ + + sin» . cJtBj 

nds fomiula b nothing but- the gcneralimlion to 3-space of the e.xprcssion for 1he 
geometry on the surface of the copper cy^linderJ The quantity rf/geh mcA^iures nui time^ 
hut proper distance, and this distance parjiilet to the axw of the cylinder. The radius of 
the cylinder h if*. TX course, tf»e cross-section of the tylinder is not a circle, as in the 
analog}' of the cnp|?er pipe, but a 2-5phere. The dynamics is dear. To return to iheanul- 
og}' with iht soft meLiil tube, one [hints of it at the initial moment of rimcsytuTneLry' as 
Ibtred nut at each end into a quAsi-EuclidearL geoinelrv'. At some chosen later time, which 
fs to say, on »orut other spaichkc hv'pcrsurface of one's choosing, the geometry- has un¬ 
dergone dynamic change. As \ipwed on the hypersurface just now ncltrctcd, the dares 
have moved mward to undo the spinning opersilion by which were imagmed to have 
lieen formed in the fir^l placer. In addition the whole tube has shrunk. The effective mdius 
of I he ihroat lo begin with was 2M*. Now not only at the throat but rv’ety-where the 
proper circmTlfe^c^o?^ divided by^ 2 t^ has shrunk to Ajf % half the original raluc. Ifore- 
over the shrinkage condnijes ^^s the h>persuffuce is pushed forward in the Kruskal dia- 
gmtn. One ec^mes after the lapse of a finite proper time to a singular condition. The 
geometiy itself collapses. The iiitrbsTc cur^Tilure of the .Vgcomctrv' gociS to infinity. In 
this sense there is a close parallelism with the hriedmann gccfineLTy^j where also the cur\^a- 
lure goes to infirnty in a tiniLe proper time. 

The spacelike hy|icrsurface r ^ M* w'as taken ns im ilfiistrntion for the nature of 
time in general relad%nt\% not because rme was forerri to any such speciaJ choice, but 
only Ijecause the A-geometrj^ on this hv^^raurfac^r lent itself to simj.ile analysis, One will 

f apjiPKiatlnti isespriHsnl Ut PrufcsscirOiiirlH Misci-orffir diicuHionBi giving hlsHgtlt Ento ike Scfi-vi-aric- 
sdbikj Rcnrrielr^', Sm aIm Petrov (39^J fdr dtlitinti of vrcik. an thh Ecmic bv Ncmkuv (1%2'li Bee aba 
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recnU oimc agflin that the peri^on studying the 4-goamctry' h^lA cnlire ffCt-dom in the 
choice of the h^“peraurfat‘*i ti is fixed by him, not by the dynamica. The dyDamics tells 
only whal the geomctiy’ will be on the dio^ea hyperayifacej that is, the chosen 


J01.K betwo:m ^irwAiLjr^ciTap Asn friehmakn CEOMETaiEB 

S<j much for the full Scbwarz^chiM geomeLry^ its throat, tlie dyiunTiics of the thmat 
and of the rest of this geometiy% and ultimate development of infsnite cunmujie. Now 
for the job betw^n a portion of this geometry (drawn in fuIJ line b Hg. 21) and that 
portion of the FricilTnsuiti geometry whidi is {sccupied by dust. The problem of join at 
the Iniual instant of time sjTiimeln.' has been treated already in chapter vwi. A particle 
□f ilust at the interface between the two geometries (A in l-lg, 21) bos—and keepa^the 
Coordmates (xt^r the Friedmann geairiEtry^ In the Schwar^schild geometry' its 

initial cuordinates arc r * 4ii» sin xii, However, to know r is not by itself enoti^ lo 
tell whether the dust particle beg on the “upper*’ portion or the *^ldwer** portion of the 
Schwarj£sd]ild geonsetry^ For that purtKMie one looks at x& itatlf. A v'alue less than t/ 2 
implies less ihan half ii Fricrlmnrui hypersphe^c^ and tangcncy to the ^bpper" portion 
of I he St-hwarzschild gemtietr>'; xp Tnore than w/2 implies a baghke geometry^ with 
rangenev’ tq the ''Jower*' portion of the Schwarzschild geometry* Both CiiSfiS Were itlus- 
irnt^ In Figures 11 and IS* litre take for dehnilcness the case xp < 5r/2. Then the 
point A lies as indicated in Figure 2L So much fo]' ihe locatSon of the dusE particle at 
the initio] moment of time symmetry* 

As its pmper time udviances the dust purticlc, at rest for an initial instant, stciits to fall 
and drops inward through a decreasing sequence of r-values: r ^ Z,^M* at 4; r = 2M* 
at C r — M* at D; and* r = (1 at E, Fnr a delailed dci^cription of the motion a supple¬ 
mentary parameter 15 h usduL This pLiramtter is idenilcoJ in m<eaiiiDg and value xvith 
the pammeter jj emplpyed to dcscribi': the motion of the sam^ particle m the Friedmann 
Mtmietn\ (>f course, one will never know^ this identU]^ if he confines his attention enLtre- 
Iv to the Schwarzachiid geometrv* In that he will only retdizc that this parameter 
simplifies the solulioni of the geodesic equation of motion in the Schwarzschihl geometry* 
In tenms of the fk^hwarzschild coordmate r = rp at the start of the fall, the solution has 
the form 


r = (ffl ■2)(1 -hcqs 13) . 




jin ] j^^^ + t anU/2 J 

" i Cr./2A/*--l)V*-tanftf/2) 


+ WUr - + (rj 4 Af) {, + sin „) ] [ , 


tiA9) 


(Proper time) = (ri/2M*)^*^*(ra/2)(i7 + sin tf)- 


Xow itJentify this molion with the motion of the same particle as analyzed in the Fried¬ 
mann geometry, when all three of the eDordinates Xt ^ fixed in value and the 
radius of curviUure of the space changes in accordance with etjuation (32?): 

T = (sin x^^){ 3 V 2 )^l + tos Tj) , 


(Proper itnae) = (a»/2)(i? + sb ij) . 


ma} 


From the comparisoti of equations (349) and (350) one finds 

Ttj = Ui Sb Xa I f5SI? 


M* . . 


(352) 
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Of these rEsiilts, ihe first Ls filrt;;itiy known from matt^hinR i hc cwo lfine-5i\Tiimetric initijil 
value j^eo-nielrie^i. Thert;,. ocic iilso fDUnd Lii[iL the radms oi curvature 41 n had to be (J/ 
when: = (G/c^)PD{g/cm^J is the initial den 3 i|>-. Ihom this resylt one 

sees that equaLiun ^35^ J is also an rtjuatbn fiimtltsir from ihe study of the bitiaJ vulue 
problem, 

J/* = f 4tr^V-3)r»^ , 

Thus, the mosi obvious features of I he ttvrj geonictrit*s lualch for all times when they 
have been adjiESted to match at the tnoment of lime symmetry. 

As ihe t\“pkal panicle at the surface of the dust cloud follows a geotki^ic tn the 
Schw'urjtscljiid 4-Reumetry Jo ever small [:r values of the coord inn te ii linds tt5elf iu a 
geo in el ry that is ever more strongly curvTd+ until at E ihe Riemann curv^ature, or in 
physical terms the dde-producing forces, have grown beyond all limit. In ilie tmal stages 
of Lhk progression coniiitii>nft grovr so ejtJreme ibul neither the particle nor the Kcotnelfv* 
in which it moves can be describeiJ in cla^ltal tv mis. Prior to that Eimc, howevvr^ the 
ciaSiitcal dc^riplion of [hemoLion of Ihe particle itnd of the dyaamics of ihe geometry is 
straight-forward. Moreover, tlie Siilitnr physicul potut.s are ^dl fitnriinarijii:il in Figure 21. 
f)ne only has to nole that two sepiiralc diugnints arc used there for the two piirts of 11 
4-g«imulry w^hich actually matched Smoothly along ihf entire interface A-A^ 1 

E-EA The connections between cfjrrespKmding points wlW be taken as understood in the 
following discussion. As an elementary- exiimpie, c^jnsidtr ihe spiicelike hyjiefsurface 
iTiLirkcd r “ {or r ^ Al* in tht* present ienninoiogyO in thu right-hand portion of 
Figure ,21. The .Tgeometrv' there is that of a tube. One mm sees ihaL this tube k cupped 
and clo&ed at one end by a portion of the Friedritanri spherical geontefry. 

ro?^vF:^^I:c)N uetwkfs titf; pyx.vMic:^ at coLLAi^sic Axu tii^ .^kalv.'-:|-s 
OF HOMENTARIl.V STATIC CON FI C:UR.\TII?NS 

Before applying Figure 21 lo help analyze new questions^ bite the fate of the energy 
caugfsl up in ihe collapse^ it is appropriate to -isk a c^uestion of principle relating to the 
past iinulysis of energy, in chapter viii. Tlifm wc look u spuctlltd nutnlK-r of buty^ons. We 
disposed them in a spherical configuraliDn of cmiform density. We joined the Friedmann 
geometry ius^ide ihk Lxinfiguration unto a fichwaraschdd geometiy outside, assuniing 
static conditions (time sjTninetry'J. We determined iti ihk way ihe miiss-tnergy, ..4/*, of 
the sy-slcin as sensed extemaliy. We examined hoW' M* depended upon the degree of 
conipucitun of thii H-d-baryon system. In every case wt found that decreasL'd m a 
faniLly of .-l-biin-oTi when the density was invrertsed to a tinile criiical 

value^ the ‘'point of collapse'as it w'as termed in chapter vdii. Whal jxjssibk relev^^ance, 
It may now be asked, tloes this analysis of a fnmUy uf hlaitc configurations have to the 
dynamics of the colbt}):^- of a conllgurHtloni^ The ma-ss-ener^v as sensed extom:d!y 
Stays constant ihroughouL ihe collapse as envisaged hm. Complete absence of radUtlive 
Lntnsport is assuinvd from the star!. Tlicn how ran there be any real conncciion between 
gravitational coUiipsc as seen in the light uf Figure 21 (fixed *} and gravitational col¬ 
lapse m ireaied in chajjter vEii [Af* going in stern)? How van any vontietiton amouni to 
any more than the trivud agreement between the number.! of baryons in the l wo cases? 

A closer look shmvs that the connection betw’een ihe dynamic analysis and the static 
analysis k far deejKT and rm^re beautiful. 

TiifjiuiMhi At): fbven u cloud of dust uf untfonn density tind of aplierica! symmetrj', w’Jikh 
alarl,^ front nest in il contiguralion uf tine Symmelty with jin initiul msf^s-vnergy' (iis 
Sen.stfd cxLermilly) equal to -V/", and which En the course of its subsequent colUipse 

* t:. D. t'iikii, Jf. InjiMpapilinfli ( 141 * r(N.%'ntly •c«)ailmvE«il Kruakal-JIkv ojirfdiitutcii fru tjie; 

Fncdmann rc|;iaTi. 'E'bcse cuortlifuilK jain JiFTi-DChtbly la krui^ul'a coariliniilE^f :Lt the sariinnz- uf tht tiuit 
cluud, ihirrchy |j<rrnillinE a. singk ujurKil dJatsmrn fur ihtr 4-g?Qm?lry ul ihc rlml rkmU. 
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tmits do mciiAtiod (M* 'rhen dynamical Msi&ry &f this c&fiji^uraiwn— 

di^sptU its cottsiant fnergy—€onkiius att fhitse mtus-tHtfgy if]* 

fejj ihaH AI* whkh are found in the aiiaLysls of the ttphcriczLlly syUTOetnc and time- 
fi>Tnmtlric iniTiaU valine prohlens for the same number of bar) onsS 

SPACEIJKF SIJCE CII.\U.\CTHIiTZKD SV AX ARBUKARILV SPECIFIED 

VALUi: or Tin; mass-ekeboy 

To prove the theorem it li enough to draw through the sptct-lime tUcigmin faf Fig^ire 
21 (tcferriug Loa tiyuamics in whirh (henmss-encj-gy has the unique and time-indcipcnd- 
enl value if *) a line (ihc very heavy dashed line in the figure^} on which Iht 3-geomelry 
(1> ^tisQca the e<nmtiQn 

and (2) has otiLsidr ihe nuiKer the standard Sehwar^schild form 

Jji ■ (1 — 2Mi*/ry^ rf/s + + Eina ( 355 ) 

untk greater than i^ero iind Sess Thun if* but oiherwiae aTbtirarily spe^ijicd. 

Qne finds the iine in questiion; that is to Say, thesparelike hs'persnrface on which the 
geometn’ will ulte the clainied form, by a prestription which in the Schwarjpschttd region, 
and in Schwurzs^i'hild coardinates, reads as follows i 

f arbitrary^ & arbitrary, arbitniry + 

/ = const + HIM* - 2M\*Y^r - 

■ ir- iMr ) -( 2 M*- ZAh’ ) *'’ 

const + 212M* — + terms of order (l/r*) ^ 

Wlthoui entering Into details, it is enough to look at the final asyiiiptotk espressiou to 
see the m^in points of I he analyrib. A molion on the spacelike hv'persurfacc (J56) fmni 
one poini lo a neighboring |}oini , r + tlr^ Q + ^ + t/i^, brings about also a change in 

the Schwarzschild time coordinate, 

rf/snji ^ [(2Af * “ + terms of order (l/r*^)]rfr , (iS^Ji 

In consequenLe the clemeni of proper distance ds discovered in the dispbLCemcnl. (found 
by subafilutiun intoeq. [J32|) contains u contribution frem as wcUns contributions 
from the changes iti ino oth^r coordinuti'S^ thus, 

- 2Mi*)/r + (1 + 2M*/f)]rfr^ + 0d^} . (3393 

A more delailetl GilcuIfKiun that the coefficient of dt^ is eitactly (1 “ 2Mi*/t)~K 
'Fhertforc ihc gatmeiry mi the spacctikc kyper^rfuce hi intesihn is the Sckw^rMchtld 
3-%i?i}mciry ussijciilied with a muss M|* wkidi is l&ss (hun AJ*J* 

SEOUfiXT OF OPKXIXQ ti > Xa SLtaXft THROUGH THE FRIEDMANN 4-GE0KETFY1 

A similitr analysis gives the i^jursv of the spatelike hypersuiface through the Fried¬ 
mann portion of ibe 4-geoiiietn" (^suty dashed curve in tig. 21). The geoiTSCtiy^ here has 
two reinarkahlc features; f ] I The curvature throughout k constant ^ despite the graduaT 
Iv varying slope, indit^iled lor the citshttl curve, llierefore one Is sijll deaiing with the 
stmpl^l type of section of the Fritjdmanrt gfiometr)'. (2) However, (his dusf-^eaipicd 

* Fpt a Lrief prclimiaar],- [iiscu^fliun af tkLi 5 ^ p, i37 at Wherkr 



iilLWlTAllON l ilEf^RV AND ORAVITATIONAL COLLAl'^E 


IMy 

srdian a sc^^ncni iff iht'. kypcr^urjac^ it’iVA tin a-nf^tdaf tip^nin^ xi h li^rgfr /Atfu 

Out h dealing witii the bc^inulii^ of tht cvontual pinch-olT of a i-gco^sotI^'^ \ht ffcji- 
lure ^ deciaive for gravitiilioiial coLLiipge as it was amlyzfd for static configurations in 
t:hapttr viii. One can go further, &nd find a whole Junuly of ^jacelike hyr^rsurfajces slic¬ 
ing IJ]rough the 4'|eomeLn’ of Figure 2L Su-cxessive slices are characterized by (t) the 
same h-^ed number of hEuyoiis, .4; (2) succesaiveiy smaller values of the miisS'encrgy Af i* 
{us one might thmk of evaluating U from the asjTnplotic form of the J/frer^-geomeLn ); 
(d) successively higher values of the density in the occupied region; fund (4) sutTes^-ively 
larger values of the h>'perBpherli:al angle Xi of the occupied i^one^ upproathing Xi ™ ^ 
as a limit at the point of pinch-off, 

HOW BECONCILE A CHANOtKC MAflS-EKT.RCV WITH A COJfFTAJTT MASS-KNEKCV? 

A double pan^doic has now presented Itself: (1) Spacelike slices through a dynamic con¬ 
figuration reproduce tl]e3-gcomttriei which had been cakulaled in chapter viLL from ihe 
anal^^sis of siaiic configurationB. [2) The mass-energN- Afi* naturally associated with n 
t>'piciil one of these spaceltte hvpersurfaccs nevertheless disagrees with ihc (rortstrvcdj 
niass-encrgy jkf* of the dynantic ^'Slcin. Hapi>ily each apparent difficulty helps to es- 
plain that Die other is no difficulty at alii The quanllly Af i" is the general rektivity ana¬ 
log of |>otenual energy, T'he quantity M * measures total energj". The difference nitiii^ures 
kinetic energy. In chaplers iii-viii the typical configuraDon was static. Thus a takulii- 
lion of Ibe-potential energy immediately gave the total energy. Here, m contrasty those 
ptiases of the motion are being esamin^ which develop after the moment of titne sytn- 
nietiy^ The Lonfiguration is CHlIapfiing, its Itinedc energy m positive. In consequence M i* 
must evidently be less Lhan M*. 

The caJeukt-ions of chapters ilE-vili, ostensibly so static in character, now re^^wd tliejn* 
sclvL-s as in effect a derivation o( Lite potentiaNnergj^-curve for the dynamic analysis uf 
collapse. The concL'pt of such a polenLml^iicrgy-cnrvT or^ wove generally, potential' 
energy surfaccj j.s so widespread throughouE; ihc hmtichiis ol mechanics aitd hydriidy- 
itamics that it requires no daboratipn- 

POTCWtlAL AKU tlNETIt RELATED TO 1NTRIS5IC .^NT) FKTRtNSlC CtTfeVATURE 

An issue remains. Il has to do with the asymptotic analysis of the geometry at b^c 
distances. 'Hie coefficient of the £l/r)4crTn in the departure from fkrness, after division 
by 2 p is taken lo give the mass-Energy* How^ can this single coefficient have two different 
values, M* and Mi*? The difficulty has to do with the tviscence of two dfifmilions of 
asymptotic flatness. DehniDon 1: The intrinsic 3-gcorneLry h as^TxiptoticiLlly dal. All of 
ti'^e spaceDke hv^iereurfaces under discussion have j-gcomclries which are asjTi’iptoticaily 
(kl in this sense; yet the approadt to flatness wiLhin the 3-gcomctry' is diflferent in each 
case (different valuEs of Mj*). DefirJripn 2: The inlrindc n^-getsmetry^ of the hy'^tBuiiacc 
13 asjnnptoUcally ffitt^ Also the cEtrinsic nirvaiure of this h\-ptrsiirface, as it is iitibedded 
in the enveloping 4r-geometr^', k zero or asjTnptotically zero. At large r there is only one 
type of hyper surf ace which is asymptotically fiat ip this stronger sense. 11 is a hypeniur- 
face of time symmetry, ^ 5 ^ 1 . = The mass fleJincd by Its approach to flatnas has the 
well-defined valu-e jV*, the total mass-energy of the system. From the comparison one 
condudes that the potential energy. Mi*, has to do with the geometry Intrinsk- to a ^acc- 
like hjpersurface^ whereas the kinetic energy (M * — A/i*) has to do (cf, eqs, (35d)-|JSS|) 
with the estripsic curminre of tills hypersurface idutlvc to the geomeiry of the en¬ 
veloping space time. Conlmsl thbdi^diion of glabat energy- into two parts with the divi¬ 
sion of heat energy into two parts, 

+ Aa - l/jTp*, 

as it appears in the foundation law (eq. 121 ) of genertil relativity f 
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Wl" ^tincndi^ tliis discuision Ironi idcuiized du5E tDlii;Lltcr wilh Llic tqualiors of stiile 

0 ^ p{h) by fomiulsLlinK 'llieorem 37. 

37: Any spffmailiy spttmelri^ confij^uraiion JollM'cd /rntm i.tn inkit^l spiU'^Iikr 
litn^ synfmfiry, u]i<>n whkh one determbea the total mass-cntri;^- Eo 
have the valiut admil.-i an infiniiy u/ ^pa^dike itn any one of wkidi 

J-jf^ornttry (1) satisfies the Inilittl ’V'ldue equation for tht of ttme B]pTiiTnctry 

prohlem but {2) sJ^^s n Schu^arsschitd mass-rtisr^y Mi* ii'kick is I^ss fkan M’* by 
awreJi^rii which r^prejmls thr kmcHc (ff fhf syslem, 

ITiU principle has the practical consequence that it allows one to give a, useful mean¬ 
ing to Lht concept of pi^lmti^l-^fn^gy-cum in gencml relativiLy. For exatnpte, refcrtiBg 
Lo the coUapse barrier depicted in Figure 21\ start a system from rest the smallest possible 
distance to the left of thepotentiaUenergy Summit. Follow the system in toward collapse 
b}’ solving ihe dyn+ooEcal equations of relaiiviryp without rcftrcncc to any ^'pilcntial- 
energy'-nirv'e/' Kt-prc5C.nl the history of this collapse by writing down graphically or 
numericiilly or by a formula the rtsulring 4-geon1et^^^ Then by w^ay of spacelike slices 
through thi5 4-geoiiietry^ one can construct the details- of the j>otcntial-en^rgy"~cijr\'e to 
the left of the summit; Aisniliirly, with a sligbiEy diffi^rent starting corttlit^o^^ to the right 
of the summit. 

GHAVTTATTONAL COrT-\FSF. AS A W QUILL tOR. tKL STL^DY OF THE 
OYNAincs OF jm: untvffse 

Whether successive sijmcelike slices cut through the 4-geonictfy' of the diitii cloud 
which is iLLuslrated in Figure 21p or through the hfelorv^ of a more compact configuration 
W'berc the encrg>' of compression plays an fmporlartt part, In any' case the resulting 
succession of 3-geomtlrie5 has rite qualitative character of the sequence iiluslfitled in 
Figure t5: an irresiiiiihlc development of u geometry more and niore baglike, until final¬ 
ly there come* a limiting geomem^ at tht \^i*rgc of complete pinch-off< [Again, riiEse slices 
provide only one of ruany possible way's lo make a step-by^-step analysis of the 4- 
genrnetry'. There is no principle that compel* one to this or any other partiadaf chotre 
r>r liyper&urfaces for liis own probing of the tnlijrc history of the systemn) This circum¬ 
stance is a rernifider of how many points there are in common between the dyitamios of 
coltkip^ and c;i kulationF- (equally based on EinsEein's standard theory^ of the expansion 
and recontracl ion of ii model tiniv'Crse. fn.^ofar as one can hope obsdV'arioniiUy to trace 
out the rIeiasLs of gravitational collapse, Eheu to that cs ten I* as Fred Hoyle has ernpha^ 
Sliced, one bBA an approiifh to a working mfudd of the universe i I self. 

How much difTerence is there between 1 he mc^el uni verse and the collapsing coltpition 
Ilf matter by reason nf the incomplete closure in the second case? N"!? difference in the 
example «d the ideal cioLid of dust. There bring no radiatinn and nu pressure, there ip no 
way for a particle lo feel the ahered degree of dosure (hypcrspherical angle xu m the one 
caw, IT in the other). In any other cxamplcp when one starts with matter all uiitially at 
Linifomt density, ibere will j>e jm important difference between the finite configuration 
and the closed luuvor,^?. In the inodeJ universe each el[zmtjntary black of maltrial will 
keq-i its x*^ Av and ^coatdinales. fJnly ihe pro^>e‘r time rf/ recauired lo pass from a con- 
fig ur^u ion wirit ont! radius a Lo another radius, ^ dn, w-ill in: altered by reason of Ehe 
pressure, (The time is not only altered. Ll lA shortt^ned. The Itme from tire momenUry^ 
crjadilitjn of rest^ with nidius £!«„ to collapse is Mafor the dust-filled universe ttnd [F/'2Ja^ 
lor 'rrfiriULii’s radiation-filEcd imiverse, where |prcssurc] = J[energy density].) 

Jn the finite colled Eon of matter there is a further difference from the FricdmojiD uni- 
VCr^. It ari.s^is becuust uniform density is not und cannot be a solution of the genercil- 
relativiiy iqiiLLtionsof liyil™L.Ltic equilibrium. The mailer senses tha sharp drop rn pres¬ 
sure b(!l ween the interior and the esteriorr The ouler lay ers start lo blow off. \ rarefac- 
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lion froot devtlr*T>s und mavts borkwLint into I hr irti-rior ivilh I he speed of sound. Ai! Lhe 
while the uitAffe^led inner piirt of the connguiniion is following the hxw of hoTiiogeneciiis 
cofilraction that one especti froin idenfifying ii. with a !irj^Tnent of a tios/ed and rt-con^ 
r.raciing uiniverse.^* The colkipse will lead lo tondifioiis of unlimiled densiry and curva- 
inrc al Lhc center of the configiinLtton at precisely the stime mte and at the same timing 
as in thfi etosed universe pro'vid.cd only that the rarefaciion does not gel lo the center 
hraE In the time dl jt covers the dismnee (dp/dpy^ df on the an" of a great circle which 
at that lime has tht radius uf’l) {etj. [327]). The ratio of lhe arc lo the radius gives the 
angle covered. Thus one has two disrinet casesJ 


Case L 


3fn 



^rrtlLapH 


a 'H/K^P/dpy^; coliiipse in ceniral region idcntkul 


ifnit irj clfsSLrl uni verse. 


(iMj 


Case il. Xf>< f a-*{i)idpf dpy^'^di*^ rurdaction. arrives at vtnitt before 
-^0 

lhai region has mtched esrtrenie conditions; collapse modified in its dy¬ 
namics bui not avoided. 


iMij 


t’ouLirrs'inATTnN tfj nutsim: ctr ot'E 

Despite the siniiiariiy beiwcen the colhipsing universe and the culLii^sing cloud of 
matter there is one stgriificaiit difference. The bounded configuration can commimicaie 
for ji time with the outside. 'Ehc closed sj-'stem has no ouiside to communkare with. 

From Fignrc 21 one seo that iht parSick al ih-e ouler boundary of (he cloud of dust 
can send signals tn [he outride world ai .1 nnd B bill mil beyond C, More geticrelly, we 
fomuibilo 'nieorqm 38: 

TtiiLORJiM As a spherically svrnmfelric configtimlion undergoes continued graviia- 
tion.^d contraction, each region in ihe inisn^^r — ae€&rdin^ fa CLASSICAL general 

reialmfy—ihe *^biU(y In ttter^y by way of its retarded radiaiian field well BEFORE 

ifj energy calculEitcn! clasdoilly—to tiirn {o infinUy, 

f Ipfx^nluririier cind Snyder l have already stressed how this cutoff preventi the 
s^’slein from getting rid of ils rntrgj'. Tht distanl nbserver finds the emitted radiation 
growing redder and redder. In the courec of Ein infiiiitc amount of his □W'n tinve he man- 
jlges to pick up only whatev^er radiation is given off by the surface in lhe *horl stretch 
of its own proper lime up to the point C, There js a great deal of energ>' in the ^-stemp 
but no evident Way for it to get nut. 

Central to the iraditional w^ay of disposing of energy- by radiation is lhe mtchanisni 
ol radiation damping and radiative reaction. That mechanic has been understood in 
terms of ad^uncecl tmd retarded inler act ions between the source and the absorber 
(Wheeler and Feynman 1945p One might therefore imagine this process to lake 

For nritt iitcps toward cir jLitiLlyUcmL invr.'il.ip^LLDn {>£ ihr d^Tuunka of CuU^psT 'nnLh iLL lli-c 

rcEaeiTimLi^ that cmc wnuld cyraLiMlE;^^ likr la sw included—-a ^Larl fmm a knnwin Mflutit^n of unstahle 
enuilihriumn rwJifrtjc eriuAtion of itate, lull hydrodyjiflimio, rJidiaUfm laf phatmiSi and ntutrinog, prpduc^ 
dfin uf cnermc rikdiadua, ctTcctE af nia^cdc fulos, alJtiiwiuicc for alt gc^EUctruditiamiral cITcctB^—RTf 
Hindi (IWTjij atid Jmhnann flWIJl Gniatirriffr, UiU W’hitt Cc]||»t« and WiESe 

(PWy); Mkhtl (IW): Ctiiu Fqwlcr (1^J64): ^■■’owlcrpfiLLTbadgc, and BuibidKc (jyfrl); Hoyl^ 

and Fawlri (l%4E MLintT und Sharp (t964); CaiLan (1V64)^ Gin^biirg aild Oixrarij (19^); 

^rny aail iMvUc Bftf'Iojn Ewe alw? r>l thp Dectrahmi, 1^, Texas 

S>TiripofiTu ni an Rt'lflti'dfitic .VsiTMjhyiuca, wlited hy I. Kabinsfin. A, Schild, E, L. SchacIcinK, aad J. 
VVheeUjr, In lx pulilifehcd hy ibe UnivcnJly of Chscapa Prase. 
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rscw under roniiilii'jiis xvhirre the reTiirderl nidiJiliori ciLisnoi j^el In con¬ 

sidering ihi- possibilities one notes that ibtr surface of 1 he ton!iRural ion at points D and E, 
Though not able Lo communicate to the outside via r^turdutl mteractions, ne%Trthelcs5 is 
cisupied tt\ ihe ouTe.f woi'kl by T'wNt.cntitils. Dis these p^ittnliais not offer a wriy to 

nu[ ibv energy of ihcsx'Sicm just More its final phase of (Hherudse infinkdy high 
energy denaily? Koi at Mi Just as it is the characteristic feature of retarded wav<?s lo 
take enerpy out, advanced ivavea alxvays brinp energy in—the last effect that ona Is 
h>ok]ng fi>r here, .\r|vanned inieri^ctions bring m hetp lo the soliqiton of the problem. 
The s^imc point can be put in more gctienil terms. There is no difference io prindple 
between I \ ) the piirticle fotiownng the geodesic ABCDE into a region of infiiiLte curva¬ 
ture (with I lie retardetl rLulmtion which it uIfw! follow'lng into regions of equally 

viuleni ciirv^dufeJ and f2) the fnhaljitanl of an e?f|)iinrting flnd recontraciing model uni¬ 
verse, who emits retarded nidlaLion. The radiation whicb ht gives off* and the individual 
aionii Lif which he IS lOiide, xvill alsi^ end up in domains of infinite ctinpature in the tale 
Plages of rcdintruciirjo nf the tvpival morJel univerFiC. Can one use hts mvn oliserva- 
lions in the phyjiko! univem' I o drax^' conclusions about wiiiit wilt hapj.KJn In auch u mWf/ 
universe? There is nut the allghtest evidence for any effect on the force of radiative rcat^ 
tion letl with the jiresumplive ultimate impptng of all particles and ali radLiiion, 

Yel the ciilculaied mean free time of flight of mdiaiion for the univti^ in its present 
state is liyge compiired to the estimaled lime [a few' times years) for the expansion 
and rccontracliii-n, according to Einstein's rlienry. On that theorj' the retarded radiation 
should thtreforo for the must part not be aljsorliied until ihe leminal conditions of high 
curvature are appronch-ed. That there is neverlheless no abseiw'ed back aclSon on the kiW' 
of radiative damping would seem in one sense to be un fmpirkal argun^enf againsi i/tcrc 
hftng fSTiy rrtmiifimihn ht fhr lau^ d/ rkcMimagnstic ftrigtriitlmg/nm regwas of 

Twlent curiMhirc. 

The physics in ihe latfr stages of the universe and the physics in the Anal s1age,s of 
gravimTional colkp^if ar^ evidently not issues to he considered in isolation from each 
other. They have the closetit possible connect ion. 

IfBpni ismrjx J9: Tkm ts di^fffcficc of prin^ipk b^iU'etit tkt physics iff a birdy of iaryE>nj 
fyimutHimni fM.ipsc t^nd the physks in ike Ci^riy sfngcs a/ f:E-pmshti m ih^ 
d^i siagfs rccmiimcHmi p/ ihr nmirrse as mirrprdcd by EinsfeiH^s ihertry. 

Friini thUfiillows f'rofMjsition 4tb 

ERijposrnrpx -UL //' di.vippcars nr appears in ike ink ar early Plages aj ihe ufihcrsc, 

ikai if the number af bar yeas is in kai'e ike {ptaHiy oj niher pkyskai mriabies^ lekkh are 
F/y.ncjflrfc and kme ikeir tram Imas af ckange wifh tlme^ thr.H mso rii grtii'ktiiimtd eallapse 
niifirber cf harymi tt-hkh remain in idealiflnide ft^m musl be ^idijeci la ekmger 

roft w'uuM rm: uecl rciLtsi 

It Ls stimeiimes argui-^l that there is no rtuson to irouble about the kind of physics 
w^hich got^ on in ihe cullapsing matter during the final staged of the dynainics. The ob¬ 
ject bcconiei redder and redder as seen front uijLsid^f. Jt its mass-energy—becaus^e 

it cotmoi radiale it—and ihertfore alstt its gra^iLaiioDal aitruttioh. Nothing 

I hat goi'!^ on ill’s id f in I he final iftages is relevant ^ it is occasionally said^ because there is 
no xvay for word of these events to reach rhe outer observer. Therefore regard questiona 
about these eveiiLs as meaningless, und forego any attempt to analyze them. However, 
in an nb?ivrve.r hwiitvii on the fulling syinlcTn the collapse takes only a limitcd and very 
modest a.mount of proper time. xXothing in principle keeps him fr^im observing and meas¬ 
uring as fully as one is accustamed lo du in other dejiArinients of astrophysics, fjf course 
I he quesiiou may nme ul witlingness to tinderlake this itivesligatioti on a CDllapaing 
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tloud of mauer. III thU one cun poinl. to the Einitcin-Frietlnmnii picture of the 

expanding and recoatnacting umverae, according Eo which we strt located on just such a 
cloud of galaxies, and ha%T no choice but to live with its ex ratuaJ coLLapae. Far Um\ being 
a bystander safely outside uf all collapsing one from this point of view is right 

w'ithin the most inLer^sling c3cpanding-arid-rEcollapsifiy sysfem of rlJJ^ the umverse. To 
try 10 aitalyEO iij physics would not acern to be a mednbglc^ occupation, 

AnothtT reason is som^tinu^ advivncvd for nol wom ing about the physics of ttit^ final 
stages of collapse, /ihy actual systcni will depart so much from idclii spherical syonmetsy'^ 
it is suggeated, that the diTiiLinics will he completely altered. For examplej qijjidmpnle 
and higher munienLs of th-c masfi diiitribulion wifi act as significant fiourct-s of gmvitfl- 
rioiuLl radhttEon^ particularly if these moments change rapidly with time, 'rhis radiation 
will cany away energy* Under suiubic conditirjns the caktilaled output esceerfs one- 
tenth of the reftt m4SS of ihe system. .Also^ large jiggLorntraiioiiiS of cnaucr which have 
ctunc together with Substantial transverae rcEarive vctociliL-ii may re"emerge from theif 
encounter much sis :i comet returns froni fli ncar-iollision with the Sun, The material 
may l>e lieated to eimrinnus temperatures by the encounter* In this case it will raditUc 
a Way large amounts of energ>^ in the form of neutrinos and photons. Moreov^er^ it is 
cMiceivable that such periods of strong radiution will recur a number of limes m the 
material ptrifwllcsilly fulls logelhcr and then parEialty disassembles. 

Thei«^ tom plications of asymmetry^ ^adilUion^ and turbulent hi'drrxlymamlcs are of 
great interest for the light they niay ultimately ehed on gravjtasbmil collapse ns a sotijce 
of ^:nerg>^ For the utldersliinding oI quasi "Stellar radio sources these mM:hELjil5nis> w’(.nihl 
seem more significant than simple spherically syTometrie gravitational collapse. 

WTiatever the importanre of asymmetricSi may be m prfHlticing the eflecls of astro- 
]■Jhy■sit■a| ifUcrest, inward fall ilncler the pull oi gnivitation is the ultimate foundation of 
these mechanisms for releasing supra thermonuclear cnergj% The emission of any inorti 
than a certain fraction of the rest eiuiss in the form of t‘ticrg.y means that the system has 
drupix-cl to a stutc of gr4tviUtional mtrgy so law that it can iie\^er all pull itself out again 
by its Qwu efforts. The more ±e subsequent energy tunisslon, the tighter bi?comcs She 
grip of gra%itation on the s>T^Lem4 Thereforcj nny asymmetries in the motion arc of no 
ultimate in ^kaving a heavily imdialing sysicm fram cdUapse. Wc L'oncliidc that 

passage of matser to the collapsed state can be made as inescapable in the case of asym- 
mtlric infill] iks in the case of sphericiiliy symmetric motion. This |xnnE b sufliciently 
importiint to bo spcllwi otU in terms of an idealizicd experiment. 

{}) Scan TJiith a region of empty space, (2) Tniroduce baryons one by one. p] Remove 
all heat at eJich stage of the addition proi'tiis, and tutHly^c the syslcrn to the end point 
of ihermomjilear rt^uAion^. (4-) Slowdy approach ihc LllWW criLkml pointy [« 
1.4 X ± 10 pi?T cent). tS) Add 1 kg of matter in excess of the limit| thus A = 
^■lrtcfct;+ A.-!. (6) The s^^-stem undergoes I’Qllapse. KlEn-EiC ejicrgy is dcvebjK>d. Nudwir 
rejitiions ii\.ke plati’. EIcctnimagEUAk. and gm^dtational mdirtiiun stud neutrinos stream 
off. (7) Some frarllon of the matter is ejected. {8) Catch this matter, (9) E.vtrai"t tt,s 
kinetic eTierg>'.^ (10) The mass-ener^' of the system, as deltrmineri from me^tsufements 
of the gravitariunal attrai iton exurior to thh moinentiirily sialic shell, has decreased to 
the Value 

= A/„,h*+ 

■" A#h.|ii. I»d* “ h*i<" “ A/r* ^ Affc^n** 

(11) The ejected shell of matter, now staLu’, is tfa bci l^^w^1^e<3 back onto ihn system. 
Remove the gravitational potential cnerg_v of attraction which is set free in the process. 

(12) Thencl tally of ihc baFy^otis’si'hich have been brought in from outside remains at the 

number A = + A.1, (li) If additional explosions occur, again renH?ve ihc energy, 

and again have a drop in the masa-energy of the system, but again see to it that no 
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bEJLn'oEli^ escape io the outirr world. tl4) ITiert is no stiite of stable equilibrium of the 
E>^Bteni, tPL'causc A > Therefore the mulerktl of ihc system never slops moving. 

MortovtT, ftkil outward modon Ims been urnuigctl to be stappod, and replaced by inwjtrt 
fitll, at u net proht in energy to thtr stopping agent or agenc)\ (ISJ Consequent ly rolkipse 
of the baryons is itLescapable. 

There is no (Merence between the spherically syitimetric star and thesphirriailly syni- 
melrk universe up lo this puini ill the discussion as regards the collapse of the Iwtryons, 
In both oLSjefi the descriptive phrase is fneiriiaWe, liut what atboul the energy'? 

it flows outward b the fase of the col lapsing star* yel has no free space tq escape to in 
the cast of the coUitp^^bg universe^ (Jr so the iwo sysiemB seem itt sight to be db- 
itnguiahi-ti fruin cuch other. Soon this distinction too fails, Thcimtemiosl fKirddes of the 
shrinking star send out the kst photons, the E^lSl: gfaviUlionai radiation, the last neu- 
trincis^ which ^vlll ever reach a faraw^ay obser^^er (“Eii&t ray"; event C in Fig. 21), Yet 
to the star the rstoment when it sends out Lite Last ray has no special aignihcance. The 
Sends uut further radjhtion after this event. The important drcumstance is this, that 
the '"afler-radiation” has no freeii|jiace lo lice to. It gels ca^ught fn liie infinite tnjfVitturc 
that develops uuUjitlL- (he star as well as inside. The after-radiation from the star ex¬ 
periences the same fate as ail of the radiatioii caught Iti the inexorable grip of a dedatjng 
Liniverse. AcLordiog toctii^dcal general rclatlvTty sib "stfLer-photon/* tike a mnn running 
down the slope of the bcMth from a hre in purl, gets caught in dimssttir, ITiu curvature of 
sjmuTt like ttw curvature ol an incoming qc:ean wave, Ctmncs to a [hunderbg crest [hakhtd 
iinf ^QT niLher hufchtd ^ctlike hypcrsurface— (hrough event E in Fig* 21). The geomi'- 
try develops a singularity. This smguJarity occurs where there h no mattiT a& well as 
where haryons are tightly compressed* It marks the end of the Ibe for the predicting 
power erf unquiUiiiM^J general rdativity. Here the classical analysis comes to a halt both 
for tile COTItrading star and for the collapsbg universe. 

NTW QUAKTUW ASPuCrS Oi' COtXATW: 

WTien we tum from classical gcometrodvliamies to quantum theory, we have to con¬ 
clude that the prediction of an mfmite curvature for spae*- is wrong. The after-mdiation 
may run tniu msuay a whither and how' on its way out. However, these problems are not 
propcTly dcicribLd by the W’ords ^Infinite curvature.'* 

In iiaytng that a quantity as physiaii as curvature cannot become inimitis we are not 
sa>ir3g shat the impltkslon must mx-ssarily be asymmetrical. A sj-mmetric coLlapise, like 
the ^‘head-on" rollision of an electron with a hydrogenic held of force, Tmiy lake special 
ccjnditkm^ tu bring about but thtse conditions Ln prinripk cars be satisfied. If a beam 
rjf she incommg electron is destcTitH'd by a plane WiiVc of energjy then cobisiorLS with 
anguhir moraenlkim ( = 1,2,.^., ate mote probable than collisions with / — 0. In col¬ 
lisions with finite angular momentumi the kinetic energy of iJic electron, as calculated 
classically, always ycnLiins finite: 

(Maximum kinetic energy) l)j&^J 

X 11 + [1 + 2/(J + . 

" We uaiieraiftnO hert by .ie^ii itc, !ar£ifit af tbe jlurit valacs Mfioelatcd wiih thx; rrilicu.1 potuti. of the 
star. The coJcuUitujiiscf VVaksijio fi^scil an Lhc HW Ei|Lmtjg(q of plate mOlcftlt thftt the jI*?li valitc 

accun lit thr critical potnti in the "white elwarT^ itgirne. Thai concluHian b av«|Jted ns «jrrc<t 

in the text, 'flae Jcrii value ai the LOV critical jMint, m the netilma tHat: re^Lfflc, is talcakLed to be 
JuwcT in the ntio U,6fi/l,|9 (Ml. 51. HowetTr, the dcLails of the cqujiti^n qf ?S-tttc are lanCertain at 
deftlitieii Puw I0“g^'"oia^. The inforntatiiHl ftvailAbJe ibdut Ihc equilian of state at such COmptefllJnns 
is Lnsafikient t& eieludE Cdinpleldy' liic posaihllvly that A„n (WJVj is grtAlcr (lian (LHVVWJ, sji 
Utitcdr e.ff.. by Saak^nn and (ly Hiiylc, Narllkar, and Wheeler {"^9^}. In thill Irt'cnlvality the ihi- 

cusaion in t he l«t is sUglitly more mmpLicateclr The cootAinetE collapse of Lhc white dwarf ir the firat srep 
in IjuLlding thit pore df A n-eulruh Har. The mass of the neutron star ii then AuimieitlEiJ to Lhc point of 
Colbipse by adding further tuiryoM, OlherwiiW theJiEialyria In Ihe IeiE through imcht1Elj(Tit. 
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As one considers the softening efi‘ei:L of unguLir muiTiemuiri on the ciiilLslon nF Llie elec¬ 
tron, 50 one am iinagin^ in theca^t of tliecolbi(^i^inK geonititrS’, de|x!irlurv& from itkiility 
which in soint: caat'S tni|^hl keep the furVEtture from rising lo infinite %^alues.“ However, 
we arc concerned with Lhe most aymmetrica} typt of implosion bet li use it pf>sea 
insEstenily and clearly the "iasueof ^he llnal MnXv,*' oui rif which anc fiopea uliim^itely lo 
Itiirn sotnelhini^ ntw aboiil phys-ics. Therefore we note that efcectron inipticts with / * tS 
(rc-quentiy occult^ and we conclude that symmetrica] collapse elLsq hiLS Lo Fie accepted as 

E hysicaUy possible, Wt now examine tlim* iwu dynamical problenw. In both we 
nok for ihc new fcaturcii which have to do with the quantuTTi t>f action. 

Wlvat saves the electron from catastrophe in a "head-on" impact upon a roulomb field 
is the quantum of action, not any faulL in die classical ealeoludon of the kindic ertet^v 
within the context of daSsicLil theory. Tliat calctalLilian w^otdd predict an Inlinile kinetic 
energy" at closest approach in a collision with I = tk However, the electron will not 
belot^h^cd with the prectskm aaaumi'd in the cbs^kul analysis.. 31 oreover, 
deniLmds a wave packet ntthcr than Ein infinite wave train. A packet w^ith li sjjread 
of energies from £ = 0 up to E ^k\y^/2m will ne\'er be localUid more closely than 
within ihcdktam't! 

r ^ ktT^a + 


{a = = Uotir radius) of the singularity at r = ih The singularity in the poEeniiaJ 

cTcatesno dilliailttis for the qu^uilum mcchErnica of I he: elcn ron. That pi^rlicle comes out 
after the encounter as easily as it went in. 

As it w'ds inappropriatr to describe the motion of the electron iilLLssically^ pjtriEcularly 
when it came close to the nucleus, so it is out of place to attribute a dcterminisilL’ dy¬ 
namic evolution to the geometry in the final stages of collapse. (JuanLum incchaniis 
provides itfi i^wn w^dl-kuoivn probabilistic descriptinn for dynamics, fine speaks oF the 
prubEibility amplitude 0 fos" ibc electron to lx-: in a unit volunui at x at the lime 
in the general oise I w'ave packet); and for I he electron in ils ground stale a! a given time, 

if = A cxp{- r/rt) , 


where N = is a normalisation factor. For the MajrwTll lield in i/j ground slate, 

the probability amplitude for the divergcncc-frvc magitclu- field B = By x) to have any 
given pat tern is 


A simibir functional mathematics describes the probability for the geometry' lo have 
any given character at sitiy chosen lime. One speaks of the probubilityvnmphtuiiL^ 
for the J-geometry of the spicclike hypersurface under study to have this^ I hat, or ihc 
Other fijrm.Thepnfjbability iimplitude^*^does not ilejK^d upon this .-t-geometry upon 
lime. InjiU-'ad, the ^-geornielry itself earriefl all nf the relevant Enfomuitiun about 
But the geometries that occur w'cLh substantiiil probability amplilude nte concluded for 
the mo&E part to he topolofiEcaSly complex, of a bigh degree of multiple connectivity', 
insofar as one can dmw any conclusions m ihEs [^uiinl ffutn sitnpic urcltr of magiuiude 
estimates of quantum fluctuations in the geuint'try l+Vhecler 1964&), By reason of these 
tupologicaJ eumpLicadons the concept of '"^ijme'* h:LS new fea Lures in quantized general 
rekilivity to which one is luH uccustomi^l in Hill spiic.e phy^vics. In additiots, iliej-e ocrurs 
the sLEindand quantum-mechELnical splitting of **one^^ history into a number of alleniLtlive 

Fur the developmenl of sinHtLlarilicfiin the geunietryi and Lhe qiiDsliDii us H hrlher ihne siugularltEra 
can lip ftWiiileiJ, see Llfshiti lirtd KluitJLthiltav (19^1). V^lipcler Fl%4fi), iLniil Penrose 

lliPrt'ilimeiisitjniil geumetfv as c:ariicr ol Lfiromiatien hIjouI tinit, set Huirrlpin, eiei'J. 

Wbcflpr (tViSZl, 
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hktoric^r ith tthiuh one is aJr«idy from other bmjicht^ of quMtutn itiethuoicis 

f FVjTHTlJin 1948 ^ 1949 )+ This nmUifoliJltt^ ehuntctt-r of (he hislory (Fi^. 22 ) comes moal 
pronouncedly Entq evidtiPCt fotlowing £t dTiie vfhfm the gcfometry has conic cjo^ to be¬ 
coming singuliir. Uy anzitpgi one recalls how ihe scattering of an electron occurs pri- 
muriiy in that part of coordinalc spBCe where the bteractiofi is sl^ng. 



Fio. j!2,—Qutintuin'inech4LniC[jt] Bplil hE^tury Into miirtiFoEiAte hi^i.^rie« comiJhircil anO cotittB^tcci 
for ( 4 I case wh^n xh^ nln^fver i& fiki^t^Ede the wtcni jldJ (A, c) ihs — todAy tram bcin^ Ulidi^r- 

slocni—when Ebc otKerver ii ^ail of the ijslem. In (ff^l Itn tleCtrcid t^pericdCee SCAttcnug ui a CtiLiJaimlj 
fhrEiJ. TJic iJtubahEIEty diitritrutlon ut eutcchEra^dw^ nul troul^le taeobwvcx be^au^ hn staiub htflh hbov« 
EhU miiznMcqpk nliyilca. hi cantrasL, In Lbn tU^y idE&lized paH. (6), the ob^ivLi in the bua Itvca lhmii{^ 
[|LuCc m. dijIiT-cnt mitory iuzOordtEiig ai he—and the tnis—itrc associatttl with the tiraiich af the wive fuuc- 
ticrti pfding to the lett or the oneifiLitfig tw th* rtuht. Siitykiiiy, m {f) the lower hlmiEnp ahowg the j^eometry 
of A elos^ umveree colLiipafEig ta e cooiiitiuo of Dear UD|^uljrLly, fallowing which Ihireiue lOAny Alienui- 
dve hMoriei of cojnparibje ptoljwtwtity amplitude for the devch'ipnietit of the geometry. Any ohicfver 
nece^rity (ocatcu within the fie j^Awme cA aniy an^ of these hiaLofie^- 

OBSTAO-ES TO DEfmTXC AND APPLYING TKK TAW 0¥ CONSERVATION OF BAH TONS 

'Hie new t:hinu:l£r of time In quicntiim gci>metrotlyrfcamicft mwkts it difTicult to tlcfinc 
any law of cDnservaiiDn af bnrj^ons, and doublftil whether I he conservation taw' has any 
meaning^ in the phtnomenon of gmvitational colbtpae. Ai the center of any application 
uf A conservation law sits a ^'pillbox,” Ixjk top and Ix^tiom are spaed ike hypersurfacfs. 
i Jjie integrates over each hypersurface to get the v^lne of the conserved quantity at two 
times. The different^e between the two values is given hy the net ontward now^ an integral 
over the sides of the piil[>oit. The applScalh^n of this line of rea-sonmg to the present tvp^ 
of probiem is blocked by three obstaclcsp Finitp the topology allowable for Uie space!Ike 
h\"persurface is fcwced to change lis time goes on even in cerLain eleinentJiry problems of 
cLitfiskaJ giucml rehuivity where_Dne tran So]ii}Vf the dynamics of the geometry in all dettdl 
ithe universe of Taub [Taiib (l951);MisneT (i96J)] and (he Retssner'Nordstrom geoine- 
tn' [Graves and Brill (I960)]}* In such instances the construcLiaTi of a gEob^tS pillbox 
cannoE be carried through to completion. Second, at the quantum level of analysis of the 
geometry the typical topolog)^ is calculated to be complex down to a scale of dimensions 
nf the onier of Such a topology makes difficukies for the construction of even a 

very aniall pillbox, Tlicrefoino the applicati^jn of the conservalion Itxw would seem to be 
prcbJematical even at the microscopic level* Finallvp the muldfoliate character of the 
history' of the geometry following eo] lapse (Fig, 22) posers its own dlflicullics for detming 
what one means by baryon conservation. 

f ine does nat know' how' to deline ban'on conservaliQn in gra^dlatiDnal colLipse, Stiil 
less dot's one know how to use any such idea under tonditHma wliere the t’ullu|3i^inK rt-gifm 
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losei tti cflUfial with the outeidc. To bv unable io use the idea of ton^rvation 

ncvcrthiikss posts no otslack lo speaking of the di^appatfanct of barv'ons in the process 
of collapse^ regardless of the farmal applicability or Inapplieability of conservation to 
these particles. Furthermore^ w^can deni with the disappearance of bar^uns into the final 
state of collapse whether or not all of their mass is radiated away^ whether or not same 
black center of attraction remains^ and whether or not it is possible to put untifniled 
numbers of baryons inlo a volume of space which is of^^-d as finite by Kuttidcan 
standards. 

What, then, can we say a^ifout the process of disappearoiice of baryons, and about the 
tiinc-rcversivd proCL^ of apjJcaraTice of baryotis nut of dutkiifsa? 

When the number of bara^ona is greuLei than the system will CoUapae without out¬ 
side assistance. When the number of baryons is iesB than 4crii (but greater than A ^MninEn) 
md when the systeni is in one of the stable configumtiuns of oquflibntms, then activation 
energy- can be supplied to trigger the coliitpse (see discussion In chap, ii'iii; illustmltve 
numbers in Table one scheme of initiation iliuatrated in Fig, |ti) or; 

TsiEOREit 41 ; Thesysiewt €an funnel quafifum mEcJianicutty (hraugh iht nvltapsc barriefcnd 

uttdergo eoihpse. 


UAiuuxit FENKiTMnos mu j1 ^ 

Three methods suggest themselves for analyzing the decay constant for spontaneous 
collapse. The hrat two am be seen to lead to gross overestinijitea of the time required* 
The third is more reasonable physifodly but also sdmost impimble to put numbers to, 
Figure 23 treats spontaneous collapse aa a collective phenornenon. The sy'Stem is en¬ 
visaged Qs undergotng a collective breathing mode. WTiat is the probability per second 
that the degree of fteSiom associated with this mode will peoetmte the coliJtpee barrier? 
We follow the GamoW theory of radJoaCtivc decay and the thcoty of Spontaneous fission, 
and write 




^Characteristic ^ 
^ time of vibration ^ 


exp (21) * 


iMi} 


Here the Gamow barrier Integral I has in the case of a. single particle the wdbknown 
fonn 

21 - (4/ft) f (fM/2)i^[r(i) ™ £\^^djr . C44JJ) 

dhnnlwt 

In the case of p. system containing a number of particles, such as a fissile nucleus, one 
ittlroduces ii collective ddorninlioii pnRwneter o ;trnl fq>!aces {m/iyNx by 

dg.. (364^ 

In the present instance we take as the paranieter a the radius of the configuration. We 
idealise it as of uniform density, and prtftcrving uniform density during the breathing 
mckle! 

dr^{r/R}dR. 

A simple integration siiflices lo ov^aluatc expression f363) in ternis of the moss of the 
system. The result of the calculation can be w^ritten to a sufficient appmximation in the 
form 


if>-* MC exp {4//«) dR . tJW 



GJLWlTATfOXAL OJLLAPSE—TO WHAT> US 

Hert the rough of the order of miignitudt: <i( I ho broni hing period bns been 

tiiken frcuri the dimeiniioiis of neurrem stur: 

(Pmod l' ZiE^/(VeltK'i(y d" sound] ^ (10^ t3Ti)/(2 X see . ^:3fiT^ 

Also (if — Mfliun*) is the iTuiSi-Eiierg>' required to tlcfemi the system to the ra^dhm 
R from the equilibrium dimension. 



t'lOr 2i—Uietime of an A-bsr^'ivti Agniuit LtmiiElIiit thfnjiglE the pcttentiaJ bud^ q^aln^t 

smvitmiioiuiL collMpae by w&y qf iht slnipW mode d collective detoroution ftdtemmtk only), 

Tbc ctiodc of ittotibn envisaged is shown in Uu inv-t. at the- Lower tlu hairier to be pe^acJimLed 

pears In the itiiuih of v?nius Iho mdiiui R of the cnnhgiijaLluii. Fof A < ihe dwkauy 

oaloiktHi Eue oi iho crraiigiiifltion at tlitpoint over tin? top of the bMfkT b pjo tmali (<1CR^ 

cni) far clcu9»i3il consideratiEms to be nppccablE. Toe clsMkaib' e^limatod value oflqg Ti/-Tn t h^ rfgian 
li nurlud with a liashed tine because It tuiH narekvanc^ whalAjovcr to a pfopor qaaiittiiik caJcnliLtian nf 
the ^Uapse prnhafaility in this reginu. The consideEAtioTts in the iMt inoicate t|»t the Lifetime against 
gravitatlocuif cpllapse-^nwevifir lung it is—is far shorter than indioLted in the inajiir portion of tlds curve. 
It Is lijitAaticmUy mure dJScuU for an entire system sif astrmuimkal the (but w-ith i4 < lo tnimc] 
through the barticT aD together than for a iimlted niimbcr of hAJ)'onS tof^thcr to go thmuf^ a limited 
hamcTi 


ITie uou-vankhing ierms of lowest ord«?r in the cxptfuvuon of .if jt* rtbenit the point of 
indectian at .1 = -Imt, M = ^ 

\.Wj 

+(^MVdA&R)^^{A - ^ R^t) * 


A ai^le investigation on Uie fouadadon of this expanBian gives for the bamer penetra¬ 
tion intcgrtil of expression (566) near A = A„n a result proporlioQsl to (AtfW — 
thus. 


logiH Ti^i ^ —4 + const {A^i — _l)^* * 
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GRA\TrATTf>N TIIKORY AND GRAV^*ATtO^^\L COLLAPSF: 


I1.4RKTEK FF-SFrTStA-nO^ FOR J < << HTJT -1 > fluititura 

[n the opposiie limiting tusc of srjiiill .-t wt make use of the barrier iilustmted in 
Figure 14. Also we note that the aystem la highly rtlLiliviatic as it traveraca the barriEr. 
'riiereitire we estiniftte m^irnentum, not fmiti the square root of the energ\ , buL fromi the 
cnerg}' itself. The barritT fjenelntfion ititeijnil is of I he order 

I Barrier height)(Barrier width) ^ , iitoi 

find the Irfetime ^ignirkst s|^otiE:tn.er-M4s collapse Is of the order 

Tiii - (10-^® or 10 ^ ) t=xp (- M •^*). i s 

where k is it numerical constant not difTerent from unity by more than one or two orders 
of magnitude. 

The qualitative cnursc of the half-life as a function of .1 is shown in Figure 2^. Ii has 
Id be L-ntphasiised that Ehe cakuktion (171) has not the sUghteat status in the domain 
.■l</lq«„nhiiFi (some tons; sjeeTable IB) because 1 here thecla^icaUy aiEcuhited sijseof the 
rcjlknjfllng sj-'Btem ia less thLin a Compton wavelength! 

(Inly the briefest look at Figure 23 is required to see that it is far easSer io getting 
some haryom to cotlapi^e to push only a ^imW fraction of the barj^ona through the po^ 
lential biarrier ■ mit to try Id implode the whole On ! his seroiul basis of estimation 

wc tnike for Fiys iitro^ghoui the range of vidues the magnitude which ts culculuted 

to have for A ■ .-iTunujtiijB—the lowesi tvhere rUiy classical calculation hiised on the 

idea of a barrier makes any sense. 

A.N KU•:it£:^-^AEcY-P.ARTICl.F:. transfobmatton 

A [bird, still more reasrjnable, basis far anaoffers itself. Kecogni^sc from ihc^leep 
dow^nward slope of the cLif^Ecal curve for Tifi near .1 = th^it regardless of (k- 

taiU It will l>e siniplar for a sniidl number of dcrrienTury iniLrlicles than for a lai^e num¬ 
ber to go over to ihc collapsEd state* (Jn thb h.ists rerogtike that one has Eo deal with 
what is’ really a new elcmaitt^ry-pariidt iransf&rfn<i!iim. 

One can coiiipane one^s state of ighorimee about the details of this process with w4al 
one might have been able to say about tmtlcar phv^ics in 1^15 fromi a Uquid-drop mode! 
in the absence of any inforniallnn about the specificities of nuclear inlcttsctions. From 
such a model one would have calculjd ed the energ>^ E required to remove a piece of mass 
itundier A-1 from a nucleus af rD.iSS A ^ 70, Otie w'ould have obtained a smooth airv^e 
for £a 5 a function [>r 4^!, rising rapidly with 4.3 . From this one w^nild have con¬ 
cluded—wrongly—that U is far easier Eo remove a neutron or proton from the nucleus 
than to take out an atpha-p^irtklc. Tire nr^utts Ht higher values of A.f would have been 
mote reafir.in.ihle. It would be quite WTong to conclude from Figure 33 tJiat spontaneous 
colbpse assoctLitcd with the dkippearance of one bary oti ncrasarily goes much faster 
thim spotiLiineoEis collapse assodiilcd with the simultaneous dkappcEimncc of rwo or four 
or some other imwiest and v^ry specific number of baryOfiSr One will require more guid¬ 
ance from the world of elementary'-particle physics before one can rcEich any cotitiuskpru^ 
tm this point. In the absence iA such guidance, denote by .Y the nuniber of bary^ous for 
w^hich the ^'^gro-up disiippearLinre is the of all* 

We arc led lo eniisage a process in which .V baryons siiHmtancoiisly dbmpi>i:+ir with, 
pHirhiips^ the 5 imuUanfM:?us rrh-aisp of energy' in the form ol radiafion. L’onvLTSLiy, gmtilecl 
a region of space of high mrVEiture, one must espeft—Recording to the principle of mi- 
croscqjic rcvcT-sibiiity—a process in which i\* banons apjH'itr US li gruiip out of empty^ 
space. 



(^R.WITATION.VL COLL;\PSE--TO U'HAT? 


147 


BAILVUM AI^FEaMKCE TITE 0^:E-SUJ£UN EriiS Of UATTtJt 

Tq nx idc^^ sidopt 16 as a highly a^hitrai^' Sgiire im tilt uytinmni du^tvr siae, iV, for 
.ippisiirTLiice or liisappeiinLuct' <ii baryijn.s in Lei c^cliur bai^'ons be present in ibe 

samt' regiQii at spiuA%They will influenof iht jtppetLranceunci disaptiiuurrineo riLlcSj accord¬ 
ing to siLkndiird argumtnis of slailsiical mtchanics such i\A tome into the tQmpjirison of 
stMnCAnEKziiifi emission and induced eiiiiBsion. Therefore a mechjmkiii exists by whidi the 
inliial preseore of barvons in a nctEhbcjrhotxl ui'iit influence the proluibiUty for 

adrfiticjital biify^tuis to uppeur in that neighborhood, In paniu'ular, one can cnvisagt' the 
case where the new banmns prefercJiihLliy appear with ihe same sign of hatyon number 
as those already fmattcT versus anlimatter). In this case one wh] Ik: confronted 

with an ttinocfl-tiilytic character of the process in which matter mines into evidence. It 
wiJ favor the iipptatTLnce of more particles of the same kind in ihusamc □oighborhood. 
In this ionntvtion one calU to mtnd the chamclerof the spiral molecule of DNA, which 
"4XS to it that new DMA moicctilo are created with the same chiroJity, Ttte ileep puxaii: 
pracnled by the appurently one-sided chitracii^r of mailer in nature wooM thus possciis 
a poulbk snluiloD, 

OBSERVABLE AT SOK1L4L DfcSTSlTV? 

It is quiie conceivable that 5|:ionlaiiLH>U4$ collai^fR; tscoars in uatbire and yel that it will 
never Ije ubserveij ,it densilies short of say g/on*. Due basseitrched for the spon- 

inneous e?q^losion of protons (Kernes imd GLunaLi \9h2) or ihttii disappearance (Backen- 
itois, Frauenfeldcr, Hyanis, Koester, and Marin PJbii) w^ith tuj success. J'taunfelder has 
Scl a lower lieiLLt of years for uny pnjcess w-hich results in the disappearance of 

protons. If the- lifotinie of a baiyon against collapse id ordinary matter is years, there 
vouid tie noeonliict with the observations. In Kutherfurcl’s diy il wa&ii5l<inishin^ tbwl a 
nuLleus like U, cental ning pa rticle^ moving back imd forth over a distance tm 

at a subsiantial find ion of the spvetl of li^ht^ should have a half-life as long as^lU* 
years. Today ime knows over what a fantastic range ol powers of llhhe Gjtn^ow |.ieiiet ra¬ 
tion factor can make decay rates vary. 

Rulhednfd (iWsS, p. 5) "describes his search losevif alt matter might be radioactive in 
th«sc words: "It is natural lo ask w'hethcr ordinar],’ mutter p^issesses this ]>roperty joF 
radioactivity] to .in ap|)redable ex tent ^ a definite W^Ltlemcflt of the queBtion is ex- 
jjeriTneruully veir>- difficult.^' 

The principles of rckitiviLy^ applied to the phenomenon of gravitaLional cuhrLpsc, leave 
nu evident escape from the following conclusion: Al! matter must manifest, however 
weiikly, a new fijrm of nuliftidivity. 'ITtis radioactfvitY is associated with a new nncl 
previa uoly UnrcCogtiEzcd protiess iiielcmcntar}“-particle phj'sics^ the sponULneouscDlhipse 
of bary^ons singly or in groups of a characteristic favored ai^^e. 
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NUMERICAL INTEGRATION OF THE 
GENERAL-REU\TIVITY EQUATION OF 
m'DROSTATiC EQUILIBRIUM: 
uf>f}eHdix A METHCDDS .\ND RESULTS 


The first Titimencal integral tom were made by one of us (M. WJ in l^ST for forty-iour vnEues- 
of tbe ceutroJ deiuityH (For thti rq^ults of tbefte fuitl inli:graliumi, see Harrmin^ WokartOp luid 
\Mn?i;|crr [lySS),) The SchwarzsdlQd radift] ccwrdinatjc f was ^ncti off Into in tervajj Ar at points 
fA. The density whs laken sa the primar>^ quantity. The BeeondiiTy tiiiantitics p and dp/ 4 & 
needed hi tbe TOV ^eneral-rdatlvity equatiun (11) of hydroslitk equilibrium were evaluated 
from The analytic ejcpresgkms for the equation of slate, os ikted hate id ebaptet ix. From a knowl¬ 
edge of the ke}' quantities fit, pt, and [dp/dp)h Rt tbo point it the values q\ the appropriate quoii- 
titks It the point Ar wiere obtained by Milne^ rentared method of numerical intr- 

(paiiooJ Freliioiciajy vatlU;^ for the Incremcnbi, lal^rW with a iubscript cf, wert first cajculatet! 
for I he JKW Kone: 

^fl*+i/i, . = (-rfpMJiir (from eq. [ 11]) , iMt 

Aw*+i/i,» ■ Wm/dr)i^ (from eq, [81), i*i) 

= idA/tlr)t6r (frean eq. [9]). f*3) 

Fjnem these Increments prdimirLafy ^^alues of the quantities lliemselvcs (indseateti by a super- 
acnn|jT f) wm tKbtahed at the iu=w paint; 

* Pk + iiipA *-1/3, li a 


ftti+it = H" „ , 

(A4] 

*ll + lt “ *-f| “+ + l ■ t 

^1+it = pin fi) * 

From these preliminaty values at one aLkLiliB.ted valuer {indicated with a subijicnpi h) fi>r 
the inenrments tn the sOLirur anno + U via equati'unsof the form 

-ipjr+t'5, t = [^p/dr)i^i'fAr * (Asi 

Final value? Tor the quantities elL the point jp*+i were then obtained from equatbns of the form 

P*+l = P.i + a + 

The calculation pmceeded thu way, as indicated mim fully \n 24 and IS. The inacMne 

' (lesrFtlHid tn mnay tesls; see, e4{.j I-apldtis (1^2), 
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Ftg. 24.— Flaw tluk^am fur imirutriEiBilintesralian uf gaicriil-rcla.tJvity equAtiansafli^'dratatjc CflLtllllh- 
riuiQ, ID broft4 «utlint. Tlic iTnjnirjty ccLl lUnt conuini^ th« tymba] k it Kt at ths ci ihje cmEc^ViIon 
ml ^ M Thiii-k an indimitjan. tu braisdi lu tlx ri^l sm iurivaS tl thtpoppil of eiF ihc CHJcub- 

liaUn ojii Id wt * ^1. On telurn tu tbim iin^cb pd,nk ui tbccaiEubtiuii, tiuc symbol k « I^IU ihr 
miidune! to i>rvK««d vertlcAiJy duu-nwvii in tbo Il4>w dugrum, W Ui I'lutiigt k huk lo the vmltic -b ^ 
^\1»CL the cknaity dropK benw the ikkuiaI dciuity ikT Erm^ the- eKauitlmate instructhin Wfeftu IhuL the 
Ijofnt biks been pmued wbere pamivt vnnlihes, anU Ihe mu^ne ntup^ the cmkukiion. 
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ft-iLs sSnppt'tJ wijtEi iLi lilt ptvint ri+i iJiti computcti pressure- wfis ntgativf^ indicating that ihc 
surface of the configuntEicjn toy Jil Mi appropriately interpolated point f = K between rt and 
Fi+t- The inlervaJ Sr wa* diosen *o that this cutoff vnlut of k lay between tW jintt 500. No at¬ 
tempt madi; to use as a check the alternative p^pr^ion fot tbe nia^s-cnL-rgy by 
Tolman (T33f» < 

. LA^J 

Tablea Al^ A2, and AJI present iti number (otm the cquililirium mass and ntdiua md 
olber reh'viiLni parameters uii obtained in the \9(yA intcgraliojis of Harrison, They duptiaLle 
wfthin the limits of error a few per cent the results oblaincd by Waiciino in 1957 by the 
melhixlft JiiiL described. In compuilng these tables, Harrison fed the equation of state into 
the cranpuler hi the form of a list of 71 values tanalo|^i>iia• to the Table 13 of primary voIuKh 
and obtained frtim that table by graphical interpolation), while in bis 1957 coinputatinns 
WohatLo used the ee^uation of state in the fnnn of oquations (2.'v&)-{261). 



Fio. 15, — Picking the nppitipiiiUe oiialrtLcal cupresBiort Tlit pre&Mire asa funciioii of dctstly out id the 
ievcfiil fcirmukc giveJi in cnBU. x for inuimu iki^ty regSnsBi, Tho piromt taiagnim s^wilb out what h 
anaiuqt by the inilrucilitJli Lwai^'CainpeJne Win hlg. 24^ 

Table Al eitrnds from ft Cctilfid density of ll> B/cm^ op to 10» ^/cm\ thus eneomjiapsiiif the 
LHliVW critical |>oint. 

Table .\2 catcinfe from £(T to 3 X liurougb the mav where eketronft art bdng 

cninhed onto nudd and tbrough the HWW crilic^ point where iht system Es luatrly a lieulron 
gta-r and hu^ become stiff. Fnirn (Jip lost two ajlumns one cam md the global packing fraction 
for the sysH-m as a whole and s3m the cffeclii-t packing fracrion per purlide. Compare 
with the t percent rangt of packing fntcli^ns in atomic nudcil 

T-thlc A3 Includes central clensttics tanging from 3 X 10'^ to IfP llie star is now well 

into the ncutFOii-. 5 iar rtgion; new critical poinu become ^;vtdcnt^ as ^hawn picioriaJly in PiguiH 
5-7 ^ Th^ omVirrBencc of the various quantities to enustont values is quite apparent in Lhk tabic. 
Tlie maximuni loss of mass, in limding is I.S per cent (row 3). 

The rraultii listed in Tables .41-A3 arc sUinra&JiBcd In graphical form io Figures S-7, 

There fa no aitcmpl at any cnvemgi; of lowbarytui numbers (A < 3 X 10“^ s^e Table tfi) 
in tlie^e tubles bcoiuse it h 6o mttdi easier to determine (he properties of the onn&guratinufi for 

* Hie MuivolEoct to the Af’ - sf cq. (5J Is abewu, c^g.^ hy UikIru and LifiMti (1931), 

p. 322 . 









TABLE A1 


EgL’lLrB]en3M or COLH. CATALV?;Eh M ATTBH bHA 

IIP TO 10^ g/cm* (B. K. H. ASJiy M. VV.}' 


^rpycia]'| 1 

1 

Alkwl 



d'lf*/jpp*rf4- 

1.021X10..1 H.-! 

i S>jiS7XlCrr 

3 l5?6Xin" 

8JS87Xlfl * 

J 0000 

1 flOOO 

l.SSJXIO_ 

1 1 275XlCh* 

7 024X10* 

1 .17ixiir* 

\ 

1 <K»00 

J.f33Xl0 .. 

7.CWXIO-* 

1 OWXIO* 

7 066X10-* 

l.OlfJO 

1 flOOO 

9918X10..... I 

S.fiSSXlO-* 

1 41UXI0' 

3 655X10"^ 

1.0000 

1.0000 

3A26XV<P,....^ 

t.SMXIO-* 

1 wsxio< 

1 57JXIO-* 1 

) .rHiu> 

l.tKWO 

1 nooxtcF 

5.IH2XTO-^ 

1 770X10' 

s.s73xnr* 

1 0000 

1 0000 

J.MOXKH' _ 

T OTiXIO"® 

1 

1 ti72x)t^' I 

].m%\ 

1 (Kno 

V.9&3X 10^...-.. 

4 a6SXT0-» 

1 fwxin* 

4 S6flXI0"> 

‘ a.0000 

1 nocMi 

J.ltTXIOV .. .. 

9.K08X1O'* 

1 636 XUJ' 


1 .(XKAI 

1,0000 

9 9J33XXO* \ 

1961 

1 443xll)< 

ri I0f4 

1 0000 

1 0000 


0..W5 

1 244Xtil< 

0 3795 

1.0(100 

1 OflOO 

yjf6JXl£J‘, . .. 

U.&JJ9 

1 OJrtXlf)' 

11 6730 1 

1.00(111 

o.ww 

^ i72X]n^. 

I OjH)0 

9 onoxw 

1 0310 

0 WIWI 

0.990*1 

9.9B3Xlt/. . 


2.2S)XlO* 

J .iS5« 

0 

O.W9ii 


1.6271 

5 AMilX W 

1.6279 

it 9W7 

o.w^r 

«.WJ3X!CF. 

t 7218 

i 640Xin> 

1. 722S 

0 9*796 

0.9996 


1 7466 

J S2JX I1J‘ 

1 7176 

U wol 

0,WJ3 

... H. j 

1 m$ 

3.(»Sxin* 

1 6908 

OW/1 

0.99*34 


^TUt .Mjtfrpil num-tHlff* rep»r«#iii irwatM \s KiijiMtclfcd iittlta; W*rL-«;i ■ Ar([rl ■» (O.TU Jf UT"«- Lm/ffi#. WUh 

IfQ -• I.VKl X bw bu AfQ- P* l,f74 kltl.'nn pi. - IM9 ^ fn-1^ rj,4 tti ibe truu df Fe«^ ip ipkm hen 

iA Um tiiMm; pi.* ■ l.^JI 'X lET*’’bm.Tluii tlie bojiTimnxmibrobltiiMfi cJlmlJy fTWC^IemM 4 

btfarfe ettctitL^'']l . Sfll dheft, w-^rii Cibr iliuuiifaibi 


FABLE A2 


DQUILIBRIVM CONKIOVWA'nONS OF Ctao, CAT,\LVKEt 1 MAri'CR 
POK M FROM JO* TO IQI' g/tm' (B. K. H, AJiU M. W.) 




Mikm) 

Am** ikthj 



3 2mxiii* 

t 3W9 

] OSfiXlO' 

I.S0I3 

0 

0 9992 

9.9a3XlO*. = . .. 

1 4943 ' 

1.428X10* 

1.4065 

.9!)8S 

9990 

3. t-^3X 10^". 

E Aim 

1.034X10* 

1.1072 

.9980 

,9986 

!3 9^1XlOw 

l 2S34 

T.flrtlXlO* 

1 isse 


.9984 

3.206X1CP' .. 

1 .(WJtfl 

ft 666X10*^ 

1 .(HtW ! 

.9070 

.mu 

9 1 

0.937A 

9 872X10* 1 

1 0 W0 7 1 

0071 

9986 

.IHJXIO’* , 

0 9IS1 

8 2:52X10^ 

09205 

Wj4 

.W80 

6.143X10^*.. . - 

0 8791 

I 044X10* j 

1 0.8781 

.9978 

.9992 

9 ijfiaxftf" 

0 mi 

1 413X10* 1 

t 0.8257 

; .^382 


1.311X10** . 

0.7M1 

I.919X 10* 

0 7652 

1 .9986 

.9996 

1,775X10'*. ... , .i 

0.57S8 

3.807X10* 

0.57=4 

.99»9 

.mm 

2 176X10'- .. 1 

0 2977 

I 146X10* 

I 0 29S1 

90S7 

.mm 

2 617X10''= ... 

i3 2m 

3 mXIUF 

0 2602 • 

.9987 

,9992 

3 211X10‘“ . ! 

0.264J1 

I 363XIV 

0.2652 

.9986 

.9983 


0.3300 

5 172X10 

0.3301 

,9979 

.9936 

0.9aJXlO“ . 1 

0 3909 

J. 617X10 

( 

0.hW20 

9970 

.9891 

1703X10'^ .i 

0.48-'i1 

1 2.631X10 

01875 

9952 

.9814 

3.IWX10"...,. -.j 

0 6039 

i 2.058X10 

0 ftoftr 

J a 9^22 

ft 9702 
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itniAlt A by ^ndytic me[tinck. Tbc pitamte ii low t'nuugli so that ihe density h pjMticalty COft- 
sUmt, Under these conditions the equUibriiiiti configuration has li»e following elementary 
propertitaJ 

^iW = p» “ ?.8S (Fe“)j 

Af = ; 

A ^ i 

p{r) = ( 3 *f;/ 3 )p^tiP - t*) : 
p„ = C2tG73)p,’^ 

- (pu^/2}w*m'. 

g(r) - [Atr^clcratioii of ^[ravlty at r) 

- (4iPtf/3)#hi/?T 


( R;iie of tickina of clock ipaide) 

(fUle of tk-king of 9ttfil« dock far away) 

(^^tass'cncrg}' of free unTOHiprEssed 

_ pjLftide at rest it islde)_ 

(Miiss-cnergy, Baioe particle, far away) 

1 + (Newtoniao gravitatiotial poLeniilal) 

- I + 1 +(f*/2JP)I. 


TABLE A3 

EQUII^IPRIW CONtlCtJJlATlONS OP COLP, CAtALVitBr> MATTJ'ia FOS ^ tHOM 
10" TO ](P n/cm* OA. W. AS fiSTEsnED BV B. K. H,) 


piw 

W* \\m] 

R rkinJ 

Apm* ikm] 



.. 


1 4t4XtO , 

i> mi 

[i.4)B3; i 

0 9405 

3 PSXltf* . 

or9» 

1 oazxio 

j 

0.6763 


. 

9S44 

7.470 

. 1 0064 

n.flJiz 

.a5S4 

3 iiixto'*. . [ 


5.sou 

' 0.8429 

0.4^ 

.6455 

-j ^>ajxs0" 

.{AVI 

5 140 * 

0.6575 

1.0360 

B576 

3 WSXlOi'. . 

.56iJ 

s.im 

0.512? 

1 0797 

msi 

9Jh!WiXl<P“ - , 

.53J& 


0 4S72 

I.W50 

.IJ068 

- 

.5800 

6 717 

O.SJTs 

1.0789 

.9097 

9 9SdiKl»^» 


, 6.7I5 

lJ.59t5 

1 .1^% 

.9015 

^A90XW\ . 

Mi 

6.4S6 

0 0002 

1 (3S92 

.6950 

9 9fLAXl<^* , 


h 266 

u mi 

1.0624 

,6956 

2 oatxtcp 


6 22S 

0.5637 

l.U63t 

6946 

3 16&XltF 

6m 

6 21S 

0 5793 

l.OOOl 

.6952 

1 OWXIIF. = 

.6110 

64^8 

0.5717 

1.0687 

.6976 


.611^ 

6427 

0.S719 

1 0666 

,m2 

1 OOXlQP" . . 

.615 

6.M 

.. . * . -. = 


.8961 

ipb,.. . 

0.61T 

0.4 


1 072 

0 896 


• Ih u 4m ijicempled ■! SMi * liiu!tpal»M<l, 










A/\ 


Fiti. 2A.- ci| An6 ^l^nscty r^a Ike ^k^mriscluliJ ocIllI cfnriiinATe f ^ 49f lilr 44 cuscs for whkli. 

cinztrnnk nuchinE cAlruLiticm^ were m*tk: by M, W*. DftMtty n tn S/tm^ p b d^THM/or*, r in en. fii thi! ease 

uf the mrj*t ejdrfime Certlrml rtrtisfly tkejjrapk Hdck uni r 4 !^k (ftT 42iiepU)ill Lti« ofcvftrtJi tlmjUjijg ^-iiiaca 4I t-ktf CL^iltet. 


Fir^r 27.—The Xnla.\ tiumbcr of bar>'^uai Lnside tke fjnJnt whcic the prEiMWie diwpit to n ^Jtcliiicd vaSur^ PfStsa. fiidciiun 
of eentrai dkict»ty The figure h b«iiM m xht eketruok mafkiuE cmkulAtkod oi id. \V, 


1.5 


B -lO*^n'rM£ vcjw^ 


r\f\ 
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Xq such simple BJmlylic oi oondilions IlisiH*! is po-atyc ui iJic gc^niiriiJ 

Sinjihs lut? given for a few ycl^tcil ctiiifigumliuniH In Figna-^ 36 Wld 37r -■^1 the^ re¬ 
sults refer of enun^ tu the ideal ctwf of cold imilcrCalalyiied to this dnd point of thermonuctor 
evolution. Actuiilly, the e^btence of a central tempKrmtuie %s high as 10^ ® R or 10* * K would 
pf\Kiuce vety little change in the ctttnilaiEd euiidilkMU in the intmor. tMy near the aurfaee 
would codditnn>% be changed. To anal>iH; srtich a C&fpc Oiae can take over the result^ of the 
apprc^rlatc one of the preticfit integrations. Due con tist? thege rc^iilts out to a point where 
the dtffuiLy u. low enough for the presiure to begin |o make A differeiioE, From there out a new^ 
h«l, alTTHJdsphsire mn lje iittwl on by the apprcppriate snUsidliury numericBj EntegraiEoLi,* 

REFKKKNCES 

narrison, B, K,p Wakanra, M-k and Whtcbrp J, A. IWShp in Onziemc Coccell cte Pbyslriue Solvmy, La 
,Strvclw^ fit dr r wiJnflr.^^ (Brous^lli^ Stoopsh 

LandaujL. D.;pai]iJ LifdhFPtp Er H. Tftft C^4u.f^ Thutry ttf (kfiading. Muss,: AijdEitm^WMky 
Puhtlihing 

fjj.rttdLH l._ Totii Cftffflaku/ Ett^uterM fXcw Yerkj \ictini.w-Hhi Bl^ To.)- 

Tolman, R C. 193U, Ehy*. ffer,* ^S,m. ^ . , 

Tdunjla, S. J964, “NeutiDn Star MorlelSp*' unjiuhliahLHi I%.D. tlwsiip ColucntiAA Lnivenfty. 

^ TKnrutu hoA cak'ukt^ hot ikrutron slar in this nuuiEicr. 



THEORY OF THE STABILITY OF 
EQUILIBRIUM CONFIGURATIONS: 
DERIVATION FROM ENERGY 
CX:>NSIDERATlONS 


MOTIVATION' 

In {ihapiiT iii we found that Lhc limeHiyiiinicLfic liihbJ-\'aJiir ei^uatLon uf rriativity 

ifi a fiufiickn t from wtiict Lu ikrivt aU hydroJmtic proptrlics, And i-he gpaoetfme gconMtry, 
of any aphtTically s^ymniCr'triCp cquUibrium conAguralinn ol coM^ cataiy^d mallt^rt Froiu the: 
[nitioJ-v^ue cquatbn one obtains an. cKpresiion foj: tbc loul tnns^eJicr^, M*, of $Ojch a mn- 
hgiirallGn tTheortiti 2), and by extre-mizlui^ tliat maji^-encnBy while hoEdiiig the total number of 
haryoiifi, -1^ fiisedr otui derives the cciuatbn of bydr^istatic equUibrtum Cnitiorttw 3J ^nd the 
ihcorcm of tiotislant injection enerfij^ (Theorem 4). Once llic ctnLtal preHSur^ and cquiLlbn of 
slate for a ^ven tonh^mLiun are spedfiiKf, the eqinklbn of h^Ttnisiath: eijuilIbiium uniquely 
drterfnincH ihc pn»5«Te, the propiT ntoss densityp and the bar^'on denilty at all points in the 
5tiur. The jnitinl'S'alue equatloTi then ykJdi the space part of the spacetime melrtCn and the 
theorem of constant in|ect]Dn energy gives the lime 

It is uf interest to Oiik whetlier one am e\'eti ftirLher Lluiii IkU without rcfcrurice to the full 
Hinsteln field cqmiiiojis of general retarivity^ On the sole bnsti of the Four^ initutl-value cqua- 
Eion and niiis5-energ>' considcmHciTis stemming from Etp can one determine whether an equilibH- 
uin configuratioi] is stable ur unstable against stuiiil rudiai |>erttirhatbns? Anri caia one E\'eti ^ 
so far as to predict ihc dyrunnicBt behavior qf an equ [librium cciEkfiguratk?n and of the gcometo* 
of spacetime when the fluid is subjected to a small radial perturbation? Vesi* one am—with one 
erceptpon: No way haji been found to ohlatn gufl = —uf the Schwitnrachild nieiric for non- 
equiybrium configurations from maBS-etiersy considerntkins alone. 

The purpose af this Appendbt is la discuss these dyimmicAl ksues from the maas-energy point 
nf vieWj ami to relate this vtewpoint to The full field equation appriHich of ChiLrtdroekhar 
(19fi4) ami MiHuer and Zapttkky (1964), 

OTTEINE Ot ritE ANAEVS^lB 

Before, we enter into the detoJIs of the anaty^, let us give a getieral uotline of wlmt Is to be 
proved. 

We consliler a fipliere of perlret fluid performing radial motion near Ita equilibrium eonfigura^ 
lion. W^orkitig In the Lagmugian cunrdhmics tiscd in the p^x^f of nieorttti 3, we calculate thv 
mass-energy Ljf (he ennfiguralion, to order in the [ii^pljiceinenl from equiihariuni^ 

|(fl, f) m Sr(e, f). The first-oriler cocrcctEon to the mass vanbthjea becauiie the equilibrium con¬ 
figuration about which the espansinn h made ealrembEcs die moss (Thcofcni 3); so we are left 
with only a spcand-order correction: 

\f* ■= Mu* + P* + K^. 

15fj 
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i [era \fn* 1a th“f of the equilibrium p^nfigUmlTon; P *—the ^'pitcntiar' cnLTif>'' 

datett w-iih ihv pt^rlurbation—is nf x\w form 

/'* - f \&U)e + 2hiaimi:^i0 +j{am/^w\Jt^ p 

n 

jwirl K* thf kinetic^" eiserf;y—lake* the fwwiiivr-definite Inm 

K*= 

-■'ll 

Ckiv Thttirein B1 heiovi'). 

Regardless o[ the nattiJT t}[ arty iftittol taniili perturhathiTi imfmsed an the configuratioH, the 
n'oliiEbti a( |(ii, 0 with time muk bu fwch as to keeji ihe lalai mass M* fixed —K* + P* k b 
c^in-tam of The moluin. Isiiice is positive-<kfinite, she cqLfcillbfium conliguration will be 
stalilr if and iiniy if /'* k alwi |HisitLve.deGjLiie ^Tlieorem B2). Furtheririore^ il a time fbpetiid- 
fw of ilac iorm £= Hr} assumed pifwibiy itnaginBiTi-). llie (jonrlUiciii A"* + P* = 

fXWtiint (ltk« she ftJTin 

= />•/ f 

./g. 

{w lltcorem 1131. Not unly do we hn^p-ea meUiocl for dissingukhing between itable and unstable 
conApi rut lnrt§^ but wp idscp have in equation fB-i) a mctliod ffir calcutalittg ihe angular frt- 
qiLcndes (or eKponent Hd gn 3 '*^th rates b “ fsii') of the normal modes on4:e ibe span: iteperidiniM 

of she amp]Eludes of those nuKies is fcnrtwn, 

tl«c how can, ilie depeedenoe^ £(ei)p of the ttarmal modes be dctcrmiTLed? il is deLeimined 
lOr fudbws: Take the klnEttC energy nimu.q Ihr potcntiiU eeiergy' as a La^angian for calculating 
the wave equaiioia llial governs the cv^jlulioii of flO-frrfrary prrtujhattons f(flp f). In that waw 
eqsintkm a-jjeci^ijfE to sitiLisoldal t inne drpendtnce and then notice that equ^ition (B4] is a^ varia¬ 
tions! principle frssm which she bpact parti of she normal modes as well as thdr frcriuencies can 
lit calcuSated—the nontial modi's arc those d is placements |{ij) wiiJidi eiclremizt' P* for fixed 
f/Wihla (Ttii'oremi E3), 

Thii vanatioTial printiplc for studying the acouF=ficai rmwles of a ^herically ^^ymmtitric com 
fi^fufaijon tif cold^ calalyje^^d irukslrr k sdtnLEcaL tn the oncderiveil fitun ihe full K.inhteij:i ecfua~ 
lioiw hy Chandrasekhar ( 39 ^ 4 ) and di&OJ^wd itt chapter vili 

nETAJtS OP TICK ASfALYSIS—CAlCT LATIOfC OF THK MA5A TO SECUNO OKtlER 

iuy much fojr tilt iJUtUiie^ now foT thr- dftallH: Cuti-^klet a spherically symmetric omfigUTation 
f>f D?ld. catfllyjsfii mBtliT ^;lTtltld^iillg baryons and executiJU? spherically symmetric rnotino 
nrtr an i»:|ijllibnuj[n ccuifigurasion. Ititrciducc SdiwaraadtUd coordiJiatcs* 

r/i^ = sin'^ , 

as wl) ii.«i die bar\‘i>n nuinber cjoordinatc a(r) = {number of baryoTis inssitie a given shell of 
matter). Take ^ und i as iudependent variablts, and describe the motion of the ifuid hy Riving 

^ For a pfDol ihaE SchT''Ar«schilrl enordijiates cbii be introduced desjilU the mm-stiilk: diameter of ih? 
prebSeni it^H-FTcdmiEi p. 2}^. The SchwaimhiJdl radial CDorduiatCj r, a unii]|iwl>' defined by 

requiring the SchwamsthlSd ILne eleif^lU lu rahilnt sjihcrinil symmetry and liy denuuiEbng Ehit the dr- 
cumfetenct of a circle alnjut the nrigin bt 2rr for all titnea /. For ihlltc eonfigu rat ions the time irunsrdjnalc 
wm uniquely debned by the demand for B 8iatJc metric which approaches Minkuwski form at rodki 
jnfiiUtyj but' for Kra-fM/c iJrJflfqjturaritm*, f » LleliaeJ Daily tm lit a functifffl of itself, In thii. 

anai^iua w'e aliall require tiuit jgu ^ e' dejiaji from its er]uillhriuni vaSue by an amrnunt imly uf urtlcr 
a/l,ij5; this rEMidnmiBnl "Hies'' ihc time cwrdillBtc to tlmt of the crtElihbfiUTTl COBfijwrBtioBT thereby de^ 
tcrmiaQig it up ty uPiJtr J^Cuh The conBjderBtirms wbkb foLkiw are valid (or all ScnwanacMW Utne co. 
ordinates no defined. 
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GRAVirATlOM THEORY AND GRAVITATH (NAt COLL-AFSE 


the mdlitl cuurtliniLlu dtiqiljux’mcnt of tht? flutrl iiL ti u h luiKlum tif cpordiiiate 
lorttiululiuit}; 


f(<l, /) = Jf(ti, t) m ria, l) - rain, i) * 


tKmr / (La^ani;ian 

t&sj 


Lalrfl the equilibrium values of all quMitJlies by a. submipt Op tbe first-order forreiftlons due to 
the fluid's motion by & subiscript 1, and the scooPid'OrdcT coneetJonj by a j^Ltb^ipt 2 —p*{a) = 
+ pr"Mp Ptc.t luiti work toward tht god trf rsprE?fiin^dl^r^-order quuntiti^ 
as Imear [uBtUniis of { and S^/Ba witfa coeflkients cuBstnicicd from equilibrium. putruEuelers, 
liKid ail je^f^HKf-urder quantitie^^ as quadratic functiorw of Bi/Ba, and di/Bi witJi ^Miuilibrium 
cooflicieDLs. Denote derivnttvrs with respect too by prtmcii and derivatives with respect to t by 
dou*; f = f ^ Si/Bf. 

The quantity of greates.! Interesl b the mai&<ncTg>^ of the cs-nfiguraLbn* tis delUied for In¬ 
stance by panicles eubitin* It at great dTstanceft. The iiutEui h giv^en in tcrmw (if the ‘^Sebwanr- 
sdiHd CDirrcUcin factor’' X by 

e* - [! — 2j»*[F3/r]-', M* = • (B#) 

'fhe Schwanisdilld correclion factor con be cdculatcd fmm the iiutki vmluc cqiiaition (Theorem 
IJ^/The Entrinslc scalar curvature of the hypet^urf^ of n^onstant t, la 


~ 4r-Vjn*(r)/dfr 

(see Theorem 2)^ while the catruHlc curvature 

if i-j=i 
otherwise 


K 




tlTJ 


has a vanish LTig second mvtrLaiift: = 0 ' Coii>¥queAtIy^ a* in the static cascp the inItiiJ>value 

equation readat^ 

dm*/dr ^ 4irf^T^^ ^ tbs? 

For a pcrfcci fluid jit .Schwar;uchbld coonlinates. T’a*'* takes the form £lu .wpond order in |) 


where and p* arc the prvptr densklly and pressure of the fluid (ckn^ty ouil praSUrc mcosurc^l 
irt a frame moving with the fluid], Con^quurttly, when 4 h taken as I he independenE 

variable in rquaibn (Bfl), amd both sides are expanded In powers of £+ there resulu 

™ , iBiOt 


^«i"' = 4 ^dWE( 2 4/^t + . 




(BUI 

The ^em-arder i^qualkm woii prewnted b Thtortm 2^ anrJ the first-fjrrlcr cquatbii was derived 
(tn fllightiy diflflretit form) arul solvu'd In the proof of Tliccrrm ij 

nti* = — 4xr5=^u.*f + i.Bis? 

’Thii result dennoasIniEefl [he very spedjil aaLqpc the Schwaf^chlk] time C<K}rdlliate^-lbe J C 0 ~ 
ordiFiAtE tines me orthiagfjnai tn ft irpnce-nlhtl^ fdmil^r uf hyperalirEBM with Iranishinj* Second estdia^r- 
CUrvatUre invarliuiL 

* Id HiBurem L we used, p* to denote the tuEAl tnOH-elletp'' -rfeOMt^' la Ehc s^nichronoiis lucml Larents 
tefcTence fnunc. Hcwicvcrj Id ihti Appendix wc shall detwte that i^lLOlUily by Tb°* Jind mserve Ihe s^Tnbut 
f4»r the pft»p€f matt-energy denuty uf the Iluicl. 
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RrttimbK to equAtkin (B1 0 vAih thi* fir^t^firirr Ksluljon, wf fitir! 

PI* = -(p*“ + ^*}(2 i/rn + - P^Vfn . ?»i^) 

It wc only knew p^* m Itrina of we could micrE it and pt* into equiLtioti (B12) And Intc^tc 
to oBtaia die of iHe cunfi^rAtian to ardt^r. 

The cttffkfti wTLy to pj* w to first calculittc the proper baiyon ctensstyn n(d), Jind lo then 

find p^ froiTi ti via. equation [131. proper boryon denaily ii 

Pff ( d 1 * i^(^tmiber of tjaryonA) 

diProper volume) 

^_ rf(Xumber_Qf bary qiis} _ _ _ 

rfiA'oIuine In Schwiirzschild oocirdinatEs) X fijoreiitas lonlructfon faclorl 


1 

ekipanded in powers of | ihh t:tiuaiion Uikcp the fonn 

Iti/Ht - —2i/rt — f'/r*' - V’'ii — «4*t ♦ 


+ 2i.^yrvri + ^ Hh I7^»'l 


—i^|wii Vr» — »»ii''£/Vo=f — e^e/Tn — ■ 

By liiicrting cxpres»cin for mj*, anri emplciyirie the cquAiinn df hjrdiwtnlic cquiUbriutn 

(«]. {11]) uid iBc relation* 

vt » —2fKl'*y(pfr* + filt*) , fBIOt 


wc haxyon density E^orrcctki-n^ read 

. sr , r*, 

n, r,r,' ^ rp'*^ ( p,* + ^u* ) r*' I r. ^ r,' J 


’ Up* + j>*')*r*'* 


fa 


iVlYi 


rlllt 


in the Beconcl-oTiJcT expressinn oii (erwj cjtcept the nest to the last ottc Are quailmiic: in f and 
its ckrtvativEA. Note in pABi^ing that in terms of the physical vnrnhlcspo^i and; Hr^ equatkin (HI 7} 
lakes the form 


Kv= {dnit/dpt^)f{r^[(d/dft){fi%dpa,*/dnQ)]. 


The proper liaryon deruiiy ajid the pro]iit masa demuiy are fdaiisd by 

»= (pV#.*) ^*p[ -JJ* (^Vp*) (p* + 

as L$ Bceo by intcgtiaLtiig cquatioti {13). Eipandiiig this about the eqiitlibtitim configuration, we 
obtain 

piV{^* + ^ *Ie/W5 


*VtL\s relatimi folkiwi Frum p«{ 0 = —3 In p(r) -h coutint (eq. and frorn (11) Etnd (14) 
fqr the che m ica l pntentub 
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Pi V(p** + , 

where 

lr» ■ Kpp* + 

Iniertiuii ol i:xpn!si>iDnB (RI7) imd (Rlji) for tiie dbusiiy ooTtvctinns iniQ equAtk»n (R21) 

€iv« 

+ (fl.- + pn^)mrt? + 2trM + 

— (pQ* + pn*)t^tHt*/ra “ }(p** + 

By cqinhininseqiiiitkrni^ {B12K {BUJ.and (B12). we fioolly cihtiLtn a vtty simple 
for the second-order ci>rFectkfrt to tlie mas?: 

+ imi*d(\9+ Pc)/rfrs« 2T(pD*7itfi^ir*[{d/i/r9)t'^^^^ 

-(p.* + p^)-^(4p^/df^r^ + Mdp^\Mr^ + StV/Cp,* + ®J3 

To put the rquution in this form we have performed the partkl intepaLion which leuvcs thu 
last term; we have used the refutboii^ 

+ vd " SwftTia[pv* + pfr)<^ ; 

and we have converted to rt^ the rquHihrium SchwarKHchlld coordinate^ om the independent 
varfitthje —drtf = ft/ d^y 

Equal ion (B23), like its firfit-ordrr counterpart, equal inn {19) ^ la easily inteipateil to ohtaui 
tJic mass-energy of the con£guratk>n to liecoiid order: 

Tiixoresi Bl; Tht iitf»{ <t sph^ricftify syrnm^Jm i?/ eeW, caialys^ 

rmUtcr, per/prmmi radmi fHittitut n&ir tm ^itibnuvt is 

M* = Af,* + P* + K* * 

Here Mij* if dit mass it/ thf t^iiibriim tt-Atie P* and K% ike pateniiai a-ni 

kfwiie enerjf/er arighaiing iJi rfr^trlMrff/ram rquHiftrinm, iirr J^rW 

/'• - 2^(i-.!*V* j 4 jT "V^+'.V*fs( df^^/dr^) i^drt 

-/u 

+ 8x y ( p„* H- >n* 3 f-q't'rffn 

- y p,* + j>.* r.)V«"e"*fr« 

“'li 

= 2ir C1 - 2.i/,*/J?„III +1) - IV | * 

• Tliu Mlowif from cifi. {6>, (8). (It), uid (BU). 
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m 


II* mi + IV" in r^utMhit I117};i2tid 

A'* = f p»* + j»,*) t^^i*du 

r "i 

» 2t / ( 1 - Pa* + ^u^>[rfpaVrf«J 

X [<Jmu( 0)/rfpff* ( 0)] 

Cr>Nirprf?p/j; AsirJi? fnnjn rhc iriviiJ jnulUplicaEivc otJnmnt is [ircckely the raghl- 

hand ^idc of Cbnndraj^khar ^s vormibonaJ prEnclpIc^ for thi? acciiiftlml mndcsof thi^ Din%unltkitii 
ind K* dlRi:r& from C!bflndr^.tekhfl,r'& Icft-hund fldt! by ihnz tame factor and by Ihc 

replacement Thus^ we urc wdE on «ur way toward d-crlvalion of hi$ vaH^ifonaJ prin¬ 

ciple froED energy' consideratLOTis alone. 

h'ECESSiAlCY AMU iaOflnCJEMT SJP-^MUnTOS PCSH StAKlLITV 

Becauire tbe mass-erLccg:}' of the c^ndguititkin Is a of \t£ motion [tbere carntol exist 

gravatatinnnl monopolc radialion), K* + independent of time. But b pcisilive-diifiniEc^ 
iJicreasiTigiL^ the squart of ihe vtlocily of the fluid; and P* inofiues In absolute magnitude ^AatJi 
the Frquarc of the d is placement uf the fluid fmm equibbrium.. Coji>^quenLEyp the equHibriuni cou- 
tiguniTlon is stable if and only if it coirespomls to a (load) miniTnuin of the poleuiifti energy:^ 

TlffiOtlllj B2: -^p| equiUbfium /(Jr tt uphfrc ttf fHi^lyscd mfiiifr is siahlr 

fitdiifi if iirnf tmiy if ihr r^prrssi^n Wi6) /pr (ke pui^iiat enfp^y if a poflitivc- 

defimie/ttflt'tfiPfMf e/ 


154JCATIOSS Of koirms AKn UtiXMAh ICOJIKK 

If we s;%sumc a simisaddal (ur exponentW) time iJepeJidencc^ £(a* i) ■■ then the 

conatancy nf K* + P* tells Us 

ur = 4 rtipluced by f) i i®2W 

lliis gives lii St metbod for calculating the freriuendcs of stable ratlial modesp and die rales of 
gftmqh of umiablc from a knowledgr of llic radial dependence of ihelr amplitudeiii ((a). 

But bow does one determine that rad.TaI dk^pcndimee? The annWErr k provided by Theorem B^n 

Theoreu B 3 : Tke Hffrmai njdidi tnodts e/ naUtUhv vihraiim oj is sfihtrp iff spld, ^oiolysed muiU'r 
iirti gfpen hy t) = £[a) ffa) is any funclwtt Tekkir makes 

P* 

up = ---^--- , IflIW 

(expression [B 37 ] for K* with 4 rephtced by f) 

^frf//ewu/y, rJuTif wbqrr ^kt oarmal frtqmticy^ if the sximrc rM nj ihc jJaJiVrui.ify 

Pifwc <tf <xprr^^!^u 

C^mnipRt; Thti in prtcii^ly the ^^riuttonal pHndple of CbandraaeSdmr and Miancr 

and Zapobdty (l*Jf) 4 ) which was diseusecfS ifl chapter vii (cq, [Uftph 

Prwf: To obtain ihii variational priiKiple from equarbnii ( 125 )^ (B 26 )^ and (B 27 ) for the 
ma£^energ>% we must fluht use the masi^eaetgy to deri^^ the dynamical equation governing 
iirbitrury radufl mot bn. All of our experience with siruUE-osdUaUon problems in tlassical mecbaFi- 
ics urges ns Eo mke the kinetic energy' minua the potential pnefg>% A'* — as a I^gmngiat^ 

" CbatiilrA^khutr {19Mb aIbo chap, vll nf this paper, e^jeclidly eqs. {l\^’} and (117^ 

' Cocke (1964)- bis independently d^ved this lesiili. 
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for the equation of motion. Uawevai^ ouif jafoyeiti Axmia withio tins {mmirwofk flf rdit' 

tivity, not daiujcal njcdiattica, io to tie iih^»liilc|y curtain of the viilidity of A’* — P* as a 
wc BP back to the &E»t principles ol relativity. Rather thim doioj^^T hcre^ 

m- ^lml] simply note that the Eukr-Iafraiige equation iurbing. frotn 

i f‘'(K* -P‘}di^Q 


Iji, induert, Edcnrial] to the pquation of nuUkin rkrived fjroia the full Kimtdn fiidd cquatkin*! hy 
Chandrasekhar (l%4„ eqs. [^], llO}^ [11|, [13))+ 

The equation ;povcrnmg arbitrary radial Tnotkvti ni,ur equElibriun] la thus 



- 4 r Pfl* + ^D*) - 




If ayaiuiBuidal thncdcpardetioL- i& assumed, tht’ dgimvaluc equal bn for llwainplitude f[d) ifiEni 
becomes 







and equation (B29) is the basis of n variatbnaJ i^intlpie for thl$ eigenvalue tqualioii. {U^.ih 
Thti irompieteK our cfitifu^ioij of the dyownics of spherbaily s>'inCTictrfc cojihguratbiiLS of 
piki, cataly^cri maUcr near cqaillbiium. 
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V.\RIATION.\L I'ECHNIQLH': TESTED IN 
NON-RELj\'llVIS‘riC lX>\fAIN ON 

apptrfidixc pol\t:ropes 


Thi- ifBTwriLl-rtlaiivity tqujiibn of dcdvpd tn diaptcr iit by 

rstrtniLcuig tht energy subject to the number of baryons tndng ke^H constatitr The carTcaiionel- 
ing procedure La rioja-feUtiviMk physics is well kimwn: -e^tramlie the energj- (apart fram rc&t- 
niass energy} keepiag cc^nsiiiiit ibc mass flaukirig aLpart from the mosis I'smruittd with thegravl- 
tatkiiml and elulic erkensy of ihc system)^ Tbi$ approadi is described herr for four irfljyfcis. 
First, at provider fit fijundatbon for iferiviag Ihc nnn-ftlativMtk equation of hyrIrosUUc 

equUibrium as lias long been knerwo. Second, it offers a good way (o get iTUisoiiahle appicFjrrmute 
voltitious of die equations of hydrostatic equflibrtum witliout actually doing any numcrlcat 
integralion (anafyticaJ Rayldgh-RiLa prtscedurtfj.Thinl tlhq imme^liate application mcniionoJ 
in Table 11 of the text), it supplies a mtanfi to determine the gravltatinJiaJ energy of a system 
cotitoitimg iV neutrons when » very small cnra|}ar4.-d to 10*". Fourlhp It suggests the po$sibliity 
of a similar analytic Rayldgh-Ritz Ervatment in the rclariv-istk iJueiain ffK^t inratigaled here). 
Let ifp) rtprestmt the ccnnprt'KSibtial energy per unit mass, sO lhat 

dt ^ ^p(i (Volume per unit ntaa^) = /p) * 

Then tile sum of the gnLvitatjoiii;| and cijrnpn^si^oJial eucriipcs of the s^iilsim is 

E = -(£?/2)/rtr^PiP^(vqU}dtvol,) + /pt(p)rf (vol). 

Vary the energy Tkillt respect in the dertstty funclJDnr pCf), subject tn the contlklon I fiat I he mafia 
fcjnain fixed: 

M = fpd (toI) » Const. 


[ntroducM:: a Lagrangr mbilliplicr K {chemical ptjtciiltal per mass^ as contmjiteiJ wills the 
chemicaj energy per of chaps, iii and ix). Vary li — Xdf mihuml any supplementary om- 

dilion. In order that the CTcfftcietLt o( 2p(r] %mr>kh ft is necessary joail sufficient dial Qsu 
energy foi thr injection of a unil moHS should Imi-e ci-irtj'wliere the pmsLant value 


Here 








p-^dp 


« X = Conslarii * 


Vsfri) ^pirffvolj) 


tt:4) 

[C5J 


b an oJibrevifiLLion far the graii^talbEyiJ putendik] ai die point ft. The equadan of hydrostatic 
equQIbrhim, 

dip di + p”' dp.'dr = H 
or 

dp/dr = —pdip/dr = —G pm{r}/T- , ( 04 ) 


Ibi 
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fi 3 Ui>ws Iniiti didcrctitlfttion of etjuatiba (C 4 )i $i> nttich for the foundation of the v&natiuruU 

fl^ppITUlch. 

Now take the catsie where the cquBiion oi &tBte has. ihz Emden Form, 

p = A>t , IC7J 

Integrate equatkin (Cl) anil find for the juoounl ti( ti>iiiprtf®kiiiil !erM;rg>^ per tinit of volume 

fp = Kiy — IJr-^ pT, 

Take iJirce types of trial functions for the diitrihutkiti of matter In the AyfileiUp oil three fwr- 
mBlimcd to have die specified muig M, and ^11 there having an adjuslable conj^tant k which has 
to do with tilt rice of the object; thus, 

= (3Af/4irt*) for r < b; fJ for r > fi ['‘Uniform model”)? 

Pn{r) = {M/w^'^b^} exp — (^^Giiussian 

and 

= lM/4w(2 - f)l A»J[(A/0' esp - (f/A)]. JC9> 

Here the third function cojitains tw adjustable constants^ not only the ske fectur hut aJj@> 
the exponent t, from e)cpraiikms one calculates the eontrihitthius to Ihc energy listed tn 
Table Cl. 

TxUlLE Cl 

CO\TRJBimo>fa -TO THE ExmQ^ (JF I^QURIBRIUM CONFIGURATIONS AS CaLCD- 
L,ATKU FROM THE TRIAL FUNCTIONS OF EqVATIOS (CU) 


TrSkl 

Fiffwiidn 

1 

nrmvJtitjnaii RntrjnP 

In Uafu tj£7Jr>/i;i 

nvi im.1 

Ifl UiiiU 

I. 

-f3/S) 

(r-l>-‘D/4T)T'i 




Ill_ 

- f4 - 20-'! 1 - C3/i-j) E/ir*J>C2- *) !| 

ir- 

CpencTal.. 

-fi 

ti 


The total energy' has the form 

E = -ci(GiP/b} + CiiKMW-^) , (Cin> 

where the purely nuinerical constants ci and Cf arc listed jti the table. Exlrcmirn with respect 
to the size factor P. Thus find that the estrcimum comcs^ as expected (vSrifl] thwreni!) when 

(Gnivitaliotiitl energy) — (3 — 37)CCorrtprc5!sion energy^) ^tjj 

arid 

(Total energy, £) « (4 — 3')f)(Conipressit>n energy ). Cia] 

The equhibrium k stable w'him T ^ | and unstable whtLa T < §- 7 » | thcTC as is 

w'cU known, no equilibrium^ unless t£c CDcQidctit of U/A) iit equation (CIO) exactly canpek, 
m which case the equilibrium is neutml. 

The total energy at the artremirm has the value 

E - -Q(G^-^M^/K) *jS 

ITcrc the dinitenslonless codfkjput Q has the ^-ahie 

Q^i3j-4}ic 1 *^-* [37-3 cj j v(*r-ii 


1CI4> 
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f ( 4ir/3 75 J 

3 4 5 ^ * 

1) " { [ ^/54 ( 2 - O * 1 

^ K2-J- i-‘^(2-j)[J 


(Ci»> 

for ITI. 


To go furUitr with Trial Function ill It spcms n^t^ry lo bt i;Evcn & pirtiaiiar vu\ug of y. 
Then une caX\. cvilil&te the binding CDnit&Dt Qjn for a variety of diotccj^ al the Inal Piponnul i 
and idecl ihnl value oi j whicb comes do^t to nmximlKing (7m. We have not cartkil thraiigh 
this numerical work. The situation is much 5 im| 3 ler for the Trial Functkins T anr! th there \$ 
Hi* consuint to adjust. In theiie two caMs values of the binciing constant sj i 5 i%'ien by equMion 
(Cl 51,1 and 11 , Me lislcd in Tjttilc €2^ whtre they are compared with the obtamed by 

Emde^ by detailed integradori of the elcme-ntftT>' ecioatitiQ of hydrostatic cquHibriutni^ AJ^ti 



TABLE C2 

EQUlLIBltlVM CoXFlCtiaATlOiCS: VARlAT 10 ?rAL TaEAThlKXT CsJMPAaKH 
WITH Ekde.s's EJtAfrr A^jalybis* 


^ aF th* tljmepiiDBlHai Eibidfnc Emcbri'I'eij- dreuitli' 

Lf l^J *M AbtBilwE flHB* tlie tiFD trioL ilcDiLi:^ 1 {iiiuicvni Mil 

{CMUWituKljei) wTtfir ttv iuk r-Bctur k bu b«a luaivf BUjiflUfra Th Jrial tvm. 

VlJaed thil aw iw out uF F.zifadpq^ tbizUed. mihirrlriL kiUUitHLtlOB qE dm [pno-n^m'Ktic) ef|ilM.tH 

tialk 

l^ndm^ v^he, cxifiKtod ifi lltll«hit 4l MMK n^CPf f^J^alkliDiu (cf. CbiJldnlW^br ||Q39J) 


T 

1 dtTnjfiittli) 

TI ilOuHln) 

E radian 

TlindLnif factar Q: \ 

2 J 

0.366 

o-iswi 

0.598 

t met... 

.I5<i 

J8t 


1.50 

AU% 

.0441 

.0442 

1.40 

00056 


OOlOTt 

1 »33... 

0 

0 

0 

Central dwi^ity faetor R: 
1 

0 IKS 

0 541 



o.mi5 

0 U1 

0.109 

1 .Sti 


l> 00664 

U.006O 

1.4tj 

4.20Xltr- 

7 HX10-* 

s.jaxio-" 


0 

0 

0 


Hsted are the of tlie numerioil mtislant R in thti txpfE-Miou for Iho central detkiily: 

pt ^ /J(C^JrP/A^)i^*^' _ <CI6> 

\Vv calculate 

f.rM 

I fcr TI / 


U la remarkable how tmail the error in errrr^y bt for the unlfurm model cortsedering hott^ very 
far off thb model k on ilA prediction of the ceniml The error kleast wh™ y k largest, 

as is lo Em eiEpccted. Very large y siitidfies ati alttiosl incompressible fluid, a Uniit where Ehe 
tmilorm model obviously makes stmse. On the other hand, in the other limit, 7 the exact 
density dktributioii dE!patts from uniformity to the maxireiim extent ^ p becomes singular at 

4 EmcEen (IWi), chnps. v aod viH^ ChandrauelLhar (19^9). For more on polytropta Bibcenus 

(1tf) mud Bntmor (1958). 
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the origin. Tinrrefore it ii not surprking timt tht unifLjrm model a pm'srcr btndiag as ihip 
iimit k approadiird. 

The applis^aticpti oF these considerations requirai in the Leit (Table 11) is the binding energy 
nf a iyiatem containing N neutronit, held togetlier by i^^vitatiniial (arW- We treat tbfe ty^tern 
as am ideal ncm-JTlati^'iitEe: Errmt ga? at Uic abwluti? tfmpL'inmrc. In the equation of state 
p= Kpi the Ktpo-nrnt has the sTtltte § and the constant h 

K = (8^/15 - CCiBi 

Herr p. represents the mass of a neulmn. The ma^ of the sysletn os it appears In equatbon (CIS) 
is jt/ — Also we [mtn bt* that rqnalicni the A” nf equation (Cl 8 ) and ihc Q = 0.182 of 
Tabic C3- Thtoi wc find for Ihc sum of the ncpith'o gra^nlatioTmE energy and the persitive uero- 
point kinetic energy the total 

E = -«M82 - -f3.fl952 . iCi^) 

This is to be cotuparcti with Ehe eipre^iun Fo-r the puLvitaiii^iiEiJ binfliikg of tn^vr nculrr?ii:;p 

E - -0.25 G^i^y ir fCiaj 

dcri^'cti fnim the Bohr formuk fur hydrogm as ou timed in the dbscujssion uf cqsiations (IS5}- 
(187)* To nbrain ihe result (C20) from equation (C3^} we must Insert for X ihe “reduced 
ntuLroEi number''’ — C0.25yo.W52)*^^ = ||5t4 = 2 — n.48ft Tlierffafc an crnpiriial pro- 
ccilure for calculuting the binding of sysfemB with small A' ^Tklue? the mofiihed fnrmula 

E = -0.fK^52 iiY - \imV** <^n\ 

suggL^t^ itself. 'Hic cufmspdndrng expre^ion for the graviLaiional packing fraciion h 

^ E/N^^ = -mm 2 (a^ - = -3 x i<i-'" 

iczi) 

X (A- - 0.4S6)T^VA^ ^ -L 2 X for .V ^ 16 (uss?d b Table 11) . 

We calculate fmm equal ion (C22)p inappropriate though it is in the rriativistic domain, a criticat 
lifljyon numlif^r of the order of (LhSII X 10 *\ as cipccted, 

'Hu: gooti m^sults given by Ehc Gansiffija]! trijij function for the denritv, &a cvidcncc(! (iram the 
comparison of the last Iwu columns in Table C2, snggiest a correspondiTig variational calculation 
in the rclativLstk iktmaln Lo detertnme the propcriie:^ of equUlbiiimi ^n^gurLtinEi^^ For i\m 
rn<l wc may use cqiiiitian (9*) 1 .o TtormoIiM: the Ijatydo miinber to the specified \'ajue A ant! cqua* 
tion ( 8 ) to cvaluarc the mass-cnerg>^ of the system. To simplify the problem to the point where 
it can be treated by analytical methods it is appropriate to look apart from the less imporlont 
LHWW critical point (connected with the cfusbttig of dcctrocis into unloii with pratons) and 
to concenimte on a treatment, of the LOV critical point (poEnt of instabElity of neutron star). 
For this purTxue it is enough to employ an equation of slate (see eq. [JlB] and the ducusslon at 
the end of cliap. i) which dcscrilics to goc^d accLinicy the traiisitkin tif a iseulron gas Fmtn the 
non-rclativhilic dumaiii 1 o the ri'lathiFiric (lomain, 

Bannor, W. 11 . im, MJf., ua, 

BurtriuSi, H. IWSo, drlr. iViicA., 3^5y 145. 
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rems od the tonditians wbere col¬ 
lapse sets in. In addition to expound¬ 
ing their theory of the disappearance 
of baryons, they present the first 
concise study of the strange behavior 
of matter at ultra-high densities. 
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